4. M atter waves
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(a) The wave theory of light explains diffraction and interference, which the quantum theory

cannot account for. (b) The quantum theory explains the photoelectric effect, which the wave

(a)
FIGURE 2.11
theory cannot account for.
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by 1920 shortcomings of Bohr’s model

- can not explain intensity of spectral lines
- limited success for multi electron systems

but crucial to Bohr’s model are integer numbers (n), and integers
otherwise in physics only in wave phenomena such as
interference

back to light: E = h f, so photons are energy, E = mc?, so photons are
“kind of matter” although massless, light isawave, c = ?f

Einstein 1906; p = 5/.=""/, must also be= "/, (we used thisto explain
Compton effect)

de Broglie 1923 PhD thesis speculation; because photons
have wave and particle characteristics, perhaps all forms
of matter, e.g. electron, have wave as well as particle

properties, p="/ for all particles,f =5/, ?2=" I

If that turnsout to betrue, I'll quit physics, Max von Laue,
Noble Laureate 1914, author of
“Materiewelleninterferenzen” the classical text on electron
diffraction

(what if p=m v = 0 because particleis not moving, v=0, hisa
constant, so ? must be infinite — can’'t be), consequence particles
can never betruly at rest, v and p can be very very very low, but



that iswhat is actually observed: atiny tiny pendulum will be
hit by air molecules and move all the time somewhat irregularly,
alarge pendulum will obey classical physics

In other words:. electrons and everything else also
has a dual particle-wave character, an electron is
accompanied by awave (not an electromagnetic
wavel! ) which guides/pilots the electron through

space

first great idea that let to acceptance of de Broglie
hypothesis: the orbits of the electron in the Bohr model
are of just the right size for standing waves (with
multiples of wavelength ?) to occur, a standing waveisa
stationary state and so are the atomic orbits

FIGURE 4.17 The orbit of the electron in a hydrogen atom corresponds to a complete electron de Broglie
wave joined on itself.
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FIGURE 4.18 Some modes of vibration of a wire loop. In each case a whole number of wavelengths fit into
the circumference of the loop.

circumference = 2 wavelengths circumference = 4 wavelengths

circumference = 8 wavelengths

2pr=n? with r radius of electron orbit
inserting n can be even or odd but has to be an
integer
h
?= h/p = myVv (from Einstein’s relativistic

mechanics) into condition for stable electron radia
_nh L
MoV r=""1y (non relativistic)

which is exactly Bohr’s quantization of angular

momentum equation !!! form which energy levels of
electronsfollow, from which transitions between these levels with E
= hf follow



let’ s calculate velocity of electron in orbit in hydrogen atom and
apply de Broglie relation to see what wavelength we'll get

Force balance, Coulomb force balances centripetal force

mve 1 €
|:centripedal - r - |:Columb - 4p e, rn_z

solved for velocity v, = \/ﬁ

h h |4pe.r
2 = _ |[—0n
-~ weget 7, e‘/ -

look at n = 1 wherer; is set Bohr radius a;= 0.5292 10° m

with 2, =

_ 6.625>{I.O'34.JS\/4p »8.86X10 “ F x0.529240 *°m

2 = =you result???
"1™ 1.60240*C 9.108X10"*'kg xm Yo

circumference of first circular electron orbit is
2p a9 = 3.32506X.0° om

h |4pey, _ h . h : |
e‘/ n S is the same as saying angular

momentum is quantized !!!

SO =2pPpIm=

orbits of electron in hydrogen atom are exactly equal to ntimesa
complete (i.e. two half waves) electron wave joined in
themselves



M odel for Hydrogen atoms, de Broglie and Bohr
givethe same energy levels

free electron

energy,J  energy, eV

0 0 A
—0.87 x 1071® —0.54
—1.36 X 10719 —0.85
_ =19 _1 =k

2.42 X 10 1.51 > excited states

—5.43 X 1071° —340 |

—21.76 X 10712 138 ground state

FIGURE 4.20 Energy levels of the hydrogen atom.
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the (in)famous particle
In a box

there is aminimum (kinetic)
energy, in other words
particle does never stand still,
v ?0, ?awaysfinite!!!!

for the sake of the argument, we can
stretch out the circular orbit of electron
in hydrogen atom into alength L and
consider the electron to be trapped
within this length, car efully, in the
atom thereisalways an even number
of half-waves asthey haveto reinforce
themselves

within afixed length, say between walls,
there can be only standing waves if there
are nodes at the walls

longest wavelength = 79 = 2L

next ?, =L

next ?2 = 2/3 L

general formula?,=%,L n=1,2,3

since?,="/ mv (de Broglierelation),
restriction by L imposes restrictions on
momentum of particle, and, in turn, to
limits on its kinetic energy

KE = Yo m 2= (M)
2m
with de Broglie mv = h/? =p
h2
2ml 2
permitted wavelength are 2, =%/, L ,

KE=

no potential energy in this model, KE =
E, inserting for ?

21K2

E:nh

n 5 n=123 Energy levels,V 7 O !!!
8mL




say it could be a model of hydrogen atom where abox with widths

L gircumference = 2P & (80 = 0.5292 10°*° nm Bohr radius) = 2 L (even
number of half wave must fit, in this case 2 haf waves), so that one full
wavelength fits, contains an electron, what is the lowest energy level?

m=9.110"" kg

- h* 1°(6.626 X0 * Js)?

== - - =218X0°J =13.6eV
smL®>  89.1X0 *kg Xp x0.52927 X0 °m)

s0E; =13.6eV Bohr E; =-13.6 eV negative per definition

for E,weneed Lgreumference = 2P NP 80 = 2L (even number of half wave
must fit, in this case 4 half waves)

21n2 2 -34 2
g, =2 - 2(0626M0709° 15184015 = L136ev =340
Ml 8:9.100 kg X(4p 05292740 °m)’ _ 4 4

Bohr E, = -3.4 eV negative per definition

for derivation of Bohr model we considered force balance,
kinetic and potential energy, a semiclassical/semiquantum
mode,

here we just consider even numbers of standing waves — and the
resulting energy levels are the same, so de Broglie s hypothesis
explains the hydrogen atom just as well

a 10 g marblein a 10 cm wide box, what is the lowest energy level, can
it sand still or must it always move??



n°h* _ n*(6.626 X10** Js)?

o= ——— =55%0"%n?J
8mL° 8X10 “kg 10 "m)

that energy being kinetic, the marble can’t stand still, it has a velocity of
3.310°M/

however small and light (microscopic) or large and heavy (classical) an
object may be, if it istrapped (say in at least in the known universe), the
size of the trap will alwaysimposed quantization conditions on the
momentum and energy

in other words it will aways have some kinetic energy, and will always
move with some velocity and its wavelength will always be finite

as it always moves, its position and momentum can not be
arbitrary precisely defined, i.e. thereisalways an ?x and
? p uncertainty, arising from the wave particle duality,
(will be derived mathematically Heisenberg' s uncertainty
principle)

there is no infinite wavel ength resulting in a momentum
of zero in the de Broglie equation p ="/ , so this equation
always applies (and with it the rest of Einstein's relativity)

On the other hand, in practical terms, correspondence principle
says for marble above and v =" /5, n would be 10%°, hence, it
can be dealt with classically, the spacing of the energy levelsis
so small that it isimperceptible



back to “freg’ particles: another de Brogli€' s prediction,
depending on the velocity (accel eration potential) of electrons,
they should be diffracted by an aperture in the size range of the
wavelength

direct prove of ? = h/IO ‘i.e. that moving electron possess a
wavelength, have to be treated like a wave, comes from electron
diffraction on crystals (Davisson-Germer (100 €V) / Thompson
(severd kV, here the electrons are so fast that we have to use

relativistic momentum) (son of J.J. Thompson who showed that electronisa
particle)

el ectron microscope with 200 kV acceleration potential as

discussed earlier in course gives ? = 2.508 10 m
(allows for magnification up to 10°)

for macroscopic particles, such as a human being of 80 kg
walking at aleisurely pace (5 “™,~ 1.39 ™/,

oty 6,6251X.0 > kgnrs

: ~ ?
? (radians) ” /size of aperture

there is no aperture of thissize in nature (as the nucleusis
only 10** m, so human beings are not behaving like
waves when walking

10



£ 390 FIGURE 11-43 Wave
/ | diffraction. The waves come
S

— G : . st left. Note :
_._;_ii; s, from the upper left. Note how
St i SRR R 2 L ~ the waves, as they pass between
gy OO PRI i L / the two great rocks, bend around
T ——'_'_'-'__-_ _-‘/. - # . “
P == behind each of the rock cliffs.
e SRR iyt .
=g LA TE ! (Each rock can be considered
__,...—-‘"'--! r e Tal - " 5 a] °
g e GG - an obstacle in the sense of
) ___— Fig. 11-44. The two rocks can
e 0 . also be considered as a “slit”

- R e through which the waves pass
and spread out—compare to
Fig. 24-2c for light.)

summary: pilot wave (analog to Einstein, but this time for
mg ? 0):

?2="/, p:reativistic momentum, p=_1_mgyv

2
Vv
Ve

E2 — (mC2)2 — ( 1V2 Mo C2)2 — p2 C2 + m02 C4
1- —
CZ

f=F5,,  Planck-Einstein equation

these are results from relativity and early quantum mechanics

11



applicable to all particles, later on diffraction from
neutrons was observed, diffraction from beams of atoms,
small molecules and large molecules such as Cgy
(buckyball, looks similar to a soccer ball)

again quantum mechanicsisright regardless of

mass of the moving object - the situation issimilar to
geometrical optics, (raysthrough athin lens, lupe,
microscope, mirrors —which is applicable if the size of the
object, lens ect. islarge in comparison to the size of the
wavelength of the light) which is a good approximation
of wave-optics

for light the pilot wave was the square of the electromagnetic
wave, the intensity that makes the effect when light interacts
with matter (sun burn)

(nature of pilot wave for particles with mass/matter comes later
from interpretation of square of wave function whichisa
solution of the Schrédinger equation)

— the speed of the pilot waveisnot v =?f !l
because it is not a physical wave only its square has
physical significant meaning as a probably density

so how fast is the wave moving, must be as fast as
the particle to make sense

12



Waves of what?

what varies periodically?

water waves: height of the water surface

sound wave: air pressure

light wave: electric and magnetic fields,

in all cases energy is transported from a source oscillation
without moving the source

guantity whose variations makes up matter wavesis
called wave function, ?

value of wave function that travels with moving body at
particular point (X,y,z) in space and time (t) isrelated to the
likelihood of finding the body there (x,y,z) and then (t)

not of physical significance, amplitude varies between max (+)
and min (-), i.e. ison average zero, negative probability is
meaningless

square of ? , isalways positive, so it isindeed the
likelihood of finding the body there (X,y,z) and then
(t) largevalueof ! 2! 2 =1 2! * I 21 |grge
likelihood, small valueof ! ?! % small likelihood,
aslongasof ! ?! #?0it can befound there, Max
Born 1926

13



significant difference between probability of event

and event itself

In experiment whole electronis either found at (X,y,z,t) or not
(there is no such thing as 20% €electron), but there can be a 20%
chance of finding it, this likelihood is specified by ? °

Intensity distribution in a double dlit experiment results from
many many particles, each have same ? function, actual density
on the screen at any one point (X,y,zt) is proportional to ?*the
more particles the higher the factor of proportionality,

but ?¢ aready contains information on the whole
Interference pattern, already one particle will produce an
Interference pattern as it is all about a distribution of
probabilities

(a)

ST T T— Say?°=65%

(b)

(c)

distribution of real events

14



Wave - auseful mathematical model

say awave on avery long string along X axis

vibrate one end, so that wave has displacement y which depends
on both position, x, and time, t

function y(x,t) that describesy as afunction of both parameters
is called wave function

2

ﬂTX apartial derivate
because y = y(x,t) depends on both parameters

acceleration of apoint of the string is

application of Newton’s 2™ law to a segment of the string shows
that y(x,t) obeys the wave equation

oy _ 17Ty
x> v* qt°

_ T
where for a perfectly flexible string the phase velocity v = \/%

with T tension in the string and 1 mass per unit length

eguivalent wave eguation for sound and light !!!

15



for light y(x,t) represents electric or magnetic field vector,
velocity v = ¢/ , where n is refractive index

wave functions are solutions to the wave equation

any function which depends on x and t only in combination
X - vt or X + vt is solution of wave equation above

e.g. if y =f(x) isshape of string at timet, function f(x - vt)
describes propagation of this shape to the right with speed v
function f(x + vt) describes propagation to the left

the sum of any two solutions of the wave equation (i.e. wave
functions) are also solutionsto this equation - superposition
principle

: Figure 5-11
yixto) A harmonic wave func-
tion at some hixed time t,

AOTAL A A
Yo /
AN NSNS NS

useful solution of wave equation is harmonic
wave (mathematical model)

y(X,t) =yo cos2 p (*/>- 1) = yo c0s L5 (X — vit) wherev =7/

16



it’sawave traveling in the positive x direction with
amplitude yo, wavelength ?, period T, frequency f = /¢,
phasevelocity v="f ?

for convenience new concept: wave number, wave-
Vector

k = 2p(rad), has a reciprocal length, unit is radian per

meter,

so wave number is equal to number of 2p radians corresponding
toawavetrain 1 mlong, (2 p is equivalent to one complete
wavelength)
i.e. k=6.2831853 ... m" means 2p (rad) m*

k=1m" means 1 (rad) m'*
say k = 6.2831853 ... m* ; what is the wavelength?
p= 2@ =1 m

say k =1 m"; what is the wavelength?

2=2Pa)) = 62831853 ...m

17



the wave with the shorter wavelength has the larger wave
number (and vise versa— its just a mathematical convenience !!!)

radian: 1rad=57°17'45" =/,

in aunit circle theradiusis 1 length unit, the part of the
circumference that is also 1 length units defines 1 rad

360° = afull circle=2 pr circumference, asr is one unit
length: 360° =2 prad

rearranged
2=/, (carefully: in spectroscopy : 7'=*/ 2 Wave number)

sinceaso 2= "/,

P=2p

aspisa3D vector, k can aso be considered a 3D vector, is
normal to the wave front

old concept angular frequency ? =2pf =% /1 hasthe
unit of reciprocal time (radian per second)

with these change of variables har monic wave becomes

18



y(X,t) =y cos (kx — ?t) with shift of origin we get
y(X,t) = yp sin (kx — ?t) both are moving to the right

we can add them together and their sum will
also be a solution to wave equation:

?2=?.1+7, superposition principle
y(X,t) = yo { cos (kx —?t) + sin (kx —?t)}

withe”=cos?+isin?,
real part of e'"= cos ?,
imaginary part of e?=sin ?

we can rewrite

i( kx — ?1)

y(xt) =yoe
harmonic waves extend from x = - infinity to + infinity and all

times, very nice mathematically (and good approximation for
long string where one end is under simple harmonic motion)

yix, byl

19



looking at harmonic wave at an instant t = t, the wave function
y(X,to) describes shape of string as it would appear in a
“shapshot” photograph

shape is acosine or sin (depending on choice of origin)

If we watch what is happening at a particular point xo , wave
function y(Xxo,t) describes motion of that point on the string, asy
sinusoidal function, motion of any point is simple harmonic
motion with amplitude y, and frequency f

| mportant property of all wavesisenergy density
(energy per unit volume) in the wave, ? ~ Vo’
(energy density proportional to square of amplitude)

Intensity of wave is energy transported per unit time per
unit area. i.e. W m?, i.e. power density when particle gets

detected, wave function collapses as a result of the
measurement, it is no longer a superposition of states, it is
a definitive probability result

Intensity of wave is energy density times wave speed
| =2v ~ Vo

(intensity also proportional to square of amplitude)

20
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Figure 5-15

Wave pulse moving along
a string. A pulse has a
beginning and an end:
.o, 1t 1s locahzed, unlike
a pure harmonic wave,
which goes on lorever in
space and time.

but any other type of wave pulse, i.e. alocalized
wave we need for traveling with particle, can be
represented by superposition of harmonic waves
of different frequencies and wavelength !!

Wave groups/packets/pul ses— useful
mathematical models

pilot wave must be localized in space and timein
order to represent a particle

similar to aplusin classical wave, e.g. flip on one end of arope
that moves to the other end, sudden noise, brief opening of a

shutter in acameraall these events are localized in time
and space — a single harmonic wave, on the other
hand, is not localized in space and time

21



pilot wave and (pulse) can be represented by a wave group,

model obtained by adding sinusoidal (harmonic) waves of
different wavelengths

wave group, pulse, has limited extend, moves with the “group
velocity” equivalent to particles velocity

sinusoidal waves interfere constructively at pulses
and destructively between pulses

example “two sinusoidal wavesresult in a pulse

model” (pulseis quite extended, it is— only two waves make
it up) phenomenon is known as beat

fa)

I AN
Ll

two sinusoidal waves with same amplitude y, but different k4, ko
?,7?,areadded

22



y1+2(X,t) = Yo COS (k]_X —? ]_t) + Yo COS (kzX —? zt) =2 Yo {COS[]/Z
(ki—K2) X - ¥2(? 1= 7 o)t] cos[¥2 (ki +ko) X - ¥2(? 1+ ? )t] }

Ietsca”?k:kl-kz ??7=?.-7?5
and arithmetic mean Izzl/z(k1+k2) 3 :]/2(7 1+?2)
Yio(X,t) = [2 yo cos (Y2 ? kx =% ? 21)] cos (kx - ?1)

the two individual waves move with speed ™ ?/ e « 8l SO know
as phase speed

dashed curve is envelope of group of two waves, given by the

term in straight brackets [ ], moves with *° /- = group velocity, =
velocity of the particle, pulse,

if X, and x; are two consecutive values of x for which the

envelope is zero, we may take ?X = X, - X1 as spatial extend of
group,

152 KXy - Y52 kX, = p or rearranged ?X ?K = 2p

amathematical uncertainty principle!

for aparticular value of x = Xg

Y(Xo,t) looks similar to y(x,tg), then we have an interval ?t to
consider (just as we did above for ?x) and we get a second

mathematical uncertainty principle ?7? ?t =2p

23



iIf the “extend” of the pulse should be small in space and time,
and most importantly shall be zero outside the pulse nearly
everywhere, many many many different waves with different k,
?, and amplitudes are needed, problem solved in Fourier series

for such a pulse two mathematical uncertainty
principles

?X?k” 1

2?77?2171 (depending on how exactly the
quantities are defined!!!)

meaning: the smaller the spatial extend ?x, the more
wavenumbers ?k are needed

the smaller the time duration ?t, the more circular frequencies
?? are needed

{latter also known as response-time-bandwidth relation, an amplifier
must have alarge bandwidth (??) if it isto be able to respond to signals
of short duration (?t)}

—these are mathematical results of wave particle
duality asour pulserepresentsa particle

important distinction

there is group velocity = velocity of the particle

24



— dw AV e — —
Vgroup = m = Vopase = | dplh = Vpaticle =

3o

there is phase velocity, between two successive crests of the
constituent waves of the pulse, aswell

2
C E
Vphase = Vi = B =f ? = c (it sonly amodel not

the real speed of anything physical !!!)

but Vgroup, 1.€. the velocity of the particle is always smaller than ¢
for particles with mass and equal ¢ for massless particles

when awave group describes areal physica particle we
have an uncertainty principle with physical meaning (hlzp)
—these are physical (real) results of wave particle
duality

Helsenberg’ s uncertainty principle
mathematical uncertainty of wave groups
?2x?k™ 1
?2?22t7 1
multiply both sidesby "/ 5, and usep ="/, and E="7 /,,
you get

25



2Xx?p" "/ g
PE?2t™ "/ g

If a measurement of position is made with precision ?x and a
simultaneous measurement of momentum in the x direction is
made with precision ?py, then the product of the two
uncertainties will be about " / 5, and can never be smaller that "/,
(where we use standard deviations of Gaussian peaks as
measures for ?x, ?p, ?E, ?t)

—h
?2X ?Px=ap

one could also say thereisno ?p, = 0 in nature, things are
aways moving,

analogously thereisno ?p, = 0 and ?p,= 0 in nature,
even if the particle is know to move only in x and vy = v,
= 0 accordingly

it has nothing to do with difficulties to measure on a small scale
precisely, nothing to do with imperfections in the measurement
apparatuses, such difficulties and imperfections will increase
uncertainty beyond the natural limit given above)

itisjust if a particles position isto be described at a
certain small accuracy ?x, one needs a correspondingly
large number of wave-vectorsk,, i.e. alarge ?k, which

resultin alarge ?p, - if one uncertainty increases the other
decreases

26



FIGURE 3.12 (a) A narrow de Broglie wave group. The position of the particle can be precisely determined,
but the wavelength (and hence the particle's momentum) cannot be established because there
are not enough waves to measure accurately. (b) A wide wave group. Now the wavelength can

be precisely determined but not the position of the particle.
—»{ A i‘—
A="7

Y. AN \\—

=1 e b DU

Ax small Ax large
Ap large Ap small
(a) (b)
AN AN AN AN 4
VAV, VAVAVAY
FANY AN AN AN A
-~ /\\/!\v__—- = /VV+\JV\
Ja Y AN 4
V \\/A\./ v/
+

ult of superposing an infinite number of waves wilth dif‘ferer;:
wavelengths. The narrower the wave group, the greater the range {of wavelﬁn?tgsln:vsggsrﬁ;
rogli -defined position (A x smaller) bu
rrow de Broglie wave group thus means a we_ll define _
ggfined wavele?ngth and a large uncertainty Ap in the momentum of the particle Qh_e grou!:;l .
represents. A wide wave group means a more precise momentum but a less precise position.

FIGURE 3.13  An isolated wave group is the res

analogous: energy —time uncertainty principle
2E 2t ="y

the precision with which we can measure energy islimited by
the time available for the measurement

pico-scopic view of uncertainty principle

thought experiment by Heisenberg (not correct, Heisenberg
originally thought uncertainty was a result of measurement

27



process —it is more a show case as the uncertainty principle is not
about measurements, but Bohr thought uncertainty is aresult of

the wave particle duality — thisisthe commonly accepted
view today !!! asthe particlein a box is always moving
In X,y,za bit, we never have a precise position for it, as
the wavelength is always finite, we do not have a precise
momentum for it —that’ sthe prize to pay for a consistent
view of the world —for engineering at the microscopic
level, nanotechnolgy, ....)

Einstein was always uneasy about quantum mechanics. after alecture by
Heisenberg on uncertainty principle: " Marvellous, what ideas the young
people have these days, but | don’t believe a word of it.”

observed one electron by the scattering of one photonin a
microscope

Figure 4.26 The Heisenberg microscope.
Conservation of momentum requires pe- =
(hsin o) /A Because of diffraction by the
lens opcning, the electron may be anywhere

in the region Ax.

i ] #
N i /
“ | ;
S i S
Scattered /\)/"' | ,
. I s
A N pholon N 7 o P
RN pei NS0 ]
\ } VAR Scattered e
A /
- N
by ¢~ initially - L
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Figure 4,25 A thought exper- atr |.4_ Ax —m
iment for viewing : lectron i
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A
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§ Incident photon
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take small wavelength light photon, X- or gamma ray, bounce it
off an electron to see where it is, problem a small wavelength
photon has alot of energy, alarge momentum!!! so it will knock
around the electron quite a bit by means of momentum transfer
in a collision, which makes determining precisely its momentum
Impossible

take along wavelength light photon, radio wave, bounce it off an
electron, energy and momentum are small, so the uncertainty of
the momentum is smaller but as the wavelength is now long, the
precision of the place measurement will be large asthisis
depended on the wavelength, remember you get only a
magnification of about 10° in alight microscope because you are
looking with 550 nm, light but a 10° magnification in an electron
microscope because you are looking with a wavelength of 2.5
pm

conservation of momentum as in Compton effect allowing the
scattered light to be observed (by objective with aperture half
angle ?max)

range for the photon withp’ =p:- + p. - and 7 to be collected by
the objectiveis 2 ?, prime after collision

p =">= "/ cos?+ pgeCOSF inYy direction, photon coming up
(pge cos F not to be considered farther)

p. =0="/, 8N ?-pgeSinF in x-direction

29



by symmetry ?=F

|.e. eectron can have maxima momentum of either/or
(meaning +- in equation)
P- demax = T h/’?’ sin ?,

I.e. an magnitude of uncertainty ?p. gqe =2 "/, sin ? and the

photon that scatted off it (and tells us, wait a minute, there
actually was an electron) will still be collected by the objective

smallest ?x that can be imaged in microscope is?’lz §n?

2Dge ?2X =2">8n?  “lrgno
= h ="/,, agreement with uncertainty principle

Increasing the half angle of the objective allows for
more precise ?X measurements, but allows at the
same time a greater uncertainty of the ? py

vice versa: decreasing the half angle of the objective
allows for less precise ? X measurements, but reduces at
the same time the uncertainty of the ?py

—onecan’t beat the principle
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deeper principle

In order to probe the electron we needed one photon and we only
knew it came up to “illuminate” and scatter at the electron —
there is absolutely nothing to probe where the path of the photon
actually was, so we cannot predict as a matter of principle where
exactly it hit the electron and what exactly the momentum was it
transferred to the electron

all only goesto show the impossibility of
predicting and measuring the precise classical
path of a quantum object —resultsthereare no
precise pathsin nature

luckily macroscopic objects are not at all noticeable
effected by uncertainty principle

human being 80 kg, “confined” (?x) to a class-room of 20 m
length (X) running towards the door with v, = 10 ™, = 2.78 /s
(as determined from classical physics)

minimal uncertainty ?x ?px="4=2X M?vy

6.625X0 *kgm?s ™! )
S 2V = T )8%@ = 3.205 10°%® ™M/,

i.e. velocity inx isreally 2.78 + 3.295 10% ™/s
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assuming a height (v,) of 4 m, and v, =0, thereisaswell an
uncertainty principle for the z-direction to be taken care off

222p,="4p=22 M?v,

62540 *kgm?s™*
4p X4Am>80kg

but this is only going to be ° = 6.59 10/,

i.e. the velocity in zis0 + 6.59 10 ™/

on the other hand, spectral lines have a certain widths due
to uncertainty principle

PE 2t ="y
say the lifetime (?t) of an excited state in an atom is 10" s
with ?E=h ?f

_h o1y _1 _ 5
we get ?f = /4p /h?t_ /4p?t_ 7.9577 10° Hz
|.e. exited states with long lifetimes give sharp spectral lines, in
other words, time is needed for a system to settle into a specific

energy state, the more time there is for this settling the more
precisaly will the energy be defined

Uncertainty principleis not a negative statement, it'sa
fundamental law of nature, can be used to calculate, e.g. the
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ground state size and ground state energy level of an hydrogen
atom

E=KE + PE

keZ p2
— 2 = : 2 I
E=Ymv"- i with Yomv: = o
_ P ke
E m

order of magnitude of position uncertainty, say ?x =0.5r, then
. . . . ) 2 — h?2

uncertainty principle gives ?p o5

_ ke

T 4pri2m

E

thereisaradius at which E is minimum, that will be the stable
radius, as lowest energy states are stable

dE h? . ke .,
2 —-1r =
Jor 4p22m 1 0
resolving for
h2

Feinimum = 2p26%m =g, =0.053nm exactly Bohr’s radius

resolving for Eninimum DY USING Fminimum
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k*e*mdp 2
Eminmm="" op2 E, =-13.6eV exactly Bohr's

ground state energy

now the result really depended on setting ?x = 0.5 r which

is reasonable but somewhat arbitrary ?x=2r,or1r,or 0.1
are aso reasonable, important is here that the right order of
magnitude comes out and would have come out for any
reasonable choice of ?x !!!

back to pilot wave, it is hot awave that requires a
medium, it is not a physically meaning full wave (as
parts of it travel faster or at least equal to the speed
of light) its “square’ is a probability density function

probability density means the probability of finding a
particle at a particular set of coordinates (X,y,z,t)

Wave-particle duality

all phenomenain nature are describable by awave
function that is the solution of awave equation.

wave function for light is E(x,t) it is solution of



1 9%y

v2 2 wave eguation

Ty
%

wave function for electron is ? (x,t) is solution of Schrédinger
eguation, i.e. adifferent partial equation

? (x,t)? is probability per unit volume, i.e. probability
density that electron isin agiven region at a certain time

? (x,t) behaves just like E(X,t) can diffract, interfere, soiit is
the mathematical description of phenomena we |looked for
to account of wave properties of particles

when electron or photon interact with matter, exchange of
energy and momentum, wave functions “collapse”’ as a
result of theinteraction, interaction can be described by
classical particle theory (we do not need wave properties
there)

there are phenomenawhen classical particle and classical
wave theory give same results, if wavelength of photon or
electron is much smaller than any object or aperture,
particle theory can by used as well as wave theory to
describe wave/particle propagation, because diffraction
and interference effects are too small to be observed, (e.g.
Newton'’s ray treatment of geometrical optics, classical
mechanics in general)
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even with classical waves that need a medium to
propagate, thereisa“particle’ associated with the wave,
that particle is called a pseudo-particle, e.g. aphonon for a
sound wave propagating through a solid with alattice
structure, because the phonon does not exist in empty
space we call it a pseudo-particle, but it has all other
properties of areal particle which can exist in empty space

back to double dit diffraction experiment

Heisenberg’ s uncertainty principle can be rephrased as. it
IS impossible to measure through which dlit the single
photon/electron passed in adouble dit interference
experiment without disturbing the interference pattern

experiments one electron at atime, over some time
Interval

1. experiment, two single dlit experiments separately

only one slit open, intensity distribution accordingto ? ° =2,
*9
71

only other slit open, intensity distribution accordingto ? ;> =2,
* 9
2
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2. experiment, two single dlit experiments combined

half to the time one dlit open (second blocked), then other half of
time other slit open, intensity distribution ? 1° + ? ,* simply
adding up of intensities for one dlit experiment (? *? 1 )+(?»

*? 5

3. experiment, double dlit

electron isin wave function of superpositionstate? =7, + ?

probability of detecting electron at screenis? 2= (? 1 + ? ,)°

? ,and ? , describe different path, distances to the screen, so
they will have a phase difference F

22=(2,+2)°=2.2+2,242 2, 1 2, cosF describesthe
interference pattern even for one electron

iti 3 N Wave 1Ctl i,
i q - [ st} = addition ()f two L.()[Ilp W TLCTI0NS,
1 I SO dlagram ] (.pl S0 C s 1)
F g‘lre 4.52 C hasor (1 : d C eser [1 A i 11 ! V (_f 1 1
l 1 d.]ld \p?, llif[‘(_,‘l'lll'ln(’ mn phﬂs{‘, b‘, d)
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what will happen if we try to measure through
which dlit the single electron passed?

:;Ii - ™
| Detecting Unscattered
]!.II'IIL"]{'TS electron

Scattered
clectron

Screen

e 4.33 A thought experiment to determine through which slit the electron

D, distance between dlits is much larger that widths of the dlits,

intensity minima occur when path difference between two waves
originating from the dlits

isDsnT =7,
h
with de Broglie wavelength ? = F

X

we got for afar away screen
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h
snT=T= 25D since angels are small

let’ s assume uncertainty principleistrue and look at
double dlit experiment again, a cloud of €l ectrons behind one of
the dlits, if (beam) electron goes through that dlit it will collide
with one of these probing electrons

we can only use a probing electron of whom we know the
position to al least ?y < °/,

if 2y <P/, it follows from
Heisenberg's statement 2y ?py = "4y

that ?py = "/apo

If the beam electron was originally heading towards the
interference pattern maximum at ? = 0 with its momentum
p ="/, (de Broglie's equation) it will be deflected by an angle

Dp, . 2hl _ |

27" =
o p 2oDh pD

angle to reach the interference minimum was

h

n?°- 2=
an : : 2p.D

with de Broglie p, = "/-

?= 2'— l.e. ??and ? are at the same magnitude,
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?7?" 64% of ?, so theinterference pattern will be

significantly disturbed by our attempt to measure through
with dlit the (beam) electron went through

once upon atime, Descartes, Newton, physicists before
1927 (Heisenberg) considered nature to be strictly
deterministic, there is a cause to every effect and we can
work out the cause by studying the effect, clockwork
universe if we know precisely the position and
momentum of a planet at a point in time, we can
calculate for all other timesin the future and past its
position and momentum.

with guantum physics, everything is down to
probabilities, we can’t predict the future or figure out
what caused an effect in the past, because we have only
a probabilistic (not deterministic = probability always
100%) knowledge of the present

40



