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-~ ONEXTENSIONS O DMRL, AND RELATED
PARTIAL ORDERINGS OF LIFE DISTRIBUTIONS

SUBRASE C. KOCHAR

Department of Statistcs and Actuarial Seience
University of lowa
lowa City, lowa 5242

ABSTRACT

Some properties of rcently proposed pactial orderings of i
disributions are suded. Relations hetween NBUE ondering and mean
reidual fe orderngs oftwo anbitrary fe istrbutons are vestgated
The relationship between HNBUE ordering and tota time on test transforms
i considered, 1t 5 observed that the HNBUE ordering i the same ag the
Lorenz ondering,

Key words: Mean residual I function, total time on testtransform, Lovens
curve, dispersive ordering, HNBUE ordering.

1. INTRODUCTION

Recently Kochar and Wiens [14] introduced some new partial
orderingsof L istibutions. These extend the concepts of Decreasing |
Mean Residua! Life{DMRL), New Beter than U'sed in Expecation (NBUE)
and Harmonic New Betlr than Usedin Bxpectaton (INBUE) to compare
the aging propetis of o ffe distribuions.

In this paper some further conséquenoes of these onderings are
studied in terms of their mean residual ife functions, total time on test
transforms and Lovena caves, Chandra and Singpurwal ] observed some
interesing rlationship et the vaious concepts whichace common f
Reliabilty Theoty and Economits, e we extend and generalioesome of
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theirwork, In partiolar, it 5 noted that the HINBU ordering
equivalent to the Lorens ordering,

Let  denotethe lassofdistrihution fntions F on 0] with
R0 = 0. W assume throughout tha ol dstiutionsbeing consideredin
F ave finite means and ar sritly icresing on their supports. For F
i, weshll deteby £ th e of 7 deed by
0= {63 o), et X and 1 bedon el
disribtion functions £ and G belonging o 3, with suvival Functons
F=1-F and G=1-G; aud with mean fp i g, epectively

The mean residual i functon of F i )= Bt g =
rF(u)du/Hx). Sinilatly, we denote by oy the muean residual ife
X

function of G,
The equilibriun disrbutions corrsponding o F and G are Fe

and e defined by
J i
pig=[ 10 [
i [0 i ]0 i

Kochar and Wiens 4] don theflowng onder relatinsip
between F and G belonging o 5,

Defiiion 1.: ' i said o have more DeseasingMean Resiua Lifwith
DRL |

tegpectto G(F < ) if ad only if

-1
vl ()
% i nowinereasing i w€ )] (1)

'y
or equivalently,

T
W is onincrensingin 2 0 (

_
D>
~—
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Delnition 1.2: F i5 id to be more. New Beltr than Used i Eapectation
NBUE
than G(F < G) ifand only i

W) 1

- S"" ) (L [0»1)3 (M)
) e
0r equivaleatly,
6, R 6Ry a1 13

Definition 1.3: F i sad to be more Harmanic New Better than Used in
HNBUE
Erpectation than G{F < G) f and only i

RPN
G, Fe(z)zﬁ}x,xz[)

or equivalently,

Fe(qu) @ e(x”G) 00 (16)

Taking G exponential in Definitions 1.1-1.3 reproduces the usual
DMRL, NBUE, and HNBUE-aging properties. For details,see, Kochar
and Wiens 14

disp
Definition 14: G s sad to be more dispersedthan AF < ) f

G'lF(x)—x is nondecreasing in 2 (1)

For propertes of this ordering, see, Abmed, Alzaid, Bartossewics
and Kochar [1].
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RELATION WITH MEAN RESIDUAL LIFE ORDERING
arem 2.1 (3) Lt Hor G) be DMRL, fhen
disy
Fe ¢ Gez} V}{x) ( I/G(I), 00,
(8) Let Flor G) be IMRL, then

fisp
W Sl 3, <G,

disp
it (3) AT F( 1)1 nondeeresing in o

b
wmn,;g-mce‘f;(zn
(O difbrentitng)

-l
m ”F U[G Fe(x
el Iy ae[aelpe( ) -

6], o
SVG{x) , 1)

' disp 1
is DMRL ag Fe ¢ Ge ==)Ge Fe(z)Zx 10,

Simlarly,the result can e proveg assumitg F  be DMRL,

()
VﬂI)SVG(x) N

Iyl
Ww?w, 0
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(m)—%ilogFe(x)2—%10g'06(x),z20

8 e(z) -
= —— ntondecreasing in 130

it

360 00

Now
uf(x) ( I/G(x)
6 TR(g) 230

if G is an IMRL distribution,

This is equivalen to

R AR "
Ty Gaw‘ Rl

(:)F(M U[G (1], 20

digp
MFC < Ge,

Similerly, the result can be proved assuming that F is IMRL

The ollowing theorem gives sufficent condition under which NBUE
ordering implies ispersive ordering,

NBUE  disp
Theorem 2.2 Le oS then F < G=)Fe < Gc'
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h .
Proof: Let p)= G;lFe(x) '"x;TG' (On diffentiating i is asy to see
F

that

NBUE
F< G (o) i nondecrensingin 1, for 220

S
5 Gel Flj-s £+ ;(ﬁ -1} nondeereasing f

mefrol

3 G;lFe(z) ~ 1 nondecregsing in 5, for

.

Combinng Theorems .(e) end th above thevem, we gt the following
carollary,

NBUE
Corollary 21 Tet ' (or G) be DMRL. Then F < G and

ﬂpﬁuamp(x)%{z), 00

Results of the above type were obtained by Destpande and Kochar 1]
Berloseewics 1] aod Bage and Hocka ) beveen star-onderin,
dispersive odering and fallre rteondering

!

3. OTHER CONSEQUENCES

3.1 Relations with Lorens Curve
The Lovena curve of F is defined g0

L
Lp(?)*ﬁ; L}F (s, 0¢p¢1 61

and it i3 requently used to describe ineome inequaltiesin Eeonomics, 1f
dente he ditribuion o ncomes o  populo,they | ) denotes

the proportion of the total income receiveq by 100 g of the poorest in

UK EXTENSIONS OF DMRL 141

the population. A Lorens curve i & continuous function on 1] with
B0)= 0 and 1{1) = 1. 1t 5 nondetresing and cnvex and thus wil
shvays i belowthe 45 e ing (00) to (L),

Lovets, proposed arderingincame ditrbutions by thedegree with
wich he Locen cuve i bext. One asocites  bigh vl o inequality
with  severely bent bow, The case ofoomplete equality corrsponds to the
49" ing, We dfe the Lorey artial order by

Definition 3.1.1: ¥ E ¥ {that i, X does notexhibt more nequalty in

the Lorens sense than dows ) if £ 012 L) foevery pe o)

HNBUE
Theorem 3L1: F < G fandonly if X ¢ Y,
L

INBUE v W v W
Proof: Via (16), £ < € ¢::>XS< 1w X=Hup V=T
¥

and S5t denotes second order dominance (Dley [9]). The claim then
follows from Theorem 4. of Taille (1],
The sbovethearem weakens the IFR.(Chandra and Singpurwala [§)

[FRA (Klefsfo [13) conditions to HNBIE
INBUE
As P is ENBUE fand oy if F < G, whee Tfa)= ¢ it

follows that we can use sample Loren curve

to check for the aging properties ke ANBUE of ife distributions. 1f the
sanple Loveus cure L ) of F les below the Lores cuveof G (wic

5 (o) =+ (1-p) I~ this il iniate ht F isan ENBUE

distribution.

Theil 7] has advocated the use of redundancy a & measure of
income inequality. Chandra and Singpurwala ] used the following
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RF:EF{-fm(%)}

IFk
aad proved thay F< =3 ¢ R Webase below  much tonge

resul,

kBo
Theorem 31.2; F ¢ 6=y ke

Prof: Asshowm i Talle 1] ¥ < ¥ holdsif and aaly if
5t

P < EY) for any comve antion ¢ wih e expectation, The
required result follows since #1n 7 is conve,

Remark 3Lt K115 hes proved a speialcase o Theorem 3.1 when
(7 is negative exponentia,

3.2 Relation with Total Time on Test Transformg

Thetaled total e o test (T transorm of F € 3 i defge
i

i
oyll)= };};JO )F(Sst (33
=E[F0), et

This transfom has een s by Bary and Campo (1 Barlow

9, Kl 1] and Se [ enongothers. 1 provies a powerl raghca
method forprefninary data analss. For detls e Balow 3,

Theorem 3.21: Let F and G belong fo . They

DN
i P <G itand onli Wam i noncreasing i |

ON EXTENSIONS OF DNRL 3

0<t<] [34)

BT
) F<Ctmabi jrafhotc g
o
) F <G ad onit @P(MG{G{F ()]!

0¢i<l (36)
Proot ol 1 flows fom 1.3}, {13) and (1),

3.3 Relatons belwetn the roments
We have the followingextenson f the resultof Brlow ang
Proschan (], Ex. 13 . 120) to HVBUE distebutions

Tharem 3.1 [ AF,T:EAXT]/F(M) i g, = X))
Then

IBUE )

\
F<Gu¢FH<GH

nl (37
1 - -
i i

Proof: Usingthe neessary and suffcient condition i (16) imple, for
rl

J”’}le) J};G[ s

which simplifies on ifegration by parts o the desived conclugion,
HXBUE

Corollary 3.3.1: Lk F < 6. Then the coefficent o vriaion of F is o
thaa that of G.

Proot. Take =1 in (37
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