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Abstract
Let X’j,jr e e R 7, be independent random samples from
populations with distribution functions Eia) el aac ], 2, --=k,

The problem considered is to test the null hypothesis Hy : 0, = 6,
= +++ =0, against the ordered alternative H, : 0, <, < --- < B,. The

proposed test  statistics are linear combinations of the consecutive two-
sample statistics proposed by Deshpande and Kochar (1982 for the location
problem. The optimum weights are obtained and asymptotic relative
efficiencies have been computed.

1. Introduction

Let K{j (=12 ++-n) denote a random sample from the a

absolutely continuous distribution Fi[x} ft=1,2, ++-, k}, the samples being
&

independent. Let N = X ». We assume that F's differ only in their

location alternatives, that is, F.(x) = F(x — ﬂi_‘_-._ £=1,2 -+ .k We wish te

test the null hypotheis.

Hy : 6 =8, = =48 (1-13
against the ordered alternative

Hy : b <0< <0, (1-2)
with at least one strict inequality.

This problem has been earlier studied by a number of researchers
including  Jonckheere  (1954). Tryon and Hettmansperger (1973),
Govindarajulu and Haller (1977), Shanubhogue and Gore (1985, among others,
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We propose here a class of distribution {ree tests based on weighted
linear combinations of consecutive two sample U-statistics for the above
testing problem. The tests are introduced in the second section and their
distributions are discussed in section 3. Assuming location parameters to be
equally spaced and the sample sizes to be all equal, the optimal members
in this class of tests are identified by obtaining the weighting coefficients
which maximize the efficacy. In the last section, the proposed tests are
compared with other known tests in the Pitman asymptotic relative efficiency
Sense.

2. The Proposed Tests

Under the allernative H;, for i < j, the observations from the ik
population tend to be smaller than those from the jth population. Deshpande and
Kochar (1932 proposed the following class of distribution free tests for the two
sample location problemn,

Let ¢ and o be two fixed integers such that 2 ¢, d =< min (ny, 7y, - - -, ")

Dcﬁl‘.l.t': for @ *’:JI, i., J = I’ 21. i k’

D c.d) | ;
Gi g a5 K st XKy )

2 A min (X o K, Vedmin (X, 0 XY
fety iB4

¢ JBg

and max u_’_XI.&] o0y X ) < max I:Xjﬁl, oS, S

8y

lu:f _;H-n.

— 41 if either min (X, , -+, X, ) < min (X, 0, X, )
iny p)
1{ or max I:K*'*H’ g Xiucj = max {le, R Xjﬂd]
|

0  otherwise (2-1)
{6, ) A z 4

Let U be the two-sample U-statistic associated with the above
=+J

kernel and given by

e, d) i PMYXT ¢ ot T e e
o =[CCDT = 0" 0 oo X X 0%
- (2-2)

where » denotes summation extended over all combinations of ¢ integers
b

{ag, -7, ) chosen from (1, ---, “I} and all combinations of d integers
(3
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' 1,1 '
By =" ﬂd] chosen from (1, - -, rzj}. Clearly L':l.l_!. } 15 the Mann-Whitney

statistic computed for the ith and jth samples.

For testing H, against H,, we propose the class of statistics

k=1 (e, d)

Lﬁ;d: '_E]at- U‘f’ £+1 |:2=3:|
where .ar "tc, 4 are some real constants to be chosen suitably. For the sake
of convenience we shall omit the superscripts (¢, ) from Elilg}ﬂ and

yd
Uf: }. Obviously large values of L, jare significant for testing H, against
H, and the tests are distribution free.
3. Distribution of Lc,ﬂ
Let
bipr =5 ¥
o
. el
~d 5 F, (4 dF_, ()
-0
= d=1
ol : T "
e J [1-F, (01 Fp @dE (3+1)
where F = 1—F.
Therelore,
k=1
E[L,q4]= ‘Ll @ Wiyl _ (3-2)
Under H,,
k—1
E[L,al= Z g
I
Let
U' = (Upg ;s Upyioee ;UE--].,E} (3-3)

Since the Ui j ’s are two-sample U-statistics, the joint limiting normality
of U follows immediately (see Lehmann {1963)) as stated below.,
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Theorem 3-1. 7 asymptotic distribution of VN [U- E ¢ U)] af
N — oo in such a way that 2 [ N> LR TR W o e R R R
4
normal with mean vector O and disperasion matrix £ — [ { g
| Oy
k
] wihere N= X% wp and
| =]
{ <t (¢) d® (i1 e ;
% SHLain B e S i, 8, o]
i i+1
ed  (i+1) R ;
po ., hitliitlite Jorj=itl, i=1, 2., }9
i} 1
F. = |
L% cd (i} . :
7 SLiiiel Jor f=i-T— =9 8- g
I
0 . oltherwise, {3-3)
rii‘.l ol (i} I’X1}2] B[ U 1 (3.5
D S ; (3:5
iy i 130 i 1 {q'f, 115 i, i+l !
(i) r'.’!-.|-[fl X 12 E: (U 1 (3-6)
':'l',n'+1;1',:'+l : [“’s.f+| (X) P1 - E2 | ;,s+1}
(%) (i1} (i+1) : ,
3 e LA ek T (X} 1] (3-7)
Wil 1,042 il i+1,642
e T EIU .
[Ua', i+1 1EL i+!,f+‘-!]
g E [ Wk el X e, 30 3], (3-8)
;*j %) i 11'}’:}: X i s il ] ¥r} )
e (X x x X )] (3-9)
X = E i T T ; o
Lpi,j *) Lm:‘,j C L ic 32 id

It can be seen that under H, .

[ 1 1

2tdPp,, {F = R | }, fori=j=1,2:, k1,
[ ]

7t
—Qﬁgrfﬁpm
j! +-"j-_ lbrj——!--.Ll.-*:'_—'IJE-”'*b'?'
P:‘
s 1
| 202 3 E‘Drj—_.-_l'_l"l:zz:l 3,"':-&":
ﬁl' i

l 0 Otherwise ; (3-10)

I
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where
m = ¢|d
and
1 2m—2—1
o= Gt @mh) [~ (w1 )] (611

In case all the sample sizes are equal, thatis, p, — pa =+ = p=1/k (3-10)
hecomes

: te &% o, for i=j=1, 2, k-1
[ -2 d% p for j=i+1,i=1,2,--, k-2
S ~2¢ Pk g for j=i—1,i=2, 8, +, k-1
l 0 ; otherwise

Since L is a linear combination of the components of the vector U, the

proof of the following theorein follows immediately.

Theorem :.]'1'2 2 The asympiotic distribution of o ? [Lc, R 1 Lc?.;i} I
N =+ a0 in such a way that " { N = p 0 <p <1,

t= 1 2,--- & is normal wih mean zero andvarianee a” ¥ a ;

k]

k=1 k—1
Under Hy E [Lo q1= 3 o odwSa—didth ,[S a

k-2
— I a;a;yq] in case the sample sizes are all equal.

4. Optimal Choice of Weights

In this section, we consider the problem of obtaining the optimal weights,
c'zg.’s so that for fixed ¢ and 4, the test L Ehas maximum efficacy for the
[

sequence of Pitman type alternatives

]IN : Fi{x:l =F[X - e ﬂi]‘ ¢ =1,2, =+, k; I being an absolutely

continuous distribution function with probability density function f.

For efficiency comparisons, we consider the equal sample size case and
the equally spaced alternatives of the type, B.=i6,0>0fori=12-"F

Then the alternative HN hecomes

o =y
N

Fix) = Flx =N '"if) (4-1)
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The f{ollowing theorem gives the asymptotic distribution of U under the

sequence of alterpatives H:q. The proof is routine and hence omitted.
4

Theorem 4-1 : L= Xij be independent random variables with cumulative disirebulion

Junction F!:[x], f=12 R i=1 2 - k asr given by (4-1). Tir

/2 ; 5 :
limiting distribution of N [U - B, Tis (& — 1) dimensional multivariate nermal
with mean vector E.t . and dispersion matrix T = [ ( U:'j} ) given by (3-12); where

o d J’[Fm_qu] +1‘F"’“2{x}]f[x}d1'?{x;. (4-2)

m=c-d

and
E _, =1IJ(.’:-—1}|><1

Proceeding as in Kochar and Gupta (1986), one can easily prove the following
theorem.

,

Theorem 42 : Under the sequence of alternative { HN} given by (4-1), the efficacy

of the test La d is maximized when
1

and the efficacy of the L:.-z‘ test with these optimal choice of weights 15

(k-1 H_

2 )= :
!( :’.ﬁl 24P
m

where

Ho= | [fﬂ—i{x;+F“‘2r:x:|]f{x:lmx}

Clearly, ¢(L; ;) depends on ¢ and d only through the sum m =¢+ d.
5. Asymptotic Relative Effciencies
Here, we compare the asymptotic relative efficiencies of the

L* d tests relative to some other known tests for this testing problem.
€

.
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The asymptotic relative efficiency of the L

; dl-:rsi. with rtespect to the

Jonkheer’s test (1954 is

2
(5a0) =g froa]
m —n

which is the same as the ARE of the corresponding two-sample test with
respect to the Wilcoxon-Mann-Whitney test as given by Deshpande’ and
Kochar {1982).

-2

—
(¥ ]

Tahle 5+1 gives these values for some standard distributions.
Table 5-1

ARE's of the L; 4 test relative to Jonckheere test

Distn, m 4 6 T a 9 10

en

Double Exp. <0402 85557 7677 -6863  -6155 5554 D047
Logistic +9947 750 .9301 -6964 8509 -80599  -7632
Normal 1-0143  1-0203 1-:0273 1-0049  -9814 9674 9355

Exponential 1-2281 1-5217 1-8406 2-1690 2.5007 2-B336 3-1667

For m=2 and m=3, the ARE’s are 1 for all distributions.

Govindarajulu and Haller (1577] also proposed a class of distribution-free
tests for this problem. This class includes equivalent of tests proposed by

Bhapkar (1961) and Deshpande’ (1965). Pitman ARE ofthe L' , test with

. corresponding to Deshpande’ test is

*
e(LC,fII’L) =

Clearly, form =k, ¢ {I: s L) =1, Table 5-2 gives the values of

2
B H,
]
P H’.’c

] {L: 4 L) for some standard distribution.
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Tahle 5-2

ARE’s of L: 4 tests relative to Deshpande’s L-Test.

Distribution m

Double 5 9104 1-1144 1-3908 1-6960 2.0116 23307

exponential
Logistic - 10 -7672 3126 -390 1 1:1129 1-2293
Normal 10 -9355 ‘0169 -0532 1 1-0618 1-1319

It is clear from the ahove tables that the newly proposed tests are quite

efficient.
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