Section 2.12: A, B, 6; Optional: C, 1, 5

A. Let A: X = Y be a linear operator between these vector spaces.

(a) Show that the kernel Ker(A) and direct image Im(A) are subspaces of their re-
spective vector spaces.

(b) Show that, if X and Y are normed vector spaces and A is continuous, then Ker(A)
is closed.

(c) Let X = C'[0,1] with the sup-norm ||f| = sup,cpy |f(2)|, and let Y = R with
the absolute value norm. Let A: X — Y be given by Af = f’(1). Show that A
is a linear operator but that Ker(A) is not closed. Hint: Consider the sequence
of polynomials p,(z) =z — 2" /n for n € N.

B. Let X be a vector space over K and let ¢ : X — K be a linear functional.

(a) Let U be a subspace of X. Show that if Ker(¢) C U, then Ker(¢) =U or U = X.

(b) Let ¢ : X — K also be a linear functional. If Ker(¢) C Ker(¢)), then there is a
B € K such that ¢ = §¢.

(c) If Ker(¢) # X and z € X \ Ker(¢), then X = Ker(¢) @ span{z}.

Hint: You will get a lot of mileage out of constructions of the form z = » — az + az,

where oo = ¢(x)/p(2).

C. (Optional) Show that the space £(X,Y) of bounded linear operators from X to Y
is a vector space, under the usual definitions of operator/function addition and scalar
multiplication. Don’t verify all of the properties of that must hold for a vector space,
but only show that £(X,Y) is closed under addition and scalar multiplication.

1. (Optional) Let || - ||, for 1 < p < oo be the norms on K" defined by in Theorem 2.2.2,
and identify a matrix A € K™*" with a linear operator F' € L(K™) in the usual way,

ie.
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(a) Show that
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where A* is the conjugate transpose of A when A is complex, and just the trans-
pose of A when A is real.

(b) Find formulas in the spirit of part (a) for the operator norms defined by

(1<p< o).
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5. (Optional) Show that a normed vector space (X, || -||) is finite dimensional if and only
if all linear functionals on X are continuous.

6. Let X and Y be two normed vector spaces over the same field K, and let A: X — Y
be a linear operator.

(a) We define [A] : X/ Ker A — Im A by [A][x] = Ax for each [z] € X/ Ker A. Show
that this definition makes sense. At issue here is the fact that, if € [z], then
[z] = [Z], so we need [A][Z] = [A][z] if the definition is to make sense.

(b) Show that, if A is continuous, then [A] is continuous and ||[4]|| = ||A]|.



