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Schrödinger Equation, Related Eigenvalue Problem

Magnetic Schrödinger Equation

i ℏ
∂Ψ

∂t
=

1
2m

(−i ℏ∇− q A) · (−i ℏ∇− q A)Ψ + qVΨ

• Magnetic Field: B = ∇× A

• Electric Field: E = −∇V − ∂A/∂t

• Wave function: Ψ = Ψ(x , t), |Ψ|2 provides probability distribution of
measurement (position) [Copenhagen Interpretation]

Associated Eigenvalue Problem (Mathematician’s Version)

(−i∇− A) · (−i∇− A)ψ + Vψ︸ ︷︷ ︸
H(A,V )ψ

= λψ in Ω , ψ = 0 on ∂Ω

• Eigenpair: (λ, ψ)
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Operator and Eigenvalue Facts

Looking at the Operator (Hamiltonian)

H(A,V )v = (−i∇− A) · (−i∇− A)v + V v

= −∆v + i (∇ · (Av) + A · ∇v) +
(
∥A∥2 + V

)
v

• (Negative) Laplacian: H(0, 0)

• (Standard) Schrödinger: H(0,V )

• Magnetic Laplacian: H(A, 0)

Eigenvalue/Vector Facts
• Countably many eigenvalues: 0 < λ1 < λ2 ≤ λ3 ≤ · · · , λn →∞
• Countable orthonormal basis of eigenvectors: (ψm, ψn) = δmn and

v =
∞∑

n=1

(v , ψn)ψn for any v ∈ L2(Ω), where (f ,g) .=
∫
Ω

f g dx
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Localization of Waves, Localization of Eigenvectors
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Illustrating Eigenvector Localization: H(0,V )

Potential H(0,V )u = 1 |ψ(x)|/(λ ∥ψ∥L∞(Ω)) ≤ u(x)
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Illustrating Eigenvector Localization: H(0,V )
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Illustrating Eigenvector Localization: H(A,0)

A |curl(A)|

94.240 117.860 120.568 120.568 134.993 134.993

• Scalar curl: curl(A) = rot(A) = ∂A2/∂x − ∂A1/∂y
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Illustrating Eigenvector Localization: H(A,V )
A |curl A| V

Figure 6: The computed eigenvectors | j | of H(A), 1  j  6, when h = 0.01 (top row), and
h = 0.05, for Example 2a.

3.2.2 Example 2b: Eigenpairs for H(A, V ) and H(F, V ).

We take V to be piecewise constant and rapidly varying on ⌦, see Figure 7. This scalar potential
was constructed by partitioning ⌦ into 16⇥ 16 congruent squares, and randomly assigning a number
between 0 and Vmax to each square. Keeping the same seed for the random number generator, we
chose Vmax = 100, 500, 1000, as shown in the figure, so the three di↵erent instances of V are just
scalings of each other. We note that the actual values of V are strictly between 0 and V ⇤.

It is known, empirically at least, that the presence of a scalar potential such as this can easily
dominate the influence of A on how/where eigenvectors localize (cf. [15]), and we observe this in
Figure 8

V ⇤ = 100

V ⇤ = 500

V ⇤ = 1000

Figure 7: The piecewise constant scalar field V, Example 2b.

11
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Some Theoretical Insight for H(A, 0)

Theorem (OQRS, 2024)
Let (λ, ψ) be an eigenpair of H(A, 0), where A = ∇a + F and ∇ · F = 0. It holds that,

|ψ(x)|
λ∥ψ∥L∞(Ω)

≤
∫ ∞

0

∫
Ω

∣∣∣∣Eω(0)=x,ω(t)=y e−i
∫ t
0 F(ω(s))·dω(s)

∣∣∣∣ KΩ(t, x, y) dy dt .
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Let ω → R𝐿 and consider the magnetic Laplace operator given by 𝑀 (𝑁) = (↑𝑂↓ ↑ 𝑁(𝑃 ) )2,
where 𝑁 : ω ↔ R𝐿 , subject to Dirichlet boundary conditions. For certain vector fields 𝑁, this
operator can have eigenfunctions, 𝑀 (𝑁)𝑄 = 𝑅𝑄, that are highly localized in a small region
of ω. The main goal of this paper is to show that if |𝑄 | assumes its maximum at 𝑃0 ↗ ω, then
𝑁 behaves ‘almost’ like a conservative vector field in a 1/↘𝑅↑neighborhood of 𝑃0 in a precise
sense. In particular, we expect localization in regions where |curl 𝑁| is small. The result is
illustrated with numerical examples.
Keywords: localization, eigenfunction, Schrödinger operator, regularization.

1. Introduction
Given a Schrödinger operator 𝐿, this paper concerns mechanisms by which one

can provide an a priori prediction, based directly on 𝐿, of where its eigenfunctions
may localize. Suppose that ω → R𝐿 is some bounded domain with smooth boundary
(this assumption is purely for convenience) and assume that 𝑀 : ω ↔ R≃0 is some

*This work was partially supported by the National Science Foundation through NSF grants DMS-2012285,
DMS-2123224, DMS-2208056 and RTG grant DMS-2136228.

[235]

The Short Story
Look where curl F (= curl A) is relatively small for a good guess as to
where eigenvectors low in the spectrum will localize

• Recall B = curl A, scalar magnetic field (up to scaling)
• Localization well-understood for H(0, V )

• More to learn for H(A, 0) and H(A, V )

Taylor Expansion of F about x̂

F(x) = ∇v(x) +
curl F(x̂)

2

(
−(x2 − x̂2)

x1 − x̂1

)
+ H.O.T.

v(x) =

(
F(x̂) +

1

2
J(x̂) (x − x̂)

)
· (x − x̂)
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Improving Computational Efficiency Via Conjugation
SIAM J. SCI. COMPUT. © 2025 Society for Industrial and Applied Mathematics

Vol. 47, No. 5, pp. B1026–B1044

A CANONICAL GAUGE FOR COMPUTING OF EIGENPAIRS OF
THE MAGNETIC SCHRÖDINGER OPERATOR\rightarrow 

JEFFREY S. OVALL† AND LI ZHU†

Abstract. We consider the eigenvalue problem for the magnetic Schrödinger operator and take
advantage of a property called gauge invariance to transform the given problem into an equivalent
problem that is more amenable to numerical approximation. More specifically, we propose a canonical
magnetic gauge that can be computed by solving a Poisson problem that yields a new operator having
the same spectrum but eigenvectors that are less oscillatory. Extensive numerical tests demonstrate
that accurate computation of eigenpairs can be done more e!ciently and stably with the canonical
magnetic gauge.

Key words. eigenvalues, eigenvectors, magnetic Schrödinger, finite
elements, gauge transform, eigenvector localization

MSC codes. 35P15, 47A75, 65N25

DOI. 10.1137/24M1692228
See reproducibility of
computational results
at end of the article.

1. Introduction. The magnetic Schrödinger operator,

H(A, V ) = (\rightarrow i\uparrow \rightarrow A) · (\rightarrow i\uparrow \rightarrow A) + V,(1)

is used in models of the motion of a charged particle in an electromagnetic field. We
will refer to H(A, V ) as the Hamiltonian associated with A and V . The curl of the
magnetic vector potential A is, up to scaling, the underlying magnetic field, and the
gradient of the scalar potential V is similarly associated with the electric field (cf. [14,
section 4.5]). In this context, the potentials are typically referred to as gauges, and
it is clear that adding a gradient to A, or a constant scalar to V , cannot change the
underlying dynamics, as it does not change the magnetic and electric fields. Thus, two
gauges for the magnetic field are deemed equivalent if they di!er by a gradient. From
the earliest days of electrodynamic theory, researchers in the field have sought to fix
a “canonical” gauge by applying additional constraints on A that are motivated by a
variety of physical or mathematical considerations [18]. Popular gauges include those
of Lorenz and Coulomb, though scientists continue to debate the merits of di!erent
gauges in di!erent contexts as well as the methodology for evaluating gauge choices
(cf. [12, 19]).

In the present work, we consider the eigenvalue problem associated with H(A, V ),
and take advantage of this gauge invariance to select a canonical magnetic potential
that will be seen to improve computational e""ciency and accuracy for associated
eigenvalue problems. More specifically, we consider the eigenvalue problem

\rightarrow Submitted to the journal’s Software, High-Performance Computing, and Computational Science
and Engineering section September 13, 2024; accepted for publication (in revised form) June 2, 2025;
published electronically September 15, 2025.
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Gauge Invariance, Conugation = “Preconditioning” ?

Lemma (Conjugation, Gauge Invariance)
Suppose that A = ∇a + F in Ω for some scalar field a and vector field
F. Then e−iaH(A,V )eia = H(F,V ). Furthermore, (λ, ψ) is an eigenpair
of H(A,V ) if and only if (λ, e−iaψ) is an eigenpair of H(F,V ).

• Same eigevalues, remodulated eigenvectors:
(λ, ψ) for H(A,V ) iff (λ, ϕ) for H(F,V ), ϕ = e−i aψ, |ϕ| = |ψ|

• Physically irrelevant which eigenpairs we compute H(A,V ) vs. H(F,V )

Research Question (“Preconditioning”)
Given A, can we efficiently produce equivalent F for which
computing eigenpairs of H(F,V ) is easier than computing
eigenpairs of H(A,V )?
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H(A) = H(A, 0) versus H(F) = H(F, 0)

h DOF
0.01 417451
0.03 46996
0.05 17017

h Time λ1 λ2 λ3 λ4 λ5 λ6

H(A)
0.01 310.55s 104.069 111.630 154.607 177.494 196.589 196.590
0.03 77.08s 109.963 119.903 159.500 184.112 200.066 200.089
0.05 25.93s 134.774 176.245 219.781 237.908 238.637 238.910

H(F)
0.01 354.08s 104.057 111.613 154.598 177.481 196.583 196.583
0.03 25.07s 104.075 111.642 154.638 177.554 196.607 196.608
0.05 7.46s 104.444 112.211 155.502 179.126 197.103 197.141
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H(A) versus H(F)

H(A), h = 0.01 (top) and h = 0.05

H(F), h = 0.01 (top) and h = 0.05
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How the F did we get that kind of improvement?

Theorem (Canonical Gauge)
Let A be a given magnetic potential. The solution a ∈ H1(Ω;R) of the
minimization problem

∥A−∇a∥L2(Ω;R) = min
v∈H1(Ω;R)

∥A−∇v∥L2(Ω;R) ,

which is unique up to an additive constant, is also a weak solution of the
Neumann problem

∆a = ∇ · A in Ω , ∇a · n = A · n on ∂Ω .

Setting F = A−∇a , we have ∇ · F = 0.

• Among all vector fields equivalent to A, F has the smallest L2-norm on Ω.
• The scalar and vector fields a and F provide a Helmoltz-Hodge decomposition of A,

A = ∇a + F, with
∫
Ω F · ∇a dx = 0.

• The vector field F satisfies Coulomb’s constraint, ∇ · F = 0 in Ω.
• The vector field F has vanishing boundary flux, F · n = 0 on ∂Ω.
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Algorithm Template

Algorithm Template
On current discrete (finite element) space,

1 Approximate solution a of Neumann problem

∆a = ∇ · A in Ω , ∇a · n = A · n on ∂Ω .

2 Use this to approximate F = A−∇a
3 Set up (generalized) linear algebraic eigenvalue problem for

H(F,V )ψ = λψ

4 Use favorite eigensolver (e.g. ARPACK, FEAST)

NGSolve + Pythonic FEAST
• Finite elements of uniform degree p = 3

• Quasi-uniform mesh with characteristic edge length h

J.S. Ovall (PSU) Magnetic Schrödinger February 18 15 / 31



H(A) versus H(F): Evidence for Heuristics 1-3
Figure 1: The first eigenvector  1 of H(A) (top row), and the first eigenvector �1 of H(F), for
Example 2. From left to right in the top row, we see | 1|, < 1, = 1 and the phase of  1; the bottom
row is analogous for �1.

Figure 2: From left to right in the top row, we see |A|, | 1|,|A 1|, and |r 1|; the bottom row is
analogous for F and �1.

6

j = 1 j = 2 j = 3 j = 4 j = 5 j = 6
∥∇ψj∥L2(Ω) 71.0007 79.5820 60.4883 75.4745 51.9968 51.9967
∥Aψj∥L2(Ω) 70.7587 79.2955 59.8389 74.8731 51.4847 51.4847
∥∇ϕj∥L2(Ω) 31.0322 35.5500 33.6866 40.9010 22.0141 22.0141
∥Fϕj∥L2(Ω) 30.4731 34.9024 32.5051 39.7792 20.7749 20.7749
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H(A) versus H(F): Evidence for Heuristic 4

Figure 1: The first eigenvector  1 of H(A) (top row), and the first eigenvector �1 of H(F), for
Example 2. From left to right in the top row, we see | 1|, < 1, = 1 and the phase of  1; the bottom
row is analogous for �1.

Figure 2: From left to right in the top row, we see |A|, | 1|,|A 1|, and |r 1|; the bottom row is
analogous for F and �1.

6

• Top: |ψ1|, ℜψ1, ℑψ1, and phase of ψ1

• Bottom: |ϕ1|, ℜϕ1, ℑϕ1, and phase of ϕ1

• ϕ1 less oscillatory than ψ1; well-resolved on coarser mesh
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Heuristics

H(A,V )ψ = λψ , H(F,V )ϕ = λϕ , ϕ = e−iaψ

• ∇ψ − iAψ = eia(∇ϕ− iFϕ), so |∇ψ − iAψ| = |∇ϕ− iFϕ|
• |Fϕ| = |Fψ| and |Aϕ| = |Aψ|
• ∥F∥ < ∥A∥ unless A = F; expect |F| < |A| for much of Ω
• Heuristic 1:

∥Fϕ∥L2(Ω) < ∥Aψ∥L2(Ω), and |Fϕ| < |Aψ| for much of Ω

• Heuristic 2:

∥∇ϕ∥L2(Ω) < ∥∇ψ∥L2(Ω), and |∇ϕ| < |∇ψ| for much of Ω

• Heuristic 3: ∇ψ ≈ iAψ , ∇ϕ ≈ iFϕ

∥∇ϕ∥ ≈ ∥Fϕ∥ and ∥Aψ∥ ≈ ∥∇ψ∥

• Heuristic 4: |∇ϕ| < |∇ψ| implies ϕ less oscillatory than ψ!

J.S. Ovall (PSU) Magnetic Schrödinger February 18 18 / 31



Heuristics, Part II

H(A,V )ψ = λψ , H(F,V )ϕ = λϕ , ϕ = e−iaψ

• ∥ψ∥L2(Ω) = ∥ϕ∥L2(Ω) = 1

• λn = ∥∇ψn − iAψn∥2
L2(Ω)

+ ∥V 1/2ψn∥2
L2(Ω)

= ∥∇ϕn − iFϕn∥2
L2(Ω)

+ ∥V 1/2ϕn∥L2(Ω)

λn = inf
v∈H1

0 (Ω) , ∥v∥L2(Ω)
=1

v∈{ψ1,...,ψn−1}⊥

∥∇v − iAv∥2
L2(Ω)

+ ∥V 1/2v∥2
L2(Ω)

= inf
v∈H1

0 (Ω) , ∥v∥L2(Ω)
=1

v∈{ϕ1,...,ϕn−1}⊥

∥∇v − iFv∥2
L2(Ω)

+ ∥V 1/2v∥2
L2(Ω)

• ∥V 1/2ψn∥L2(Ω) = ∥V 1/2ϕn∥L2(Ω) , so ∥∇ψn − iAψn∥L2(Ω) = ∥∇ϕn − iFϕn∥L2(Ω)

• ∇ψn ≈ iAψn , ∇ϕn ≈ iFϕn
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H(A,V ) versus H(F,V )

Figure 6: The computed eigenvectors | j | of H(A), 1  j  6, when h = 0.01 (top row), and
h = 0.05, for Example 2a.

3.2.2 Example 2b: Eigenpairs for H(A, V ) and H(F, V ).

We take V to be piecewise constant and rapidly varying on ⌦, see Figure 7. This scalar potential
was constructed by partitioning ⌦ into 16⇥ 16 congruent squares, and randomly assigning a number
between 0 and Vmax to each square. Keeping the same seed for the random number generator, we
chose Vmax = 100, 500, 1000, as shown in the figure, so the three di↵erent instances of V are just
scalings of each other. We note that the actual values of V are strictly between 0 and V ⇤.

It is known, empirically at least, that the presence of a scalar potential such as this can easily
dominate the influence of A on how/where eigenvectors localize (cf. [15]), and we observe this in
Figure 8

V ⇤ = 100

V ⇤ = 500

V ⇤ = 1000

Figure 7: The piecewise constant scalar field V, Example 2b.

11H
(A
,V

)

V
∗
=

50
0 0.01 401.57s 224.158 273.235 313.723 334.855 374.314 387.587

0.03 11.66s 242.230 294.788 344.036 351.915 397.155 400.898
0.05 6.27s 260.100 320.014 361.198 383.091 408.173 432.155

H
(F
,V

)

V
∗
=

50
0 0.01 431.87s 224.140 273.215 313.694 334.843 374.290 387.581

0.03 11.97s 224.237 273.563 314.400 335.186 374.712 387.637
0.05 5.75s 224.433 274.276 315.946 335.992 375.607 387.792

∥∇ψj∥L2(Ω) 72.8499 73.1349 83.2860 64.7322 71.1297 52.4223
∥Aψj∥L2(Ω) 72.3454 72.6661 82.5599 63.8395 69.9942 51.8223
∥∇ϕj∥L2(Ω) 30.3262 39.2781 43.9434 34.4332 35.8518 18.3745
∥Fϕj∥L2(Ω) 29.0915 38.3966 42.5488 32.7229 33.5400 16.5846
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Strong (Constant) Magnetic Field, A = B
2 (−x2, x1)

Strong(!) Clustering of Eigenvalues near B = 100, Unit Disk
m n λmn m n λmn
0 1 100.0000000000000000019 -6 1 100.0000000000358522353

-1 1 100.0000000000000000925 -7 1 100.0000000002499287314
-2 1 100.0000000000000022631 -8 1 100.0000000015234998522
-3 1 100.0000000000000368942 -9 1 100.0000000082493117125
-4 1 100.0000000000004508745 -10 1 100.0000000401715705360
-5 1 100.0000000000044055783 -11 1 100.0000001777011768016

Real parts of eigenvectors below
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A High-Order BIE Technique ( for a simpler problem)

Boundary Integral Formulation, (−∆− κ2)yGκ(x , y) = δx(y)
• For any ϕ ∈ C(∂Ω) and any κ > 0,

u(x) =
∫
∂Ω

Gκ(x , y)ϕ(y) dS(y) , x ∈ Ω⇝ −∆u = κ2u in Ω

• Find κ > 0 such that∫
∂Ω

Gκ(x , y)ϕ(y) dS(y) = 0 on ∂Ω , Gκ(x , y) =
i

4
H(1)

0 (κ|x − y |)

for some non-trivial ϕ ∈ C(Ω)

• Evaluation of resonances: adaptivity and AAA rational approximation of randomly
scalarized boundary integral resolvents, O.P. Bruno, M.A. Santana, L.N. Trefethen,
arXiv:2405.19582v2

alignment of the nodal line of the eigenfunction with the gap, which reduces the field coupling between
the interior and exterior regions of the open cavity. We are not aware of any theoretical or computational
studies reporting on such convergence rates for scattering poles as opening gaps tend to zero.

The computations of Figs. 3 and 5 correspond to Dirichlet boundary conditions, and it is interesting to
ask the same questions in the Neumann case. Here the first degenerate eigenvalue for the circle, associated
with the first zero of the derivative of J1(r), is 1.84118 . . . . Once again, introducing a gap in the boundary
breaks the degeneracy. In separate computations (not shown) we have found that for the mode whose nodal
line is aligned with the gap, the eigenvalue now converges at the rates ω2 for the real part and ω4 for the
imaginary part, whereas for the more generic mode whose nodal line is orthogonal to the gap, the rates
slow down dramatically to 1/| log ω| and 1/| log ω|2, respectively.

6.5 High-frequency Examples

Several higher-frequency examples are considered in what follows. To verify the accuracy of the proposed
methods in high-frequency cases and in regions containing large numbers of eigenvalues we applied the
real line version of algorithm 2 to obtain all 1244 distinct interior Laplace eigenvalues of the unit circle
that are contained in the interval [1, 100]. The algorithm automatically obtained all 1244 eigenvalues with
near machine accuracy in an average computational time of 1.09 seconds per eigenvalue in a single CPU
core. This relatively slow figure is dominated by the higher eigenvalues; for example the average time per
eigenvalue in the interval [0, 25] is only about 0.08 seconds.

Figure 6: Left: Interior eigenfunction for the kite-shaped domain, with eigenvalue 100.1846738596. Right:
Interior eigenfunction for the rocket-shaped domain, with eigenvalue 399.9730212127. All digits listed are
believed correct on the basis of numerical convergence analyses.

Having verified our algorithm in the high-frequency regime, we subsequently applied the proposed
methods to several high-frequency eigenvalue problems for interior and open-cavity domains. Figure 6
displays high-frequency interior eigenfunctions for kite-shaped and rocket-shaped cavities. The right panels
in Figures 7 and 8, in turn, present eigenfunctions for circular and rocket-shaped open cavities, while the
left panels of these figures present the solutions of problems of scattering by the same cavities under vertical
upward-facing plane-wave illumination at frequencies equal to the real parts of the eigenvalues associated
with the corresponding right panels. Clearly, the left panel scattering solutions bear a close resemblance
with the eigenfuncions displayed in the right panels, suggesting that the open-cavity eigenfunctions can be
excited by adequately oriented incident fields penetrating through the small apertures. All digits displayed

13

100.1846738596
399.9730212127
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Toward A High-Order BIE Technique A = B
2 (−x2, x1)

Boundary Integral Formulation, (H(A)− λ)yGλ(x , y) = δx(y)
• For any ϕ ∈ C(∂Ω) and any κ > 0,

u(x) =
∫
∂Ω

Gλ(x , y)ϕ(y) dS(y) , x ∈ Ω⇝ H(A)u = λu in Ω

• Find λ > 0 such that ∫
∂Ω

Gλ(x , y)ϕ(y) dS(y) = 0 on ∂Ω

for some non-trivial ϕ ∈ C(Ω)

• For a = (1 − λ/B)/2, R = π/2-clockwise rotation matrix,

Gλ(x , y) =
Γ(a)
4π

ei(B/2)(Rx)·y e−(B/4)|x−y|2 U(a, 1, (B/2)|x − y |2)

• Gκ(x , y) = i
4 H(1)

0 (κ|x − y |) and Gλ(x , y) have logarithmic singularities at y = x and
are increasingly oscillatory as κ or B increases.
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Magic Quadrature for Hankel Kernel with S. Patel

ψ(t) =
∫ 2π

0
K (t , s)ϕ(s)ds

f (s) K (2, s) , κ = 50

0 π 2 π2

0

5000

10000

15000

20000

0 π 2 π2 2 + π

-0.1

0.0

0.1

0.2

0.3

0.4

• I0 =
∫ 2π

0 f (s) ds

• I1 =
∫ 2π

0 K (2, s)f (s)ds

n I0 I1(50) I1(100) I1(200)
8 9.558e-01 7.097e-01 5.444e-01 1.956e+00

16 8.246e-02 6.315e-02 3.416e-01 4.328e-01
32 2.134e-05 1.137e-02 1.223e-02 6.110e-02
64 2.056e-16 2.274e-06 8.937e-07 9.680e-06

128 6.169e-16 3.238e-15 1.843e-14 5.017e-14
256 2.056e-16 5.142e-15 1.322e-14 3.669e-14
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Magic Quadrature

Quadrature on Unit Disk for Hankel Kernel∫ 2π

0
Kκ(t , s)f (s)ds ≈

n−1∑
j=0

wj(κ, t)f (sj)

• sj = j(2π/n) trapezoid rule quadrature points!
• wj(κ, t) incorporates nasty behavior of Kκ(t , ·) proprietary for now

The Plan
1 Extend to quadrature on more general smooth boundaries
2 Compute higher-frequency eigenmodes for Laplace
3 Develop similar quadrature for magnetic Laplace “Helmholtz”

kernel
4 Adjust to treat domains with corners
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Hunting for Eigenvectors Near a Subspace
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AN ALGORITHM FOR IDENTIFYING EIGENVECTORS

EXHIBITING STRONG SPATIAL LOCALIZATION

JEFFREY S. OVALL AND ROBYN REID

Abstract. We introduce an approach for exploring eigenvector localization
phenomena for a class of (unbounded) selfadjoint operators. More specifically,
given a target region and a tolerance, the algorithm identifies candidate eigen-
pairs for which the eigenvector is expected to be localized in the target region
to within that tolerance. Theoretical results, together with detailed numerical
illustrations of them, are provided that support our algorithm. A partial real-
ization of the algorithm is described and tested, providing a proof of concept
for the approach.

1. Introduction

This paper concerns the development of new computational methods for explor-
ing eigenvector localization phenomena for selfadjoint elliptic eigenvalue problems,

Lψ
.
= −∇ · (A∇ψ) + V ψ = λψ in !, ψ = 0 on ∂!, ψ #≡ 0 in !,(1)

where ! ⊂ Rd is a bounded, connected open set, V ∈ L∞(!) is non-negative, and
there are constants c, C > 0 such that the symmetric matrix A : ! → Rd×d satisfies

cvtv ≤ vtA(x)v ≤ Cvtv for all v ∈ Rd and a.e. x ∈ !.

When d = 2, we require A ∈ [L∞(!)]d×d; and when d > 2, we require that A
is uniformly Lipschitz in each of its components. The operator L is viewed as
an unbounded operator on L2(!), with domain Dom(L) = {v ∈ H1

0 (!) : Lv ∈
L2(!)}. We denote the (real) spectrum of L by Spec(L), and recall that it consists
of a sequence, infΩ V < λ1 < λ2 ≤ λ3 ≤ · · · , that has no finite accumulation
points. Furthermore, the eigenspace E(λ, L) = {v ∈ Dom(L) : Lv = λv} is finite
dimensional for each λ ∈ Spec(L).

The assumptions on L guarantee that it has the unique continuation property (cf.
[1, 17, 24]), i.e. any function v ∈ H1(!) satisfying Lv = 0 in ! that vanishes on a
non-empty open subset of ! must vanish identically on !. A simple consequence of
this is that no eigenvector ψ of (1) may vanish identically on any open subset of !.
However, it may be the case that nearly all of the “mass” of an eigenfunction ψ is
concentrated in a non-empty, open, proper subset R of !. In this case, we say that ψ
is localized in R. For convenience, we will refer to a non-empty, open, proper subset
R of ! as a subdomain of !. We now quantify what we mean by localization in R.
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DETECTING EIGENVECTORS OF AN OPERATOR THAT ARE

NEAR A SPECIFIED SUBSPACE

DAVID DARROW AND JEFFREY S. OVALL

Abstract. In modeling quantum systems or wave phenomena, one is often

interested in identifying eigenstates that approximately carry a specified prop-
erty; scattering states approximately align with incoming and outgoing trav-

eling waves, for instance, and electron states in molecules often approximately

align with superpositions of simple atomic orbitals. These examples—and
many others—can be formulated as the following eigenproblem: given a self-

adjoint operator L on a Hilbert space H and a closed subspace W → H, can

we identify all eigenvectors of L that lie approximately in W?
We develop an approach to answer this question e!ciently, with a user-

defined tolerance and range of eigenvalues, building upon recent work for

spatial localization in di”usion operators [OR23]. Namely, by perturbing L
appropriately along the subspace W , we collect the eigenvectors near W into

a well-isolated region of the spectrum, which can then be explored using any
of several existing methods. We prove key bounds on perturbations of both

eigenvalues and eigenvectors, showing that our algorithm correctly identifies

desired eigenpairs, and we support our results with several numerical examples.

1. Introduction

Understanding the eigenmodes of a linear operator is often key to understanding
the physics it represents. In quantum mechanics, eigenmodes of the Hamiltonian
correspond to the system’s energy levels—for instance, the eigenproblem for an iso-
lated Coulomb potential gives us the familiar breakdown of atomic orbitals into s,
p, d, and f types, along with their corresponding geometries. In fluid mechanics,
eigenmodes (of positive eigenvalue) correspond to system instabilities, and their
structure tells us the leading-order geometry of instability or turbulence. In many
applications, one is particularly interested in eigenstates that carry a specified prop-
erty. Scattering problems—for instance, in quantum mechanics—involve searching
for states that converge to radially-outgoing waves as they travel. In studying
disordered materials, one may wish to identify the strongly-localized states created
through Anderson localization [And58,LvTW09]. To understand the e!ect of a sin-
gle defect in a crystal, however, one may instead search for eigenstates with only a
localized perturbation away from a known, nonzero solution. These examples—and

Received by the editor August 13, 2024.
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Quantifying Closeness to a Subspace W ⊂ L2(Ω)

Orthogonal Projector
• Q : L2(Ω)→ L2(Ω) linear, Ran(Q) = W

• Q2 = Q, Q∗ = Q

• Q = χR for R ⊂ Ω Ovall/Reid MCOM 2023, Reid. Diss. 2024

• More general Q Darrow/Ovall MCOM 2025

Two Complementary Measures

τ(v) =
∥Qv∥L2(Ω)

∥v∥L2(Ω)

, δ(v) =
∥(I −Q)v∥L2(Ω)

∥v∥L2(Ω)

= rel dist(v ,W )

• δ(v)2 + τ(v)2 = 1

• (τ(v), δ(v)) = (cos(θ), sin(θ)), θ = θ(v) is angle between v and W

• For any c ∈ C, τ(cv) = τ(v) and δ(cv) = δ(v)
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Key Computational Task: L = H(A,V )

Key Task
Given a subspace W ⊂ L2(Ω), a (small) tolerance δ∗ > 0 and a (large)
interval [a,b], find all eigenpairs (λ, ψ) of L such that

λ ∈ [a,b] and δ(ψ) ≤ δ∗

or determine that there are not any.

Heuristic
• L selfadjoint, real eigenvalues
• “Encode” constraints λ ∈ [a, b] and δ(ψ) ≤ δ∗ in a modified problem

If δ(ψ) small for eigenpair (λ, ψ) of L, then Qψ ≈ ψ, so
L(s)ψ ≈ (λ+ i s)ψ, where L(s) = L+ i s Q

• There should be an eigenpair (µ, ϕ) of L(s) with µ ≈ λ+ i s
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“Encoding” Theorem: L(s) .
= L+ i s Q

Theorem (OR 2023, DO 2024)
Let (λ, ψ) be an eigenpair of L. For s > 0 sufficiently small, there is an
eigenpair (µ(s), ϕ(s)) of L(s) such that

|λ+ i s − µ(s)| ≤ sδ(ψ) .

In this case, if λ ∈ [a, b] and δ(ψ) ≤ δ∗, then µ(s) ∈ U = U(a,b, s, δ∗) (pictured
below). Furthermore,

lim
s→0

µ(s)− λ
is

= [τ(ψ)]2 , lim
s→0

λ+ is − µ(s)
is

= [δ(ψ)]2 .

�+ � ��+ � �

⟵ �δ *
⟶
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Algorithm Template

1: procedure Localize(a,b, δ∗,W , s)
2: Get eigenpairs (µ, ϕ) of L(s) with µ ∈ U(a, b, s, δ∗) ▷ First filter
3: for each (µ, ϕ) do
4: Re-normalize: ϕ←− cϕ if L a real operator
5: Post-process: (ℜµ,ℜϕ)⇝ (λ̃, ψ̃) OR (ℜµ, ϕ)⇝ (λ̃, ψ̃)
6: Final check: δ(ψ̃) < δ∗ and λ̃ ∈ [a,b]? ▷ Second filter
7: end for
8: return accepted (λ̃, ψ̃)
9: end procedure

�+ � ��+ � �

⟵ �δ *
⟶
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2D Illustration:L = H(0, 0) , W =”five-fold symmetry”

s = 0.1, δ∗ =
√

1/10 ≈ 0.316 (τ∗ =
√

9/10 ≈ 0.949)
EIGENVECTORS NEAR A SUBSPACE 13

�13: Accepted �32: Accepted �41: Accepted

�16: Rejected �33: Rejected �52: Rejected

Figure 2. Eigenvectors with an approximate symmetry, as dis-
cussed in Section 4.2. We show approximate eigenvectors of the
Laplacian calculated on the domain ⌦ = B1(0, 0) \ B1/5(0, 1/2),
with Neumann boundary conditions. Here, we apply our algorithm
to align eigenvectors with the subspace W ⇢ L2(⌦) of functions
with five-point rotational symmetry. The top three eigenvectors,
�13, �32, and �41, are accepted by our algorithm, while the bot-
tom three, �16, �33, and �52, are rejected. Of the bottom three
eigenvectors, only �52 shows a trace of five-point symmetry, and
this symmetry breaks down near the deleted region B1/5(0, 1/2).

a familiar form, as products of radial Bessel functions and angular sinusoids, the
deleted region near the top of the disk complicates this story.

We apply our algorithm to find eigenvectors with an (approximate) five-point
rotational symmetry, discretizing our domain with a mesh length h = 0.05 and a
polynomial degree 3, and using s = 0.1 and a tolerance ⌧2 � 0.9. We approximate
the subspace W ⇢ L2(⌦) of functions with five-point rotational symmetry using

Zernike functions [Zer34, NT22], Zm
n (r, ✓) = R

|m|
n (r)ei m✓, up to degree n = 15.

Concretely, we extend any function f on ⌦ to a function f̃ on the unit disk, as f̃ =
f �⌦. Zernike functions are (a) exact eigenfunctions of the projector Q : H ! W
and (b) an orthogonal basis of L2 on the unit disk, so we can exactly represent W
as a span of appropriate Zernike functions. For a more practical implementation,
we recommend projecting onto W by averaging a function over its orbit under the
point group C5.

Of the first 100 eigenvectors of L(s) (ordered by real part), only six are accepted:
{�0, �12, �13, �32, �40, �41}. We show six example eigenvectors of L(s). The top
three, �13, �32, and �41, show a clear (though imperfect) five-point symmetry. As

• Accepted from first 100: {ψ0, ψ12, ψ13, ψ32, ψ40, ψ41}
• Q = projection onto subset Zernike poly. w/ five-fold symmetry
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