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Have you ever played a “math puzzle”
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Mathematicians play with puzzles like these to help answer difficult
questions.
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Mathematicians play with puzzles like these to help answer difficult
questions.

Today, we are going to explore these puzzles and uncover some
difficult problems they solve!
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The space of symmetric functions with n variables

o f(xi,...,xn) is @ symmetric function with n variables if
f(X1, .oy Xn) = F(Xi,, -, Xi,) Where x;, ..., x;, is any rearrangement of the
variables x1, ..., Xp.
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The space of symmetric functions with n variables

o f(xi,...,xn) is @ symmetric function with n variables if
f(X1, .oy Xn) = F(Xi,, -, Xi,) Where x;, ..., x;, is any rearrangement of the
variables x1, ..., Xp.

Example (three variables)
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The space of symmetric functions with n variables

o f(xi,...,xn) is @ symmetric function with n variables if
f(X1, .oy Xn) = F(Xi,, -, Xi,) Where x;, ..., x;, is any rearrangement of the
variables x1, ..., Xp.

Example (three variables)

f(x1,Xx2,X3) = X1X2X3,
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The space of symmetric functions with n variables

o f(xi,...,xn) is @ symmetric function with n variables if
f(X1, .oy Xn) = F(Xi,, -, Xi,) Where x;, ..., x;, is any rearrangement of the
variables x1, ..., Xp.

Example (three variables)

f(x1,Xx2,X3) = X1X2X3,

2 2 2
g(x1,x2,X3) = X{ X2X3 + X1X5X3 + X1 X2X3
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Question

Is there a way we can write the “minimal” amount of these functions so
that any symmetric function can be written as a linear combination of
these “minimal” ones?
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Question

Is there a way we can write the “minimal” amount of these functions so
that any symmetric function can be written as a linear combination of
these “minimal” ones?

Question
What is a basis for the algebra of symmetric functions with n variables?

Yes! They are called Schur polynomials!
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Definition of Schur Polynomial

Let X = (x1,x2,...,X,) be n variables.
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Definition of Schur Polynomial

Let X = (x1,x2,...,X,) be n variables.

A partition is a collection of integers A = (A1, A2, ..., \,) that are weakly
decreasing, Ay > \p > - > X, > 0.
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Definition of Schur Polynomial

Let X = (x1,x2,...,X,) be n variables.

A partition is a collection of integers A = (A1, A2, ..., \,) that are weakly
decreasing, A\1 > A > -+ > X, > 0. Call |\| = >_7_; \j the weight of .
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Definition of Schur Polynomial

Let X = (x1,x2,...,X,) be n variables.

A partition is a collection of integers A = (A1, A2, ..., \,) that are weakly
decreasing, A\1 > A > -+ > X, > 0. Call |\| = >_7_; \j the weight of .

Definition

For each partition A, the Schur polynomial is defined as

n+Aj—j
x;
_ 1<ij<n

sx(x) = :

n—j

x|

1<i,j<n

y
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Definition of Schur Polynomial

X{H—)\l—l X1r1+)\2—2 Xln—l—)\3—3 Xer)\,,fn
n+A1—1 n+Xp—2 n+X3—3 n+Ap—n
) ) ) )
n+A1—1 n+Xp—2 n+A3—3 n+Ap—n
(%) = X, T X, T2 X, T3 X, "
X{’il Xf72 x{’73 x; "
n—1 n—2 n—3 n—n
X2 X2 X2 X2
n—1 n—2 n—3 n—n
Xn Xn Xn Xn
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Example: Schur Polynomial

Natalie Hobson (Portland State University M Puzzles to solve problems November 25, 2015 8 /54



Example: Schur Polynomial

n=2 A= (3,1)
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Example: Schur Polynomial

n=2,A=(31)
e\ =3
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Example: Schur Polynomial

n=2,A=(31)
e\ =3
e =1
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Example: Schur Polynomial

n=2 \=(31)
e\ =3
e =1
X12+>\1—1 X12+,\2—2
X22+/\171 X22+)\272
sa(x1, %) = 2-1 22
X X
i o
) )
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Example: Schur Polynomial

n=2 A=(3,1)
4 )\1 =3
o\ =
Pl 212
A
sa(x1, %) = 21 22
X- X
b1 hoo
X2 X2
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Example: Schur Polynomial

n=2,A=(31)
o )\1 =3
4 )\2 =1
X
5 %
SA(X17X2) - 0
X2 Xg
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Example: Schur Polynomial

n=2,A=(31)

o )\1 =3

4 )\2 =1
Xf X1
x5 X2 X4'X2*X1-X4

SA(X17X2)— 2 =1 — 2

X1 1 X1 X2
X2 1
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Example: Schur Polynomial

n=2\=(31)
o /\1 =3
e =1
Xf' X1
4 4 4 3 2,2 3
PG x| X exe—xe x5 (x— xe)(X{xe 4+ X{X5 + x1X3)
sa(x1, %) = o = =
X1 X X1 — X2 X1 — X2
X2 Xg
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Example: Schur Polynomial

n=2 A=(31)
o\ =
e =1

3 2.2 3
sa(x1, x2) = x{x2 + X{ x5 + x1%5
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Schur Polynomial- Using Young tableaux

There is another way to compute s)(X) using puzzles!
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|
Young Diagram (shape)

For a partition A = (A1 >,... > A\, > 0) we can create a Young diagram:

A= |« N\
%)\2
L | — An
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|
Young Diagram (shape)

For a partition A = (A1 >,... > A\, > 0) we can create a Young diagram:

A\ =

|

The total number of boxes, |\| = Y7, \j, is called the weight of .

(—)\1
%)\2
— An
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Examples: Young diagram

Example
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Examples: Young diagram

Example
A=(3,1)
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Examples: Young diagram

Example
A=(3,1)
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Examples: Young diagram

Example
A= (3,1)
A= 1]

— v
Example
p=(4,311)

y
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Examples: Young diagram

Example
A=(3,1)

Example
w=(4,3,1,1)
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-
Young tableau

e A=(A\1>..> )\, >0)is a Young diagram
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-
Young tableau

A= (A1 >...> X, >0)is a Young diagram

@ u=(p1,..., n) is some collection of n nonnegative integers, and
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-
Young tableau

= (A1 >...> X\, >0) is a Young diagram

o \=(
@ u=(p1,..., n) is some collection of n nonnegative integers, and
°
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-
Young tableau

e A=(A\1>..> )\, >0)is a Young diagram
@ u=(p1,..., n) is some collection of n nonnegative integers, and
o [Al = |ul.

A Young tableau with shape A = (A1, ..., \,) and content

= ({1, ..., tn) is a filling of

A= |

with pg 1's, pp 2's, ..., pn n's (referred to as flavors) such that flavors
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-
Young tableau

e A=(A\1>..> )\, >0)is a Young diagram
@ u=(p1,..., n) is some collection of n nonnegative integers, and
o [Al = |ul.

A Young tableau with shape A = (A1, ..., \,) and content

= ({1, ..., tn) is a filling of

A= |

with pg 1's, pp 2's, ..., pn n's (referred to as flavors) such that flavors
o weakly increase across rows and
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-
Young tableau

e A=(A\1>..> )\, >0)is a Young diagram
@ u=(p1,..., n) is some collection of n nonnegative integers, and
o [Al = |ul.

A Young tableau with shape A = (A1, ..., \,) and content

= ({1, ..., tn) is a filling of

A= |

with pg 1's, pp 2's, ..., pn n's (referred to as flavors) such that flavors

o weakly increase across rows and
e strictly increase down columns.
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Example: Young tableau

Example
e \=(4,3,1,1) and p = (2,3,3,1),
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Example: Young tableau

Example
e \=(4,3,1,1) and p = (2,3,3,1),
o N =9 |u=9.
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Example: Young tableau

Example

e \=(4,3,1,1) and p = (2,3,3,1),

o \/=9, [u|=9.

e Fill A=

| with flavors 1,1,2,2,2,3,3,3,4 so that,
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Example: Young tableau

Example

e \=(4,3,1,1) and p = (2,3,3,1),

o \/=9, [u|=9.

e Fill A=

| with flavors 1,1,2,2,2,3,3,3,4 so that,

@ rows weakly increase and columns strictly increase.
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Example: Young tableau

Example
e \=(4,3,1,1) and p = (2,3,3,1),
o [A[=09, |ul=9.
o Fill A= | with flavors 1,1,2,2,2,3,3,3,4 so that,

@ rows weakly increase and columns strictly increase.

Example

1[2]2]
3[3

‘-blb\-)l\.)l—‘
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Example: Young tableau

Example
e \=(4,3,1,1) and p = (2,3,3,1),
o [A[=09, |ul=9.
o Fill A= | with flavors 1,1,2,2,2,3,3,3,4 so that,

@ rows weakly increase and columns strictly increase.

Example Non Example!
1[1]2]2] 1[1[2]3]
213]3 213[3
3] 2]
4 4
v
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Example: Young tableau

Example
e \=(4,3,1,1) and = (2,3,3,1)
o [A[=9, |ul=9
o Fill A= | with flavors 1,1,2,2,2,3,3,3,4 so that,

@ rows are weakly increase, columns strictly increase.

Example Non Example!
1[1]2]3] 1[1]2]3]
212(3 213[3
3 2]
4 4
v
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Definition of Schur Polynomial

Let X = (x1,x2,...,X,) be n variables.

A partition is a collection of integers A = (A1, A2,..., \,) that are weakly
decreasing, A\1 > XAy > --- > X\, > 0. Call |[\| =3 7_; \j the weight of .
Definition

For each partition A, the Schur polynomial is defined as

-
Xl-n+ i

‘lgi,jgn

S)\(X) B xﬁ_j
i

’1gu§n
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Definition of Schur Polynomial

X{H-/\l—l Xf+)‘2_2 Xf+)\3_3 o Xln—i-)\,,—n
n+A1—1 n+Xp—2 n+A3—3 n+Ap—n
X2 X2 X2 ... X2
(_‘) Xr111+/\1—1 Xr7+)\2_2 er11+)\3—3 o er’H—)\n—n
S\\X) = — — — —
X 1 X 2 x| 3. x; "
n—1 n—2 n—3 n—n
X2 ) ) X2
n—1 n—2 n—3 n—n
Xn Xn Xn Xn
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Schur polynomials- Using Young tableaux

There is another way to compute using Young tableaux.
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Schur polynomials-Using Young tableaux
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Schur polynomials-Using Young tableaux

@ X = (x1,...,Xn) collection of n variables.
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Schur polynomials-Using Young tableaux

X = (x1, ..., Xn) collection of n variables.
A= (A1, Ar).
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Schur polynomials-Using Young tableaux

X = (x1, ..., Xn) collection of n variables.
A= (A1, Ar).

a(x) =D Ky &

where
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Schur polynomials-Using Young tableaux

X = (x1, ..., Xn) collection of n variables.
A= (A1, Ar).

a(x) =D Ky &

where

@ i = (u1,-.., bn) is any collection of n integers with
= g+ e+ = Al
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Schur polynomials-Using Young tableaux

X = (x1, ..., Xn) collection of n variables.
A= (A1, Ar).

a(x) =D Ky &

where

@ i = (u1,-.., bn) is any collection of n integers with
= g+ e+ = Al
@ K . is the number of Young tableaux with shape A and content p.
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Schur polynomials-Using Young tableaux

X = (x1, ..., Xn) collection of n variables.
A= (A1, Ar).

a(x) =D Ky &
where
@ i = (u1,-.., bn) is any collection of n integers with
= g+ e+ = Al
@ K . is the number of Young tableaux with shape A and content p.

e x" is the monomial xj"x4? ... x4".
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Example: Schur Polynomial

Let's compute sy(x1, x2), with A = (3, 1) using Young tableaux!

Example
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Example: Schur Polynomial

Let's compute sy(x1, x2), with A = (3, 1) using Young tableaux!

Example
e A=(3,1)
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Example: Schur Polynomial

Let's compute sy(x1, x2), with A = (3, 1) using Young tableaux!

Example
e A=(3,1)

o X = (X1,X2)
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Example: Schur Polynomial

Let's compute sy(x1, x2), with A = (3, 1) using Young tableaux!
Example

e A=(3,1)

o X = (X1,X2)

S)\()_() = Z K)\“u)_(u

where
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Example: Schur Polynomial

Let's compute sy(x1, x2), with A = (3, 1) using Young tableaux!
Example

e A=(3,1)

o X = (X1,X2)

S)\()_() = Z K)\“LL)_(u

where

o 1= (1, 12) is a collection of 2 integers with |u| = pu1 + 2 = [N\ = 4.
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Example: Schur Polynomial

Let's compute sy(x1, x2), with A = (3, 1) using Young tableaux!
Example

e A=(3,1)

o X = (X1,X2)

S)\()_() = Z K)\“LL)_(u

where

o 1= (1, 12) is a collection of 2 integers with |u| = pu1 + 2 = [N\ = 4.

e K , is the number of Young tableaux with shape A\ = [ land

content . o
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Example: Schur Polynomial

A=(3,1),
X1,X2 ZK)\#XM

a) What are all possible pn = (u1, p2) such that pg + po = 4?7
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Example: Schur Polynomial

A=(3,1),
X1,X2 ZK)\#XM

a) What are all possible pn = (u1, p2) such that pg + po = 4?7
n=1(4,0),(3,1),(2,2),(1,3),(0,4).
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Example: Schur Polynomial

s\(x1,x2) = ) Ky &
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Example: Schur Polynomial

A(x1, x2) ZKA u Xt

b) For each, u = (i1, 12), how many Young tableaux are there with
shape A = (3,1) and content u?
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Example: Schur Polynomial

A(x1,x2) = ) Ky R

b) For each, u = (i1, 12), how many Young tableaux are there with
shape A = (3,1) and content u?

1= (4,0),(3,1),(2,2),(1,3),(0,4).
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Example: Schur Polynomial

A(x1,x2) = ) Ky R

b) For each, u = (i1, 12), how many Young tableaux are there with
shape A = (3,1) and content u?

1= (4,0),(3,1),(2,2),(1,3),(0,4).
[ | [ | [ | [ | [ ]
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Example: Schur Polynomial

A(x1, x2) E K x"

b) For each, u = (i1, 12), how many Young tableaux are there with
shape A = (3,1) and content u?

p=(4,0),(3,1),(2,2),(1,3),(0,4).

I[i[1] [I[1]2] [1[2]2]
2 2 2
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Example: Schur Polynomial

S)\(Xl,Xg) = Z KM)_(M

b) For each, u = (u1, 12), how many Young tableaux are there with
shape A = (3,1) and content p?

K= (47 0)7 (3’ 1)7 (2a 2)7 (17 3)’ (Ov 4)'

111 [I[1[2] [12]2]
2 2 2

o Ko =0,Kz1=1,Kpoo =1,Kgz1) =1,Koae =0
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Example: Schur Polynomial

S)\(X]_,XQ) = Z K'u)_(“

H= (47 0)7 (37 1)7 (27 2)7 (1) 3)7 (07 4)-
° Kuo =0,Kiz1) =1,Kpoz =1,Kz1) =1,Kpa =0
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Example: Schur Polynomial

S)\(X]_,XQ) = Z K'u)_(“

H= (47 0)7 (37 1)7 (27 2)7 (1) 3)7 (07 4)-
° Kuo =0,Kiz1) =1,Kpoz =1,Kz1) =1,Kpa =0

o XM = xj"xb?
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Example: Schur Polynomial

S)\(X]_,XQ) = Z K'u)_(“

H= (47 0)7 (37 1)7 (27 2)7 (1) 3)7 (07 4)-
° Kuo =0,Kiz1) =1,Kpoz =1,Kz1) =1,Kpa =0

M1

o XM = xj"xb?

X2

o sy(x1, %) = Ko + K ydx + Keopdxs + Kaspaxs + Ko
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Example: Schur Polynomial

S)\(X]_,XQ) = Z K'u)_(“
w= (47 0)7 (37 1)7 (27 2)7 (1) 3)7 (07 4)-
o Kuo =0,Kz1) =1,Ke2) =1,Kz1) =1,Koa4 =0

M1

o XM = xj"xb?

X2
o sy(x1, %) = Ko + K ydx + Keopdxs + Kaspaxs + Ko

o si(x1, %) = xixa + xBx3 + x1x3
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Compare with determinant definition?

Computing
sx(x1, x2)
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Compare with determinant definition?

Computing
sx(x1, x2)

@ Using Young tableaux:
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Compare with determinant definition?

Computing
sx(x1, x2)

@ Using Young tableaux:

3 2.2 3
sa(x1,x2) = xi'x2 + X{ x5 + x1%;
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Compare with determinant definition?

Computing
sx(x1, x2)

@ Using Young tableaux:

3 2.2 3
sa(x1,x2) = xi'x2 + X{ x5 + x1%;
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Compare with determinant definition?

Computing
sx(x1, x2)

@ Using Young tableaux:

3 2.2 3
sa(x1,x2) = xi'x2 + X{ x5 + x1%;

@ Using determinants:

Xf X1

Xg X2 Xf - Xp — X1 -xg
sa(x1,x2) = = =

X1 X1 X1 — X2

X2 X2
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Compare with determinant definition?

Computing
sx(x1, x2)

@ Using Young tableaux:

3 2.2 3
sa(x1,x2) = x{x2 + X7 x5 + X135

@ Using determinants:
(31— x) (X + X553 + x13) 3

3 2.2
= = X{X2 + X{ X5 + X1X5
X1 — X2
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Compare with determinant definition?

Computing
sy(x1, x2)

@ Using Young tableaux:

3 2.2 3
sa(x1, x2) = X7 x2 + X{ x5 + X155

@ Using determinants:

3 2.2 3
sa(Xx1, x2) = x{x2 + X{ X5 + x1%5

Natalie Hobson (Portland State University M Puzzles to solve problems

November 25, 2015
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-
Multiplying Schur Polynomials

Question J

Is s\(X) - su(x) still a symmetric function?
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-
Multiplying Schur Polynomials

Question

Is s\(X) - su(x) still a symmetric function? J

Yes!
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-
Multiplying Schur Polynomials

Question

Is s\(X) - su(x) still a symmetric function? J

Yes! It is a sum of Schur polynomials with non-negative coefficients.
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-
Multiplying Schur Polynomials

We can write the product as:
su(X)su(%) = Y (). (2)
A

where the summation is over all partitions A = (A1, ..., \,) with
Al = lpl + ]
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N
LR-Coefficient

The coefficient cli‘y is called a Littlewood-Richardson coefficient (1934).
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N
LR-Coefficient

The coefficient cli‘y is called a Littlewood-Richardson coefficient (1934).

How do we compute c;)l,??
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-
Computing LR-Coefficients

c/i‘y is the number of Young tableaux with shape \/x and content v with

the condition that
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-
Computing LR-Coefficients

c/i‘y is the number of Young tableaux with shape \/x and content v with

the condition that

@ when reading the flavors in Young tableau from right to left across
rows and top to bottom down columns, at any stage,
#1's > #2/s > ... > #n's
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-
Computing LR-Coefficients

c/i‘y is the number of Young tableaux with shape \/x and content v with

the condition that

@ when reading the flavors in Young tableau from right to left across
rows and top to bottom down columns, at any stage,
#1's > #2/s > ... > #n's

o we will call such a filling a reverse lattice word.
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Example of computing LR-coefficient

For A= (4,3,1), = (3,2,0), » = (2,1,0), let’s compute c .

Young diagram shape \/p
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Example of computing LR-coefficient

For A= (4,3,1), = (3,2,0), » = (2,1,0), let’s compute c .

Young diagram shape \/p

ANy =
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Example of computing LR-coefficient

For A =(4,3,1), 1 =(3,2,0), v = (2,1,0), let's compute Cﬁ\’y.

Fill this shape with 1,1,2 so that filling is a reverse lattice word (at any
stage while reading off word, we have #1 > #2 ).

A= |
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Example of computing LR-coefficient

For A =(4,3,1), 1 =(3,2,0), v = (2,1,0), let's compute Cﬁ\’y.

Fill this shape with 1,1,2 so that filling is a reverse lattice word (at any
stage while reading off word, we have #1 > #2 ).

1]
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Example of computing LR-coefficient

For A =(4,3,1), 1 =(3,2,0), v = (2,1,0), let's compute Cﬁ\’y.

Fill this shape with 1,1,2 so that filling is a reverse lattice word (at any
stage while reading off word, we have #1 > #2 ).

1] 1]
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Example of computing LR-coefficient

For A =(4,3,1), ©=(3,2,0), v = (2,1,0), let’s compute cﬁ\’y.

Fill this shape with 1,1,2 so that filling is a reverse lattice word (at any
stage while reading off word, we have #1 > #2 ).

1] 1]

(4,3,1) B
€(3,2,0),(2,1,0) — 2.
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-
Challenge: Computing LR-coefficient

For A =(6,5,3,1), = (4,2,0,0), v = (4,3,2,0), let's compute cﬁ"y.
c;L\V is the number of Young tableaux with shape A/u and content v with
the condition that

@ when reading the flavors in Young tableau from right to left across
rows and top to bottom down columns, at any stage,
#1's > #2's > #3/s > #4/s

A p= |

Fill with 1,1,1,1,2,2,2,3,3 so that the filling is a reverse lattice word.
How many are there?
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Challenge Solutions
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Challenge: Non-Solutions

=
N
N
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Challenge: Non-Solutions

1[1] 1[1] 111
1[2]2 1[1[2 11
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Open questions about LR-coefficients

In my research:

Vector bundles of conformal blocks over the moduli space of rational,
genus zero curves with n marked points
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Open questions about LR-coefficients

In my research:

Vector bundles of conformal blocks over the moduli space of rational,
genus zero curves with n marked points

V(sl, A, £) — Mo,p.
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Open questions about LR-coefficients

In my research:

Vector bundles of conformal blocks over the moduli space of rational,
genus zero curves with n marked points

V(sl, A, £) — Mo,p.

cy ,, are related to dimensions of V(slz, A, £).
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Open questions about LR-coefficients

In my research:

Vector bundles of conformal blocks over the moduli space of rational,
genus zero curves with n marked points

V(sla, A, £) — M.
cy ,, are related to dimensions of V(slz, A, £).

Question
When is dim(V(sla, A, £)) = 17 J
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Littlewood-Richardson and Vector Bundles of Conformal
Blocks 1

Let k and p be integers such that |A\| = Y7 ; A\j = 2(k{ + p), then

rank(V(slp, A\, 0)) = #{YT with shape p = (£2%, p?) and content (\y, ..., \,)

°[Hob., '15]
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Littlewood-Richardson and Vector Bundles of Conformal
Blocks 1

Let k and p be integers such that |A\| = Y7 ; A\j = 2(k{ + p), then
rank(V(slp, A\, 0)) = #{YT with shape p = (£2%, p?) and content (\y, ..., \,)

The shape p = (€25, p?) is

%[Hob., '15]
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Example: Computing ranks

Consider V = V(sl, (7,7,6,5,5,4,4),7).
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Example: Computing ranks

Consider V = V(sl, (7,7,6,5,5,4,4),7).
@ N =7+7+6+5+5+4+4=238=2(27)+5)
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Example: Computing ranks

Consider V = V(sl, (7,7,6,5,5,4,4),7).

o [N\ =7+7+6+5+5+4+4=238=2(2(7)+5)
e k=2p=5

Natalie Hobson (Portland State University M Puzzles to solve problems November 25, 2015 49 / 54



Example: Computing ranks

Consider V = V(sl, (7,7,6,5,5,4,4),7).

o |X|=74+7+6+5+5+4+4=38=2(2(7)+5)
e k=2p=5

rank(V) = #{YT on and content (7,7,6,5, 5,4,4)}.
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Example: Computing ranks

Must compute the number of Young tableaux with shape
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Example: Computing ranks

Must compute the number of Young tableaux with shape

and content (7, 7, 6, 5, 5, 4, 4).

Natalie Hobson (Portland State University M Puzzles to solve problems November 25, 2015 50 / 54



Example: Computing ranks

Must compute the number of Young tableaux with shape

and content (7, 7, 6, 5, 5, 4, 4).
Fill the above boxes with the flavors

]" ]" ]‘7 ]‘7 ]‘7 17 17 27 27 27 2? 27 27 27 3’ 3’ 37 37 37 374747
4,4,4,5,5,5,5,5,6,6,6,6,7,7,7,7.
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Example of computing rank

1/1]1]1(1|1|1
2(2]2]2]2]|2]2
313[3]3]|3|3[4
414(414|5(5]5
5/5|6]6]6
o|7|7|7]7
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Example of computing rank

G W| N —
G BN~

1| W| N —
(oSNNS

OO B WIN | |O O W N —
NG B WIN| | [ N]O1 B W[ NS
~N| OB W [NO| W N~
~N| OB WIN | [ NO| W N~
~N| OGN W|IN| | [N O Gl W| N =
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Example of computing rank

1[1]1]1[1]1]1
2(2(2]2]2]|2]2
313]13]|3|3|3[4
41414]14|5/6]6
515151516
6|7(7|7]7

1/1]1]1(1|1|1
2(2]2]2]2]|2]2
313[3]3]|3|3[4
414(414|5(5]5
5/5|6]6]6
o|7|7|7]7

1[1]1]1j1]1]1
2(2]|2]2]2|2]|2
313[3]|3|3|3[4
41414]14|5(5]6
5/5(5]6]6
6|7|7|7]7
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Example of computing rank

1[1]1]1[1]1]1
2(2(2]2]2]|2]2
313]13]|3|3|3[4
41414]14|5/6]6
515151516
6|7(7|7]7

1/1]1)1(1|1]1
212|2]2]2|2]2
313]3]3]3]|3|5
4141414|4(6]6
5/515]5]6
o6|7|7|7]7

1/1]1]1(1|1|1
2(2]2]2]2]|2]2
313[3]3]|3|3[4
414(414|5(5]5
5/5|6]6]6
o|7|7|7]7

1[1]1]1j1]1]1
2(2]|2]2]2|2]|2
313[3]|3|3|3[4
41414]14|5(5]6
5/5(5]6]6
6|7|7|7]7
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Example of computing rank

1[1]1]1j1]1]1
2(2(2]2]2|2]|2
313]3]3]3|3|5
414141414|5]6
51515166
6|7|7|7|7

1[1]1]1[1]1]1
2(2(2]2]2]|2]2
313]13]|3|3|3[4
41414]14|5/6]6
515151516
6|7(7|7]7

1/1]1)1(1|1]1
212|2]2]2|2]2
313]3]3]3]|3|5
4141414|4(6]6
5/515]5]6
o6|7|7|7]7

1/1]1]1(1|1|1
2(2]2]2]2]|2]2
313[3]3]|3|3[4
414(414|5(5]5
5/5|6]6]6
o|7|7|7]7

1[1]1]1j1]1]1
2(2]|2]2]2|2]|2
313[3]|3|3|3[4
41414]14|5(5]6
5/5(5]6]6
6|7|7|7]7

51 /54
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|
Classification of V(sl,) ranks

Theorem

LetV = V(S[z, ()\1, ...,)\n),f) with A1 > Ao > ... > Ap,
i1 Ai = 2(kl + p), and for some p, k such that 0 < p < ¢ and k > 0.
Denote A =35, > ¢i. Then
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Classification of V(sl,) ranks

Theorem

LetV = V(S[z, ()\1, ...,)\n),f) with A1 > Ao > ... > Ap,
i1 Ai = 2(kl + p), and for some p, k such that 0 < p < ¢ and k > 0.
Denote A =35, > ¢i. Then

o dm(V) =0 iff A< p;
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Classification of V(sl,) ranks

Theorem

LetV = V(S[z, ()\1, ...,)\n),f) with A1 > Ao > ... > Ap,
i1 Ai = 2(kl + p), and for some p, k such that 0 < p < ¢ and k > 0.
Denote A =35, > ¢i. Then

o dm(V) =0 iff A< p;
o dim(V) =1 iff A= p;
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|
Classification of V(sl,) ranks

Theorem

LetV = V(S[z, ()\1, ...,)\n),f) with A1 > Ao > ... > Ap,
i1 Ai = 2(kl + p), and for some p, k such that 0 < p < ¢ and k > 0.
Denote A =35, > ¢i. Then

o dm(V) =0 iff A< p;
o dim(V) =1 iff A= p;
o dim(V) > 1 iff A > p.
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For more details:

@ Quantum Kostka and the rank one problem for sl
Hobson, N., arXiv preprint arXiv:1508.06952, 2015.

@ Puzzles Littlewood-Richardson coefficients and Horn inequalities,

Azenhas, O., CMUC, University of Coimbra, 2009.
@ The hive model and the polynomial nature of stretched

Littlewood-Richardson coefficients, King, R., J. Combin. Theory,

20009.
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Thank you!
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Thank you!

Want to learn more?
Email: nhobson@math.uga.edu
Website: search “Natalie Hobson Homepage”

Natalie Hobson (Portland State University M Puzzles to solve problems November 25, 2015

54 / 54



