CONVERGENCE RATES OF THE DPG METHOD WITH
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ABSTRACT. This paper presents a duality theorem of the Aubin-Nitsche type for discontinuous
Petrov Galerkin (DPG) methods. This explains the numerically observed higher convergence
rates in weaker norms. Considering the specific example of the mild-weak (or primal) DPG
method for the Laplace equation, two further results are obtained. First, the DPG method
continues to be solvable even when the test space degree is reduced, provided it is odd. Second, a
non-conforming method of analysis is developed to explain the numerically observed convergence
rates for a test space of reduced degree.

1. INTRODUCTION

The purpose of this note is to provide a theoretical explanation for some numerically observed
convergence rates of the discontinuous Petrov-Galerkin (DPG) method. While some aspects of
the theory that follows are general, we will use the Laplace equation throughout as the example
to illustrate the main points. There are two DPG methods for the Laplace’s equation. One is
based on an ultra-weak formulation [6] (where constitutive and conservation equations are both
integrated by parts) while the other is based on the so-called mild-weak, or primal formulation,
developed in [2} [7] (where only the conservation equation is integrated by parts). The example
which motivates our study is the latter.

The method will be precisely introduced later. But to outline this study, consider applying the
method on a two-dimensional domain {2 meshed by a geometrically conforming finite element
mesh of triangles of mesh size h. The method produces an approximation uy to the solution u
of the Laplace’s equation in the interior of the mesh elements, as well as an approximation to
the flux ¢ on the element interfaces. The first is a polynomial of degree at most k, on each mesh
element and the second is a polynomial of degree at most k, on each mesh edge. The method
uses test functions v that are polynomials of degree at most k, on each mesh element. It is the
interplay between the convergence rates and the degrees £, kg4, k, that we intend to study.

We identify three cases for study. Let k£ > 1 be an integer. The cases are as shown:

ky kq ky
Case 1: ko k-1 k41,
Case 2: | k—1 k-1 k,
Case 3: k k—1 k.
The first case is the standard DPG setting for which error estimates in the energy norm are
proven in [7]. The other two cases are motivated by a desire to reduce the test space degree and

have not been analyzed previously.
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What is the practical importance of reduced order test spaces? We give a three-part answer:
First, consider the left hand side matrix of the linear system arising from the DPG method.
Its assembly requires computation of the Gram matrix of the test space. Even though this
matrix is block diagonal, it is of some practical interest to reduce the block size, especially when
operating near the limit of memory bandwidth in multi-core architectures. Second, consider the
right hand side computation. In cases where load terms are expensive to evaluate, reduction
of test space degree brings significant computational savings. Finally, the third and the most
compelling reason that prompted us to investigate this issue, is that there are practical limits
on the degree of polynomials one can use in most finite element software. We prefer to hit this
practical limiting degree with the trial space, rather than with the test space, because it is the
approximation properties of the trial space that determines the final solution quality.

Our numerical experience with a few examples with smooth solutions, one of which is fully
reported in Section [4] is summarized in Table [l We observed that Case 2 is not always stable:
It yielded singular stiffness matrices for some even k. However, when k is odd, it converged,
albeit at one order less than the standard DPG case displayed in the first row. Keeping k& odd
and moving to Case 3, we find that the original DPG convergence rates can be recovered, in
spite of using a smaller k,. Finally, we observed that the convergence rate in L?(£2), in all cases,
is one order higher than in H'(£2). These observations motivate our ensuing theoretical studies.

TABLE 1. Summary of numerically observed convergence rates

h-convergence rates of up,

in H1(2) | in L?%(02)
Case 1 k k+1
Case 2 (kodd) | k-1 k
Case 3 (k odd) k kE+1

We explain the higher convergence rate in L?(f2) by developing a duality argument for DPG
methods. The duality theory is general and can be applied beyond the Laplace example. We also
give a complete theoretical explanation for the even-odd behavior, including a negative result by
counterexample for even k, and a proof of a positive result for odd k. In explaining Case 3, we
highlight a connection between the DPG method and a weakly conforming method, and show
how to use a nonconforming-type analysis, using the second Strang lemma, in the DPG context.

In the next section, we gather a number of abstract results applicable to any DPG method in
a general framework consisting of a trial space of interior and interface variables. In Section
we introduce the DPG method for the Dirichlet problem and in distinct subsections, provide
explanations for the convergence rates in the above-mentioned three cases. Finally in Section [4]
we present details of numerical experiments and discuss the practical importance of lower test
order test spaces.

2. GENERAL RESULTS

Suppose Xj, X , and Y are Hilbert spaces over C. Solutions are sought in the “trial space”
X = Xy x X and have an “interior” component in Xy and an “interface” component in X.
Suppose there are continuous sesquilinear forms f)(, ) X xY — C and bo(-,+) : XoxY — C,
and let b(-,-) : X x Y — C be set by

b( (w,uﬁ),y) = bo(w,y) + b(w,y),
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for all (w,w) € X and y € Y. Let Y* denote the space of continuous conjugate-linear functionals
on Y. Given any ¢ € Y* we are interested in approximating an x = (z9, ) € X satisfying

b(z,y) = Lly) VyeY. (1)
Let X} 0 < Xo and Xh C X be finite-dimensional subspaces and let X} = X} ¢ x Xh. Let Y7
denote a finite-dimensional subspace of Y and let 7" : X — Y be defined by (77w, y)y = b(w,y)
for all y € Y". Here and throughout (-,-)y denotes the inner product in Y. The DPG method
for (1)) computes xj, = (xp0,L5) in X}, satisfying

b(xn,y) = Ly),  VyeYy =T"(Xp). (2)

A fundamental quasioptimality result for DPG methods is stated in Theorem below. It holds
under these assumptions.

Assumption 2.1. Suppose {z € X : b(z,y) = 0, Vy € Y} = {0} and suppose there exist
C1,C5 > 0 such that

b(z,
Cillyly < sup 5 y)

o <Cofyly  VyeY. 3)
0#£2eX HZ”X

Assumption 2.2. There is a linear operator II : Y — Y" and a C; > 0 such that for all wy, € X},
and allveY,
b(wp,v — v) =0, and [ Tv|y < Cr|vly.

Theorem 2.3 (see [I1]). Suppose Assumptions[2.1 and[2.4 hold. Then the DPG method 18
uniquely solvable for xp and

CyCrp
_ < inf _
|7z —zn|x < o Lo |7 — 2 x

where x is the unique exact solution of .

Another well-known result, motivated by [5], is an equivalence of the DPG method with a
mixed Bubnov-Galerkin formulation. To state it, we first define the error representation function:
let €” be the unique element of Y satisfying

(€ y)y =Ly) — b(zn,y), Yy e Y. (4)

Theorem 2.4. The following are equivalent statements:
i) xp € Xy solves the DPG method .
it) xp € Xy and " € Y" solve the mized formulation
€Yy + bz, y) = Ly) VyeY’, (5a)
b(Zh, €r> =0 Vzh € Xh. (5b)

Its simple proof is omitted (see e.g. [9]).
Remark 2.5. The norm of ¢" is bounded by the error: Choosing y = &" in (4]), we obtain
[} = (¢7,€")y = €(e") = bwn,e") = b(x — xn,e").
Hence, by Assumption [2.1
le"ly < Coflw —znx. (6)
This theme is further developed in [3], where |e"|y is established to be both a reliable and an
efficient error estimator.
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2.1. Weakly conforming test space. Let

Yo ={yeY": blin,y) =0, Vi € Xp) (7)
and let T} : Xo — Y be defined by (Tjw,y)y = bo(w,y) for all y € Y. In the examples we have
in mind, Y is a discontinuous Galerkin (DG) space, and Y{] is a subspace with weak interelement
continuity constraints, i.e., a weakly conforming space. In such cases, the application of the

operator T requires a global inversion. We then compare these two DPG methods:
Find (25,0, %) € Xn: b((2h0,2n),y) = €(y) VyeYy =T"(Xp). (8a)
Find zp0 € Xno: bo(wno,y) = £(y) Vy e Yy =T5(Xno) (8b)
The first is the same as , the standard DPG method. We view as a “hybridized” form
of the second method , and the next theorem shows in what sense they are equivalent. The

method is not the preferred for implementation due to the expense of applying 77, but we
will use it later for error analysis.

Theorem 2.6. The test spaces satisfy Y, , < Y. Hence, if (xp0,2T5) € Xp solves , then

Th,o solves .

Proof. Let Y| be the Y-orthogonal complement of Y;” in Y. Then we have the orthogonal
decomposition
Y=Y, +Y]. 9)
Let yo € Y}, o. Apply @D to decompose yo = yp + y1, with y, € ¥) and y, € Y.
First, we claim that y, € Y. This is because

~

b(in,y1) = (T7(0,4p),y )y =0 Vi € Xp.

The last identity followed from the orthogonality of v, to T (X}).
Next, we claim that y, = 0. It suffices to prove that (yo,y.)y = 0 since (yo,y1)y = |yL[%-
Since yo € Y}, 5, there is a wy, € X ¢ such that yo = Tjwy. Then,

(yo,y1)y = (Town,y1)y = bo(wn,yL) as y| € Yy
= (T"(wn,0),y1)y =0 as T"(Xp) L y..

Finally, since y; = 0, we have yo =y, + 0 € Y. Thus Y, , = Y;". The second statement of the
theorem is now obvious by choosing y € Y,f’ o in . ]

2.2. Injectivity. Let By : X;, — (Y")* be the operator generated by the form b(-,-), i.e.,
(Bhwn)(y) = b(wp, y),  Vwn € Xp, yeY'.
Similarly, let By : X, — (Y")* be defined by
(Brzn)(y) = b(2n,y),  Vine Xy, ye Y. (10)
The injectivity of By, yields the unique solvability of the DPG method.
Assumption 2.7. Suppose
a) Xpo< Y7,

b) b(2h,20) = 0 for all 2, € X}, and 2o € X, 0, and
c) any zg € Xp o satisfying by (20, 20) = 0 must be zero.

Theorem 2.8. If By, is injective, then Bh is injective, and the DPG method ({2|) is uniquely
solvable. Conwversely, if By, is injective, then By, is injective, provided Assumption holds.
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Proof. Suppose By, is injective. The injectivity of By, is obvious from Bpiy, = Bp(0,wy). We
also claim that 7" is injective: Indeed, if wy € X satisfies T"wy, = 0, then 0 = (T"wp,y)y =
b(wp,y) = (Brwp)(y) for all y € Y", so w, = 0. The injectivity of 7" implies that dim(Y}") =
dim(X}), so the DPG method yields a square system. Moreover, since is the same as

(TTI}Z, Trwh)y = E(Trwh) th € Xh,

the injectivity of T" also implies that there is a unique solution zj; in Xj,.
Now suppose By, is injective. To prove that By, is injective, consider a (wg,w) € X}, satisfying
Bh(wo,ﬁ)) = 0. Then

0 = (Bn(wo, w))(wo) by Assumption @
= b ((wo, W), wo) = bo(wo,wo) + b(w, wy)
= bo(wop, wo), by Assumption (]ED

Therefore, by Assumption , wo = 0. It only remains to show that @ = 0. But (Bpw)(y) =
b(w,y) = b((0,w),y) = (Bp(wo,w))(y) = 0 for all y € Y". Hence the injectivity of By, implies
w = 0. d

2.3. Duality argument for DPG. By virtue of we may rewrite the DPG
method as follows: Find xp 0 € X4, Tn € Xj, and €” € Y solving

bo(’w, ET) =0 Yw € X07h, (11&)
b(w, ") -0 Vib € Xp,, (11b)
bo(2n,0,y) + b(En,y) + (€7, y)y = L(y), VyeY. (11c)

Defining

CL(Z, 2,v\w,u§,y) = bO(wvv) + lA)(UA),?)) + bU(Zvy) + 6(273/) + (Ua y)Y’
the mixed system can then be rewritten as

a($h,07jh7€T|wa 12/, y) = E(y)a Vw € XO,h7 (DNS X”Hy € YTa

where the complex conjugate on the first two terms make the form a sesquilinear. Now, observe
that with e = 0, the exact solution (xg,Z,¢) € Xo x X x Y satisfies the same equation for all
w e Xg,we X,y €Y. Hence, we have a ‘Galerkin orthogonality’ relation

a(zo — Th0, & — Th,e — ' |w,w,y) =0, (12)
for all we Xop,w e X’h,y € Y". Note also that
la(z, 2, 0lw, 0, 9)| < Call (2, 2)[x lylly + Cal(w, @) x[lvly + [v]ylyly
< (C3I(z, )% +20l3) " (CElw, @)% + 20y13)
< Nall 102, 2, 0) g e ey 10, B, ) L w2y

where |a| is a constant not larger than max(C3,2). Under the following assumption, we can
extend the Aubin-Nitsche technique [15] to DPG methods, as seen in the next theorem.

1/2

Assumption 2.9. Suppose L and Z are Hilbert spaces such that the embeddings Z < X x XxY
and Xo € L are continuous. Assume that there is a C3(h) > 0 such that for any g € L, there is
a U(g) € Z satisfying

a<w7w7y|U(9)) = (’U},g)L (13)
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for all (w,w,y) € Xo x X x Y and

inf U(g) — W - < Cs3(h , "
WeXo,hxthyr“ (9) Ixoxxy < Cs(h)]glL (14)

Theorem 2.10. Suppose Assumption[2.9 holds. Then,
|z —anole < Cs(h)|all(z,2,€) = (xn0, 2n, &)l 5, % 2wy
Proof. Setting g =w =2 —xp0, W =2 — 2y, and y = — " in ,
|z = znol7 = a(x — 240, 2 — Zn, e — €U (z — 2h0))
a(x —xp0, & — Tp,e — " |U(x — zp0) — W), by ,

< lal|(z = 2h0,& — &n,e =€) x xxxy IU (@ = Tn0) = Willix, s xy

for any W e Xqp, x X, x Y”. Hence completes the proof. O

Remark 2.11. Let A: Xog x X x Y — (X x X x Y)* be the operator generated by a(-, ), i.e.,
(A(z, 2,0)) (w1, y) = alz, 2,v|w, ©,y) for all (z,2,v), (w,w,y) € Xgx X x Y. If Assumption
holds, then A is a bijection. (This follows from the Babuska-Brezzi theory [1], applied to the
mixed system : the “inf-sup condition” follows from , and the “coercivity in the kernel
condition” is trivial.) Hence, the dual operator of A is also a bijection whereby we conclude
that has a unique solution U(g).

Remark 2.12. All results of this section hold for spaces over the real field R — one only needs
to replace C by R, sesquilinear by bilinear, and conjugate-linear by linear to obtain the cor-
responding statements for real valued function spaces. The DPG method for the Helmholtz
equation [I0] provides an example where sesquilinear forms over C are used. For simplicity, in
the remaining sections we will restrict ourselves to real-valued functions.

3. APPLICATION TO THE LAPLACE EQUATION

Suppose {2 is a bounded open polygon in R? with Lipschitz boundary, meshed by (25, a geo-
metrically conforming shape regular finite element mesh of triangles. Let h = maxgep, diam K.
Let 02, denote the collection of all element boundaries 0K for all elements K in £2,. We now
study the DPG approximation to the Dirichlet problem

—Au=f on {2, (15a)
u=0 on 0f2. (15b)

All functions are real-valued in this section.
Omitting a detailed derivation of the method, which can be found in [2, [7], we simply specify
how the method can be obtained by setting these within the general framework of

Xo= HY(2), X = H Y200,
Y = H' (1), where
H'(2) = {v: vk € H(K), VK € (2},
HY2(20) = {ne [[H*(@K) : 3r e H(div, 2) such that
K

Nlex =1 -nlox, YK€},



DPG CONVERGENCE RATES 7

where n denotes the unit outward normals on the boundary of mesh elements. The space
H~Y2(042;,) is normed, as in [16], by

H'ﬁnHH71/2(th) = inf {HTHH(diV7Q) : 7€ H(div, £2) such that 7,|ox =7 nlox VK € Qh}. (16)
The “broken” Sobolev space H!(§2;,) is normed by
01211y = (0,0)a, + (grad v, grad ), (17)

Throughout the rest of the paper, the derivatives are always calculated element by element, and

(Tv S)-Qh = Z (Tv S)K7 <£’ w>59h = Z <£) w>1/2,6K7
Key, Key,
where (-, )k denotes the L?(K)-inner product and (£, -) 5 55 denotes the action of a functional
¢ in H~'2(0K). The bilinear and linear forms of the weak formulation are set by

bo(w,y) = (grad w, grady) g, , b(Fn,y) = =(Pnsy)os, ty) = (f,y)a-
Assumption [2.1| was verified for this formulation in [7]. We will denote the exact solution of the
resulting weak formulation by (u,dn) € X. Note that §,|ox = Onulox for all K € (2.

To complete the specification of the method, it only remains to set the discrete spaces. Let
Py (D) denote the set of polynomials of degree at most k& on the domain D (with the under-
standing that the set is trivial when k& < 0). Let Py($2,) = {v : v|x € P(K) for all K € 2;,}
and let Py (02;) denote the set of functions v on df2;, having the property v|g € Py (F) for all
edges of 0K and for all K € §2,. Then, recalling the three cases mentioned in we set,
for any integer k > 1,

Case 1 Case 2 Case 3
Xno = Pp(2) n Xo Xno = Py—1(02,) n Xo Xno = Py(£24) n X,
Xp=Pe1(02,) n X Xp, = Po1(02) n X Xp = Pr1(062) 0 X,
Y" = P (12) Y" = Pp(f2) Y" = Pp(f2).

The discrete solution in each of these cases is denoted by (up,dnn) € Xp. We now proceed to
study these cases and explain the observations in

3.1. Case 1: Application of the duality argument. For Case 1, Assumption[2.2] was verified
in [7]. This then led to [7, Theorem 4.1}, which states that

lu = unl 1) + ldn = dnpl m-11200,) < C( inf  (Jlu = whnl g1y + 4 = Prpl m-12(00,)) -

wh P, h)EXR
Here and henceforth, C' denotes a generic constant independent of the size of the triangles in {2
(but dependent on mesh shape regularity), whose value at different occurrences may vary. As
explained in previous papers (see e.g., [0]), applications of the Bramble-Hilbert Lemma in the
Lagrange and Raviart-Thomas spaces show that

g _ < Oh : Vi =0, 18
ool Ju i) < Ol o (182)

inf NG — Pl

e g w1200, < Ch™ ([ulgmero) + [flam@),  Ym=>1.  (18b)
Tn,h€m—1 h)OD

Therefore,

= wunllan (@) + lin = dnl-12002,) < CHF (lulgess @) + [ Flancey) - (19)
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Hence the O(h*) convergence of |ju — up|| mi (o) (first entry of Table 1)) is completely explained.
To explain the O(h¥*1) convergence of |u — up|| 12(2)> we apply the duality argument of
Its hypothesis is verified in the next proof.

Theorem 3.1. Suppose {2 is convex. Then, for Case 1,
Ju = unlzaey < CHF* (luliss ) + | fleey ) -
Proof. Set
Z1 = H*(2) n Xo, L =L*0),
Zy = H*(2)nY, Z =271 x X x Zs.

To verify Assumption let ¢ € L. By Remark there is a unique U(g) = (z, 2,,d) €
Xp x X x Y solving . Writing out in component form,

(da y)Y + (grad Z, grad y)ﬂh - <éna y>50h = Oa vy € }/a (203)
(grad d, grad w)q, = (g,w)gq, Yw € Xy, (20b)
(i, dYag, = 0 Vb, € X. (20c)

We need to understand the regularity of solutions of . Considering the d component first,
we claim that implies d € H(§2): Indeed the distributional gradient gradd acting on a
test function ¢ € D(2)? satisfies (gradd)(¢) = —(d,div¢)n, = (gradd, ¢)n, — {(d,¢ - ndan, and
the last term vanishes by , so the distributional gradient is in L?(£2)2. Tt is also easy to
see that the trace of d vanishes on 0f2. Then, implies that —Ad = ¢g. Next, consider z €
HE(£2). Equation with y € HE(£2) yields (grad z, grady) = —(d,y)q, — (grad d, grad y) o, =
—(d,y)q, + (Ad,y)g, which implies Az = d 4+ g. Finally, using the equations for z and d in
and integrating by parts, we find (2,,y)an, = (n-grad(d + z),¥)sn, . Summarizing, the
classical form of is

—Ad =g, on {2, (21a)
d=0, on 042, (21b)
Az=d+g, on {2, (21c)
z =0, on 012, (21d)

Z, = n-grad(d + 2), on 0K, VK € (2. (21e)

Thus, by full regularity of the Dirichlet problem on a convex domain [I2], d and z are in
H?(£2), and moreover,

ldllz, < Clglr,
|2z, < C (|l + llglz) < Clglr,
< | grad(d + 2)| g (aiv,)
= |lgrad(d + 2)|z + [A(d + 2) |
= [ grad(d + z)|z + || by 21),
< Cllgllz-

|2nl%

Hence
(z,2,d)|z < Clg|r- (22)
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To complete the verification of Assumption we now only need to bound some approxima-
tion errors. By the Bramble-Hilbert lemma,

inf U w
W€X07hXXhXYT H ( ) HXOXXXY
= inf z —wp|? + inf d — v |2 + inf Zn —
wh€PL(21)nXo H HHl(Q) vh€PL11(002) H HHI(Qh) DpEPy_1(002,)nX H "

(23)

< Ch2 (‘d’%{2(9) + |Z’%{2(Q)> + rhei%f H grad(d + z) - Th”%[(div,())

k—1

where Ry is the Raviart-Thomas subspace [16] of H (div, £2) consisting of all vector functions
which when restricted to an element takes the form zp; + pa for some p; € Pr_1(K) and some
p2 € Pp_1(K)?. Let HQT denote the Raviart-Thomas projection into Ri_1. By its well-known
commutativity property with the L2-projection IT ,g_l onto Py_1({2y,), we have

inf | grad(d + 2) = ru] (a0 < (1 — 1) grad(d + 2) | g (aiv,0)

rn€RE_1

< (I = ) grad(d + 2) 1 + | (1 = ) A(d + 2)[1
< (I = )V (d + 2) | + [(I = TE_y)d|r, by 1),
< h|d+Z|H2 +Ch|d|H1(Q),

where we used the Bramble-Hilbert lemma again in the final step. Hence using the regularity

estimate ,

ian HU(Q) - WHXOx)A(xY < Ch”gH[”
WeXo nxXpxY"

thus verifying Assumption [2.9) Now, applying Theorem [2.10]

1200, t lle — 5THH1(Qh)>

u— UhHLQ(_Q) < Ch (HU - uhHHl(Q) + Gn — ¢

where € = 0 and €" is as in . This implies, by virtue of @ in Remark

Ju—unl () < Ch (lu = wnl s + ldn = dnpli-v200,))
so the proof is finished using . O

3.2. Case 2: Explaining the even-odd separation. This case was not studied in previous
works. We must first check if the DPG system is solvable for this case. For this,
is useful. Clearly, Assumption holds — in fact, it holds for all the three cases: items @ and

(@ are obvious, while follows by the Poincaré inequality. Hence, applying [Theorem 2.8| we
conclude that the DPG method in Case 2 is uniquely solvable if and only if By, is injective.

Ezxample 3.2. We begin with a negative result showing that By, is not injective when £ = 2. On a
mesh consisting of a single element in the xy-plane, namely the unit triangle with vertices ag =
(0,0),a; = (1,0) and ag = (0,1), we choose a basis for X Letting e; denote the edge opposite
to a; and 1, denote the indicator function of e;, the basis is (Ley, Z|eys Leys Ylers Leo/V 2, Tleg/V2)-
For the trial space Y, we choose the polynomial basis (1, z, y, 2, xy, y?). The stiffness matrix
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of the operator By, with respect to these bases is

1 12 1 12 1 1/2
/2 1/3 0 0 1/2 1/3
0 0 1/2 1/3 1/2 1/6
1/3 14 0 0 1/3 1/4 |
0 0 0 0 1/6 1/12
0 0 1/3 1/4 1/3 1/12

whose determinant is zero. Hence, by theorem the DPG method is not uniquely
solvable in this example.

This example is closely related to a well-known result [§] that there is a nonzero quadratic
function that is zero on the two Gauss-Legendre points (required for an exact integration of
a third order polynomial) on each edge of a triangle. Clearly, such a quadratic function is
orthogonal to all functions that are linear on each edge of the triangle.

We now show that for odd k, the situation is better.

Lemma 3.3. Let K be a triangle and k = 1 be an odd integer. Any w in Py (K) satisfying

J wqds =0 Vqge Py,_1(E), Y edges E < 0K, (24a)
E

J wrdr =0 Vre Py_3(K), if k>3, (24b)
K

must vanish on K.

Proof. Equation implies that w|p must be a scaled Legendre polynomial of degree exactly
k on E. Since k is odd, this implies that the values of w at the endpoints of each edge must
have opposite signs. This is impossible unless w vanishes on 0K. But if w|sx = 0, then w = 0 if
k=1.1If k > 3, then w = A\j A2 \35_3, for some s,_3 € Py_3(K) where )\; is the ith barycentric
coordinate. Then implies w =0 on K. (Il

Theorem 3.4. In Case 2, for odd k > 3, these statements hold:

i) The DPG method is uniquely solvable.
ii) The solution (up,{npn) of the DPG method satisfies

Hu - UhHHl(_Q) + HQn - (jn,h H-1Y2(002,) < Chkil (’U|Hk(g) + |f|Hk—1(Q)) . (25)
i11) If £2 is convez, then
= unlzoy < CHF (lule ey + 1l (@) ) - (26)

Proof. By if we verify Assumption then the DPG method is uniquely solvable.
To do so, we first claim that there exists a C;; > 0 and a unique ITv € Py (K) for any

ve HY(K), such that

J (v—TMHv)gds =0 Vqe Pr_1(F), Vedges E c 0K, (27a)
E

J (v—Hv)rdx =0 Vre P._3(K) (27b)
K

HH?)HH1(K) <C’HHUHH1(K) VveHl(K). (27¢)
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It is easy to see that (27a)—(27b|) forms a square system for I1, so existence of ITv follows from
uniqueness. But uniqueness is already proved by Lemma The estimate (27¢|) follows from
a simple scaling argument.

The energy error estimate now follows from |Theorem 2.3| and . The L? error esti-

mate follows from [Theorem 2.10; The required verification of Assumption proceeds as
in the proof of [Theorem 3.1]— the only difference is in the degrees of approximation spaces in the
first two infimums in , a difference that is inconsequential for the rest of the arguments. [

Theorem explains all entries in the second row of [Table 1. The convergence rate in
is suboptimal and limited by the low degree of up. This motivates the next case.

3.3. Case 3: A nonconforming analysis. The only difference between Case 2 and Case 3
is that the degree of wy is increased by one. We analyze Case 3 using a technique of analysis
different from the previous subsection, appealing to and the second Strang lemma
(see e.g. []) in the analyses of nonconforming methods.

Theorem 3.5. In Case 3, for odd k > 1, these statements hold:

i) By, is injective and the DPG method is uniquely solvable.
i1) The up-component of the solution satisfies

e = unllan 2y < CR* (Jul sy + | fliney ) - (28)
i11) If £2 is convez, then
Ju— unllzz(oy < CR (Jul sy + 1 fline) ) - (29)

Proof. First, observe that if & > 3, then by the unisolvency of the DPG method in Case 2,

namely m. its By, is injective, which implies by [T that B, of Case 2 is

injective. But since the flux (X},) and test spaces (Y") of Case 3 are 1dent1cal to that of Case 2,
both cases have the same Bj,. Hence By, of Case 3 is injective and consequently by [T
By, of Case 3 is injective. Thus we have proved the first statement of the theorem for k > 3. For
k=1, if (Bpfnn)(w) = —(np, when, = 0 for all we Y, then

J w iy pds =0, Vwe Pi(K).
0K

The matrix of this system (for 7, ) is the transpose of the matrix of (for w), which is
invertible by Lemma Hence 7, , = 0, i.e., By, is injective when k£ = 1.

Next we prove . Recall that Y is defined in and Y}, in . By [Theorem 2.6

up, € Xj, o satisfies , ie.,

bo(un,y) = (f,y)e, Yy €Yy, (30)
We proceed by viewing this as a nonconforming Petrov-Galerkin discretization of

bo(u,y) = (f,9)e,  Vye Hy(2)

and bounding the consistency error in an argument akin to the second Strang lemma. Let C,
denote the constant, derived from Poincaré inequality, such that |wl]|z1(o) < Cpl grad w| 2 o)
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for all w € HZ(£2). Then, for any wy, € Xho0

d(up — d b _
lun — wp| g2y < Cp  sup (grad(un — wn), grad z1)e < Cg sup M
0#2,€Xp,0 H gra‘d Zh”LQ(.Q) 0#2zp€Xn0 thHHl(Q)

bo(up — wp,y bo(up — wp,y
< C’g sup Q = CgHTS(Uh —wp)|y = Cg sup g
oxyeyy  luly oxyevy,  lyly
bo(un, — u,y) + bolu — wp,
2 sup 0(un — , y) + bo(u — w, y)
0£yeYy lylly
) —b ’ + b - )
— 2 sup (f,y)2 — bo(u,y) + bo(u — w 9)7 (31)
0£yeY; lylly

where we have used (30). Since b((u,dn),y) = (f,y)o for all y € Y, the term representing the
consistency error in can be written as (f,y)o — bo(u,y) = b(dn,y). By the definition of Y
(see ), we also have b(Gn,y) = b(¢n — Tnp,y) for any 7,5 € X, and y € Yy Therefore,

b((u — wn, G — 7
Huh_wh”Hl(Q) < Cz sup ((U Wh, qn Tn,h)ay)

< CSCQC (HCjn - fn,h
0£yeYy lylly

g+ lu— whHHl(Q)) .

Since 7, ;, and ¢, are element-by-element traces of an ry, in R,_; and ¢ = grad u, respectively,

|7 nn = Gnll 5 < |rn — grad ul g (aiv,2)

SO

inf  |ry — grad u| gaiv,0) + v — wh|H1(Q)> :
ThE€RE_1

lun — whllgr (o) < C <
Finally, by the triangle inequality,
lu = unl g2y < |lu—whl g0 + lun — willg o)
< C (Ju—wnl o) + B (ul ey + | mece))

for any wy, € Xj 9. Choosing wy, to be an appropriate interpolant, the proof of is finished.
The final estimate is proved by verifying Assumption (along the lines of the proof of

Theorem 3.1)) and applying [Theorem 2.10 ([l
The final row of is now completely explained by

4. NUMERICAL RESULTS

In this section, we report results from a numerical experiment. The presented DPG method for
the Laplace equation was used to solve the Dirichlet problem with {2 set to the unit square. The
function f was chosen so that the exact solution is v = sin(wx)sin(my). We construct an n x n
uniform mesh by dividing 2 into n? congruent squares and further subdividing each square
into two triangles by connecting the diagonal of positive slope. Its mesh size is h = +/2/n.
The method is applied on a sequence of such meshes with geometrically increasing n. The
implementation of the method is done using FEniCS [13, 14]. Computed discretization errors
in Cases 1, 2, and 3 are reported.

A Dbaseline is provided by Case 1, reported in[Table 2| The last column reports the rate of con-
vergence in L2(£2), approximately calculated using two successive rows by logs (||u—uy|| r2(@)/lu—
up o)l 12()). The H'(£2)-convergence rate is computed similarly. We observe from the table that
the L?(§2)-rate is one order higher than the H'(f2)-rate, as expected from Theorem



TABLE 2. Case 1: (ky, k¢, ky) = (k,k— 1,k +1)

DPG CONVERGENCE RATES

n ‘ |u—un| g1 rate ‘ [u—unlr2¢0) rate

k=1
2 1.53E4-00 0.86 2.61E-01 1.65
4 8.43E-01 0.96 8.33E-02 1.90
8 4.32E-01 0.99 2.23E-02 1.97
16 2.18E-01 1.00 5.67E-03 1.99
32 1.09E-01 1.00 1.42E-03 2.00
64 5.45E-02 3.57E-04

k=2
2 4.67E-01 1.85 3.24E-02 2.91
4 1.29E-01 1.95 4.31E-03 2.98
8 3.34E-02 1.99 5.47E-04 2.99
16 8.42E-03 2.00 6.87E-05 3.00
32 2.11E-03 2.00 8.60E-06 3.00
64 5.28E-04 1.08E-06

k=3
2 1.01E-01 2.94 5.52E-03 4.04
4 1.32E-02 3.00 3.36E-04 4.07
8 1.65E-03 3.01 2.00E-05 4.04
16 2.06E-04 3.00 1.22E-06 4.02
32 2.57E-05 7.50E-08

TABLE 3. Case 2: (ky, kg, ky) = (k—1,k—1,k)

n ‘ HufuhHme rate ‘ HufuhHLz(Q) rate
k=3
2 4.67E-01 1.85 3.24E-02 2.91
4 1.29E-01 1.95 4.31E-03 2.98
8 3.34E-02 1.99 5.47E-04 2.99
16 8.42E-03 2.00 6.87E-05 3.00
32 2.11E-03 2.00 8.60E-06 3.00
64 5.28E-04 1.08E-06
k=5
2 1.70E-02 3.92 7.24E-04 4.90
4 1.13E-03 3.98 2.43E-05 4.97
8 7.14E-05 4.00 7.76E-07 4.99
16 4.48E-06 4.00 2.44E-08 5.00
32 2.80E-07 7.64E-10

13

Next, we consider Case 2, reported in The table is computed similarly to Case 1,
however only odd k are considered since the problem in Case 2 is not well posed for even k
— see Example We observe that the H'(§2)-convergence is O(h*~!), confirming the first
theoretical estimate of The rate of convergence is increased by one in the next

column in accordance with the second estimate of [Theorem 3.4

Results from Case 3 are reported in [Table 4 We observe that the H'!(f2)-convergence rate is
k+ 1, the same as in Case 1, even though the test space is of a lesser degree. These observations

illustrate and confirm the theoretical results of [Theorem 3.5

Other possibilities exist besides the three cases investigated, so, as a caveat, we present

observations of suboptimal convergence in the case (ky, kq, ky) = (3,0, 3). The DPG method is
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TABLE 4. Case 3: (ky, kg, ko) = (k, k —1,k)

3

‘ Hu—uhHHl(Q) rate ‘ Hu—uh\|L2(Q) rate
k=1

2 1.59E+400 0.87 3.08E-01 1.38

8.71E-01 0.99 1.18E-01 1.82

8 4.37E-01 1.00 3.34E-02 1.95

16 2.18E-01 1.00 8.63E-03 1.99

32 1.09E-01 1.00 2.18E-03 2.00

64 5.45E-02 5.45E-04

k=3
2 1.01E-01 2.94 5.38E-03 3.93
4 1.32E-02 3.00 3.53E-04 4.02
8 1.66E-03 3.01 2.18E-05 4.02

16 2.06E-04 3.00 1.34E-06 4.01
32 2.57E-05 3.00 8.32E-08 4.00

64 3.21E-06 5.19E-09

k=
2 2.45E-03 4.94 8.82E-05 5.89
4 7.94E-05 5.00 1.49E-06 5.98
8 2.49E-06 5.00 2.36E-08 6.00
16 7.77E-08 5.00 3.69E-10 6.01
32 2.42E-09 5.71E-12

TABLE 5. Poor H'(£2) and L?(§2) convergence for the case (ky, kq, ko) = (k, k — 3, k)

n ‘ v —unlpr rate ‘ v —un|r2n) rate
k=3
2 1.02E-01 2.85 6.68E-03 2.50
1.42E-02 2.70 1.18E-03 1.99
8 2.18E-03 2.38 3.14E-04 1.96
16 4.21E-04 2.13 8.06E-05 1.99
32 9.59E-05 2.03E-05

uniquely solvable in this case: This would follow from [Theorem 2.8 once we prove that By, is
injective. If Bp2, = 0, then by definition , b(2,,v) = 0 for all v e P3(£2},), so in particular,

~

Zn € Py(002,) 1 b(2p,v) =0, Yove Pa(f2y).

This implies, by the already known unisolvency of Case 1 with k = 1, i.e., (ky, kg, kv) = (1,0,2),
and that 2, = 0. Therefore, the method is well-defined for the (ky, kg, ky) = (3,0, 3)
case. Yet, the theory we presented does not guarantee optimal convergence rates in this case.
The numerical results reported in show that the practically observed convergence rates
in H'(§2) and L?(f2) are indeed suboptimal in this case. In fact, we observe second order
convergence in L?(f2) as in case 1 with k = 1. An error analysis that proceeds exactly like the
error analysis of case 3 will predict this suboptimal rate (the rate being limited by the order k,
of X},). However, the practically observed H'({2) rates are higher than what the same analysis
would predict.
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