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ABSTRACT. We construct conforming finite element elasticity complexes on the Alfeld splits
of tetrahedra. The complex consists of vector fields and symmetric tensor fields, interlinked
via the linearized deformation operator, the linearized curvature operator, and the divergence
operator, respectively. The construction is based on an algebraic machinery that derives the
elasticity complex from de Rham complexes, and smoother finite element differential forms.

1. INTRODUCTION

Differential complexes have become a powerful tool in the construction and analysis of
numerical methods in the framework of finite element exterior calculus [6, 8]. The example
of the de Rham complex together with its various finite element applications, especially in
computational electromagnetism, is now very well known. The elasticity complex is another
example with important applications in continuum mechanics and geometry.

In three space dimensions (3D), the elasticity complex reads as follows.

(11) 00— R—Ss 0oV 2, oegs ¢, oo gs Y, 0* gV —— 0,

where V=R3 R = {a+bxx:a,bcR3}, S denotes the set of symmetric 3 x 3 matrices, def
denotes the deformation operator equaling sym grad which we shall also often write simply as
¢ (also known as the linearized strain), inc = curl oTocurl gives the incompatibility operator,
which in 3D is equivalent to the linearized Einstein tensor or the linearized Riemannian
curvature. Here curl and div denote the curl and divergence operators applied row by row
on a matrix field, respectively. The notation T in the definition of inc denotes the operation
that maps a matrix to its transpose, which we also often denote simply by ' (prime). In
mechanics, (1.1) bears the name of the Kroner complex [23, 30], due to Kroner’s pioneering
work on modeling defects of the continuum by the violation of Saint-Venant’s compatibility
condition, inc o def = 0. In the context of elasticity, the spaces after R in (1.1) correspond to
the displacement, strain, stress (incompatibility), and the load, respectively. In geometry, the
sequence (1.1) is referred to as the linearized Calabi complez [3, 12] and the spaces correspond
to the embedding, the metric, and the curvature, respectively.

The complex (1.1), and its Sobolev space version (see [10]),

(12) 0 — R -5 H2@V — H(inc,S) 2% H(div,S) 2% L2 @V — 0,

Key words and phrases. Kroner complex, Calabi complex, stress finite element, curvature, incompatibility.
This work was supported in part by the National Science Foundation (USA) under grants DMS 1913083 and
DMS 1912779. The first and last two authors would like to thank the Isaac Newton Institute for Mathematical
Sciences for support and hospitality during the programme Geometry, compatibility and structure preservation
in computational differential equations (EPSRC grant number EP/R014604/1).
1



2

where H (inc,S) :={u € H'®S: incu € L? ® S} and H(div,S) := {u € L* ® S : divu €
L?®V}, are also relevant to variational principles in elasticity such as the Hellinger-Reissner
principle. Therefore a discrete version of (1.1) should be useful to understand the behavior
of structure-preserving numerical methods. In this paper, we shall construct a discrete finite
element subcomplex of (1.2). To the best of our knowledge, this is the first known finite
element subcomplex of the elasticity complex, complete with conforming subspaces of all the
spaces in the sequence and accompanying cochain projectors.

The Hellinger-Reissner principle involves the last two spaces, i.e., H(div,S) and L?®V, in
(1.2). The symmetry of the tensors makes it a challenging problem to construct conforming
finite element discretization for these spaces. In two space dimensions (2D), Johnson and
Mercier [29] constructed a stable finite element elasticity pair on the Clough-Tocher split.
Later, Arnold and Winther [11] constructed the first finite element elasticity pair on triangular
meshes with polynomial shape functions. This work was extended to 3D in [4] and further
refined to reduce the number of degrees of freedom (dofs) in [28].

Despite the above-mentioned significant progress in the construction of finite elements for
the last (stress-displacement) part of the elasticity complex (1.2), the question of how to con-
struct an entire finite element subcomplex of (1.2) seems to have been left largely unanswered
yet. The question is entirely natural from the viewpoint of completing the mathematical
structure. Besides satisfying a mathematical curiosity, there are many other utilitarian and
numerical reasons to tackle the question of constructing a discrete subcomplex. For example,
a discrete complex contains an explicit characterization of the kernel of differential opera-
tors. This is crucial in designing robust solvers and preconditioners [21] in the framework
of kernel-capturing subspace correction methods [31, 36]. Another reason is that the elastic-
ity complex (1.1) is not only important for elasticity, but also for various applications where
other parts of the complex are involved, e.g., the intrinsic elasticity [17] (involving compatible
strain tensors), continuum modeling of defects [2] (involving the inc operator), and relativity
[14, 32] (involving the metric and curvature). One needs no stretch of imagination to see
progress in these areas being enabled by a discrete version of (1.1). Having said that, let us
also note that this paper does not give any numerical method; the paper’s sole focus is to
reveal a mathematical structure analogous to (1.1) inherent in certain discrete spaces.

Specifically, we construct conforming finite element spaces that form a subcomplex of (1.2),
with accompanying cochain projectors (defined on smoother subspaces), also referred to as
“commuting projections.” We use the Bernstein-Gelfand-Gelfand (BGG) construction [8, 10]
as a tool to guide our construction. The BGG construction is an algebraic machinery that
originated in Lie theory of geometry [13]. Later, it was introduced into numerical analysis
as a way to derive differential complexes, such as the elasticity complex, from de Rham
sequences [7, 10, 19]. The idea of the BGG construction (see (2.4) below) is to derive the
elasticity complex from two copies of vector-valued de Rham complexes. To match the two
complexes diagonally, the spaces of the same form degree in the two complexes should have
different regularity. This was already noted by Arnold, Falk and Winther in their use of
the BGG construction applied to the Hellinger-Reissner principle to derive finite element
methods with weakly imposed symmetry [5]. To match the two de Rham sequences, they
chose finite element spaces that satisfy certain algebraic conditions. When the degrees of
certain spaces in the two sequences match exactly, one can see that the scheme with weakly
imposed symmetry actually leads to strong symmetry. This was first observed in [24] where
a provably stable set of spaces for a method imposing weak symmetry was shown to yield
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exactly symmetric stress approximations, by establishing connections between Stokes and
elasticity systems, which can now be understood from the BGG viewpoint.

The BGG machinery was used to reinterpret the 2D Arnold-Winther element in [7]. An-
other elasticity pair by Hu and Zhang [27] was also explained in this way in [15], where the
two de Rham sequences start with the Argyris and the Hermite elements, respectively. In 2D,
there is another elasticity strain complex connecting the displacement, strain (metric) and
incompatibility (curvature). Using the BGG diagrams, Christiansen and Hu [16] constructed
conforming discrete strain complexes with applications in discrete geometry. These works
helped put the pieces of the puzzle into place in 2D. Yet, several challenges remained to get
to the 3D elasticity complex, due to the complexity of the differential structures in (1.2) and
the difficulties in constructing smooth 3D discrete de Rham sequences. Thanks to recent
progress on smooth finite element de Rham complexes [22, 25], a way out of the impasse
finally emerged, at least on meshes of Alfeld splits of tetrahedra [1]. In this paper, we are
thus finally able to construct a discrete elasticity complex on meshes of Alfeld splits.

Some parallel tracks of investigation by other groups of authors are related and interesting.
Approaches to a discrete elasticity complex from a discrete geometric perspective can be found
in [14, 26, 32]. The Regge calculus was originally proposed by Regge [35] and has several
applications in quantum and numerical gravity. Due to its very weak continuity, establishing
convergence might need further innovations. Christiansen [14] put the Regge calculus into a
finite element context and fitted it into a discrete elasticity complex and Regge interpolation
was used for shells recently in [34]. From this perspective, one of the results in this paper
can be seen as providing a smoother analogue of the Regge elements, with H (inc)-conformity
(and additionally C° continuity). Our smoother spaces, while mathematically pleasing, do
come at the price of increased number of dofs, so we emphasize again that this paper’s goal
is not to construct competitive numerical methods, but rather to reveal previously unknown
mathematical structures.

The rest of the paper is organized as follows. In Section 2, we quickly present the essentials
for the remainder of the paper, including results on spaces on Alfeld splits and the BGG res-
olution. In Sections 3 and 4, we present the two finite element de Rham complexes that will
be used in the BGG construction. Section 5, the centerpiece of this paper, presents finite ele-
ments on Alfeld splits for each member of the discrete elasticity complex. Section 6 remarks
on how the corresponding global finite element spaces may be constructed. A standalone ap-
pendix (Appendix A) gives an elementary argument for establishing supersmoothness results
on three-dimensional Alfeld splits.

2. PRELIMINARIES

To build an elasticity complex we shall employ two de Rham complexes of discrete spaces
with extra smoothness (in comparison with the standard finite element spaces). We shall
construct these spaces in the next two sections using the results of [22], which we recall in
this section.

We work on Alfeld simplicial complexes and start by establishing notation associated to an
Alfeld split. Starting with a tetrahedron T = [zg, - ,z3], let TA be an Alfeld triangulation
of T, i.e., we choose an interior point z of T' and we let Ty = [z, z1, x2, x3], T1 = [z, zo, T2, x3],
Ty = [z, 20, 21, 23], T3 = [2, 20, 1, x2] and set T = {Ty, Ty, T», T3}. Let A;(T) be the set of
all i-dimensional subsimplexes of T'.



The following spaces are well-known finite element spaces:

WOTA) = {w e HY(T) : w|g € Pr(K) for all K € TA},
WHT?) = {w e H(cwrl, T) : w|k € [P.(K)]? for all K € TA},
WHT?) = {w e H(div,T) : w|g € [Pr(K)]® for all K € TA},
WATA) = {w e LY(T) : w|kg € Pr(K) forall K € T},

Wo(T?) = {w e WO(T™) : w=0on T},
WHTA) = {w e WHT?) :wxn=0ondT},
W2(TA) = {w e W2(T?) :w-n=0on dT},
WHTA) ={we WHTH): [ w=0}.

T

We define the following Lagrange spaces
LUTA) = WATH), Ly(T?) = W2(THP, LAT?) = Lp(T), LYTH) = LY(TY),
and their analogues with boundary conditions:
LUTY) = WXTH), LUTY) = [WATH)P, LUT?) = L(T*), LUT?) = LHTH nWHTH).
Apart from the above standard spaces, we also need the following “smoother” spaces:
SYUTN) = {w e LUT?) : gradw € LE_ (T}, SO(T»

() (
SHTMN) = {w e LYT™) : curlw € L2 ((T™)},  SHTA) = {w e LYT?) : curlw € L2 (T™)},
S2(TA) = {w e L2(TH) s divw € L2_(TY)},  S2T?) ={w e LX(T?) : divw e L3 (TM)},
() (

When r < 3, the space S?(T*) coincides with P.(T). More generally, the S-spaces have
“extra” smoothness at the vertices as given in the next proposition.

Proposition 2.1.

(1) Every function in S2(T4) is C? at the vertices of T.

2) Ewvery function in S°(T*4) has vanishing second derivatives at the vertices of T
T

(3) Every function in SH(T4) is C' at the vertices of T.

4) Every function in SH(T4) has vanishing first derivatives at the vertices of T.
T

The first two items follow from [1] and the remainder can be proved using a dimension
counting argument found in [22]. Nonetheless, all the statements of the proposition follow
from elementary arguments (without counting dimensions) detailed in Appendix A.



Consider the following sequences:

grad

(21a) R — WO(TA) S Wi () < w2 (1A S Wl (1A — 0

(2.4b) R —— SO(TA) B, 1Ay el 2 Ay A, s (7A) 0

grad

(2.1¢) R —— SO(TA) £2% g1 (7A) <y 12 (7A) Y W (T —— 0

rad cur iv
(21d) R — SO(TA) £S5 g1 Ay <y 62 Ay AV, 63 (1A —— 0.

The first sequence is well known to be exact. The last three were shown to be exact in
[22] for 7 > 1 and so were the corresponding sequences with boundary conditions (see for
example (4.2) in [22] for the case with boundary conditions). Throughout, when a subscript
indicating the degree is negative, the space is considered 0-dimensional. In fact, in the course
of proving the exactness, the following representation of potentials was established in [22,
proof of Theorem 3.1]. Here and throughout, we let u € C°(T) denote the piecewise linear
function on T such that u(z) = 1 and u(2;) = 0 for 0 < i < 3 (i.e., p is a bubble function
on TH).

Proposition 2.2. Let r > 0. For any w € VDVf(TA) with divw = 0, there exists 7, €
P;i(T)3, j=0,1,---,r, such that

T
(2.2) w=pny ny
(=0

satisfies curlu = w. Similarly, any w € W3(T4) also has (possibly different) v € P;(T)3,
which when combined to make the function u as in (2.2), satisfies divu = w.

We now collect the dimensions of the above-introduced spaces for any degree r > 1. A
detailed discussion of first two counts below can be found, e.g., in [22]. The others are
standard.

(2.3a) dim $O(TA) = max(%(r — ) (r—3)(r—2), 0),

(2.3b) dim SO(T4) = (T _;: 3) + %(r —3)(r—2)(r — 1)

(2.3¢) dim EO(TA) = 1+ 4(r — 1) + 6= 2)2(7“ -0 =30 - =1
(2.3d) dim LY(TA) =5+ 10(r — 1) + T 2)2(7“ —1) n L =3 g 2)(r — 1)’
(2.3¢) dim WH(TA) = 4(r + 1)+ 6(r — 1)(r + 1) + 47 =2 ; Dr+1),

(2.3f) dim W2 = 67 F 1)2(r +2) =D -; Dir+2)

(2.3g) dim W3(T2) = 4(r+1)(rg2)(r+3) ~1,

(230)  dim W TA) = 1000+ 1) + 1000 — 1)(r 1) 4+ 4T =2 DEFD

2 Y



. : _ o+ Dr+2)  (r=1)(+1)(r+2)
(2.31) dim W2(T*) =10 5 +4 5 ;

(2.3j) dim W3(T2) = 4(T+1)(Tg2)(r+3).

We conclude this section by outlining the basic approach we shall adopt for constructing the
elasticity complex on Alfeld splits. The approach is the same as what others [9] have pursued,
known under the previously noted name, the BGG resolution. This theme is developed further
in another recent work [10]. For our purposes here, it is sufficient to have the following simple
result. Suppose Z;,V; are Banach spaces, r; : Z; = Zjy1, t; 0 V; = Vipq, and s; 0 Vy = Z;4q
are bounded linear operators such that the following diagram commutes:

2o —2 2y —s 2o —25 23
(2.4) V V y’
VQ fo > Vl h > VQ b2 > V3

i.e., Tit18; = sit1t; for i = 0,1. We are interested in the situation where the top (Z) sequence
and the bottom (V) sequence are complexes that form exact sequences. Then we have the
following result that employs the Cartesian products Z; x V;, which we write as [%z] SO as

to use the matrix multiplication pattern as a mnemonic. Specifically, [rg so] : [%3] — Z; and

(2] : Vo — [%2] are defined, respectively, by

(7o 2o “l = roz + sou 52|, = |52V
0 0 v — 70 oY, t2 - tQ'U .

Proposition 2.3. Suppose s1 is a bijection.

(1) If Z; and V; are exact sequences and the diagram (2.4) commutes, then the following
is an exact sequence:
23
21

or € surjectivity o € 1ast map | ¢, |, 1 1S Sujjicien at ro an 2 are surjective,
2) For th jectivity of the last 2], it is sufficient that dt jecti
tl e} tz == 0, and SQtl = T9S81.

|:\Z,70:| [70 s0] >Z,1 tlosflorl V2 [i;]
0

Proof. The range of [rg so| is contained in the kernel of ¢ o s7' o 71 because for any (z,v) €
ZO X Vo
tlsl_lrl(roz + s9v) = tlsflrlsov = tlsflsltov = t1tov = 0,

where we have used the given assumptions that the top and bottom sequences in (2.4) are
complexes and that the commutativity property, r1sg = s1to, holds. For the reverse inclusion,
if z € Z1 is in the kernel of t; osf1 orq, then sflrlz is in ker t; = range tg, so there is a v € V
such that sl_lrlz = tgv, i.e., 0 = r1z — s1tgv = r1z — r1Sov using the commutativity property
again. Hence, z—sgv is in ker r; = rangery, i.e., z = sgv+7rgzo for some zg € Zg, thus showing
that z is in the range of [rg so] and completing the proof of range [ro so] = ker(t; 0 57" 0 71).

We use the other commutativity property, ros; = sot1, to prove range(t; o 31_1 ory) =
ker [i;] Consider a vy in the latter kernel, i.e., sovg = 0 and tovy = 0. Since ker(ty) =
range(t1), there is a v; € Vq such that vy = ¢1(v1), so 0 = sava = sat1v; = T2s1v1. Since
s1v1 € ker(re) = range(ry), there is a z; € Z; such that sjv; =121, i.e., v; = sl_lrlzl. Thus
vy = tv] = tlsflrlzl, i.e., range(t; o sfl ory) 2 ker [i; ] The reverse inclusion is easy.



7

To prove the final statement, consider a z3 € Z3 and vg € V3. If t5 is surjective, then there
is a Uy € Vo such that to02 = vs. If ry is also surjective, then we can find a 2o and 25 in Zy such

that rozo = 23 and 1929 = s909. It may now be easily verified that v = tlsl_le + 09 — tlsflig

in Vy satisfies [ 2 vy = [33]. O

In the next two sections, we shall construct specific instances of the Z and V sequences in
such a way that Proposition 2.3 may then be applied to produce an elasticity complex.

3. THE FIRST EXACT SEQUENCE OF SPACES

In this section, we develop one of the above-mentioned two sequences of spaces. This
sequence is comprised of the following spaces:

VATA) = S)TH),
VITA) = {w e LYTY) : wis Ct at vertices of T,
VA(TH) = {we WA(T?) : wis OV at vertices of T},
VTR = WHTH).

Note that we do not impose additional continuity at the interior vertex z, making these spaces
slightly different from a sequence of similar spaces considered in [22]. The corresponding
spaces with boundary conditions are given as follows:

VATH) = SUTY),

JU(TA) = {we LNTA) : gradw = 0 at vertices of T'},
(TA) = {w e W2A(T?) : w=0 at vertices of T},

VATA) = WHTH).

T

=

o

=

Note an w € Li (T™) generally has a multivalued grad w at the vertices of T, so the statement
“grad w = 0 at vertices of 77 above should be understood as follows: grad w exists at x; (i.e.,
the multiple limiting values coincide) and equals 0. The statement “w = 0 at vertices of 1
for w € VOVTQ(TA) above, and similar such statements later in the paper, carry the same tacit
understanding.

3.1. Characterizations and dimensions of the V spaces. We shall now provide some
characterizations of the V spaces which makes their dimensions obvious. Let F'* denote the
set of interior facets (2-subsimplices) of the mesh T4. Each f € F? has z as a vertex. The
subcollection of three facets in F'* having x; as a vertex is denoted by F7?. Let w, ; denote
the normal component of w on an f € F?, i.e., w, s = w-n|; where n is a unit normal to f
of arbitrarily fixed orientation.

Lemma 3.1. The following equalities hold:

(3.1) VT = {up: pe Ll (T*) satisfying p(z;) =0, fori=0,1,2,3},
(3.2) VAHTA) = {w e WA(T?) : wp(x;) =0 for all f € F?,i=0,1,2,3}.

Proof. Let v € VX(T™). On each Tj, since v vanishes on the facet where p = 0, we may
factor it uniquely as v = pup for some p € P,._1(T;)3. Since v is continuous on T, we
conclude that p € L. (T*). Moreover, since gradv(z;) = (gradpup)(z;) and u(z;) are
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zero, p(z;)grad u(x;) = 0. Hence p(z;) = 0, so v is in the set on the right hand side of (3.1).
Since the reverse inclusion “2” is easy to see, the set equality of (3.1) follows.

For (3.2), since the “C”-part is easy, let us focus on proving the reverse. Let v be in the set
on the right hand side of (3.2). Consider a vertex, say ;. Three facets of T} = [z, z1, 22, x3],

namely fi; = [z1,29, 23], fo = [z, 21,22, f3 = [2,21,23], meet at z1. Letting n; denote the
outward unit normal on f;, observe that {ni,ne,ns} is a linearly independent set since T
has positive volume. The given conditions on v imply that v,, 5, = 0 and vy, f, (1) =

Ung f5(71) = 0, i.e., three independent components of v|r, (z1) € R? vanish, so v|z, (z1) = 0.
Repeating this argument at other x; and T}, we conclude that all limiting values of v at every
vertex z; vanish. Therefore v € V2(T4). O

Let WHE(T) = P.A*(T), not to be confused with W¥(T*). The well-known canonical
degrees of freedom of this space provides the direct decomposition [8]

WH(T) = WH(T) @ WOH(T),

where W¥(T) is the span of all interior shape functions of P, A¥(T") and wy k(T) is the span
of the remaining shape functions. Let L?’I(T) = [W,?’O(T)]g.

Lemma 3.2. The following equalities hold:

(83) VAT =V TN LT, VA(T4) = VA(TA) nWA(TA),
(34)  VNTH=VHTY e LN(T), VA(T?) = VA(TA) @ WO(T).

Proof. Let v € VX(T™) N LY(T*). Then v is C! at x4, so grad v(z;) is well-defined. Since v
is zero along the three edges of T' connected to x;, three linearly independent components
of the vector gradv;(xz;) are zero for each 1 < j < 3, so gradv(z;) = 0. Hence VT2 D
VI (TA) N LY(T?). Together with the obvious reverse inclusion, the first equality of (3.3)
follows. The proof of the second is similar: indeed, if w € V2(T*) N W2(T*), then w is C°
at z;, so w(x;) is a single-valued vector whose three independent components w(x;) - n; (for
J # 1) vanish, where n; is the unit normal to the facet opposite to z;. Hence w € V2 (TA)

To prove the first decomposition of (3.4), first observe that the sets {u|sr : u € LQ(TA)}
and {ulsr : u € P.(T)} coincide. Consequently, the trace of any v € V}(T4) C LL(T*) has
a unique extension in L?’l(T ), which we shall call vz,. Put vg = v —vy. We claim that

v =1y + VL,

is the required decomposition. Indeed, since vy, is a polynomial on 7' (and hence smooth),
the function vg = v — vy, is in V,}(T*). Moreover, since the trace of vg is zero, vg € V,}(T*)N
LYT™), so by (3.3), vo € VX(T?). (The directness of the decomposition follows easily by

examining the boundary values of the component spaces.)
The second decomposition in (3.4) is proved similarly. O

Lemma 3.3. The dimensions of the V and V spaces for any r > 1 are as follows.

dim VO(T4) = dim S%(T4), dim VO(T4) = dim S%(T4),
dim VH(T#) = max(2r® — 312 + 7r — 15, 0), dim V}(T4) = 6(+% + 1) + dim V}(T4),
dim V2(T4) = 2r° + 7r2 4+ 7r — 10, dim V2(T4) = 2r® + 972 4+ 13r — 6,
. 2
dim V3(T4) = g(r +D)(r+2)(r+3)-1, dim V3(T4) = ( D(r +2)(r + 3).
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Proof. The counts in the first and last rows are obvious from the definition and (2.3). For
the remainder, we first claim that

(3.5) dim V}(T2) = dim LL_,(T*) — 12, dim V2(T™) = dim W2(T™) — 12.
Indeed, by virtue of (3.1) of Lemma 3.1, the dimension of V! (T*) must equal that of L!_,(T*)
minus the number of independent constraints imposed by the condition “p(z;) = 07 there,
which amounts to three linearly independent constraints (one for each component) per vertex
x;. This yields the first count in (3.5). The second count in (3.5) follows from (3.2) of
Lemma 3.1, where at each vertex z;, there are three independent constraints, one for each
interior facet connected to z;. The lemma’s expressions of dim f/rl (T?) and dim 10/7,2 (TH) are
now easily obtained by substituting (2.3) in (3.5), and simplifying, noting that V}(T") is
trivial for r = 1.
It only remains to count dim V}(T*) and dim V;2(T*). From (3.4) of Lemma 3.2,

dim V1(T) = dim VH(T?) + dim LOY(T),

3.6 o
(3.6) dim Vf(TA) = dim WQ(TA) + dim W?’Q(T).

It is easy to see from the canonical set of degrees of freedom of P,A*(T)) that

dim L&Y(T) = 3 (4 L6(r—1) + 4(”—1)2(7’—2)> O amWPT) = 4(r+1)2(r+2‘).

Using this in (3.6) as well as previously computed dimensions of 1% spaces, we obtain the
stated expressions for dim V}(T#) and dim V;2(T?). O

3.2. Exactness. We now proceed to show that the following local sequences are exact:

grad

(37) 0 — R —S= vo(rA) B2yl (A el y2pAy AV, oy (TA) 0,

grad

(3.8) 0 —— VTA) B2 vl (rh) 2l w2 (A - v (1) — o,

In the sequel, to indicate the null space of a differential operator 9 in relation to its domain
Y, we use ker(2,Y) := {w € Y : 2w = 0}. Note that VO(T*) = SY(T*) is nontrivial only
for r > 5 (see (2.3)).

Lemma 3.4. The sequence (3.8) is exact for any r > 5. For r = 3 and 4, the subsequence
of (3.8) starting from V! | is evact.

Proof. By Proposition 2.1, any w € VO(T?) is C? at x;, so grad w vanishes at ;. Therefore,
grad VO(TA) C VI (TA). Of course, due to the boundary condition, grad : VO(T4) —
VL (TA) is also injective.

Proceeding to the next operator, it’s easy to see that curl V1 | (T) C ker(div, V2 ,(T4)).
To prove the reverse inclusion, consider a w € YQ/TQ_Q(T A) with divw = 0. Then, by Proposi-
tion 2.2, there is a u = pwv such that curlu = w, where v = Zz;g piyr_o_g and vy, € Po(T)3.
This implies that

grad p X v =w — pcurlw.
Since w € YO/T,Q_Q(TA), the right hand side above vanishes at all the vertices of T', and so does v.
Hence u = pv has vanishing grad v at the vertices of T', which implies u € ‘Z,l_l(TA). Thus
curl V1 (T2) = ker(div, V2, (T4)).



10

Finally, consider the divergence operator. Since XZ,Z_Q(TA) - WTQ_Q(TA), and since the
standard de Rham complex—the version of (2.1a) with boundary conditions—implies that
div W2 ,(TA) = WE’?;;(TA), we have div V2 ,(T) C ‘D/T373(T A). To improve this inclusion
to equality, recall that by the exactness of the version of (2.1¢) with boundary conditions
proved in [22], Wf_?)(TA) = div i%_Q(TA). Since QQ_Q(TA) 2 i%_Q(TA), we conclude that

div ‘Z‘Q—Q(TA) = ‘0/7‘3—3(TA)' 0
Lemma 3.5. The sequence (3.7) is exact for any r > 3.

Proof. The exactness of R — VO(T4) grad, VI (TA) and V2, (T4) div, V3 (T — 0
follow easily using standard exactness results, so we shall only consider the curl case. Since it
is obvious that curl V1 | (T*) C ker(div, V.2 ,(T*)), let us prove the reverse inclusion. Con-
sider a p € V2 ,(T#) with divp = 0. Let TIp € [P,_o(T)]® be the canonical interpolant of p
per the standard Nédélec (second type) degrees of freedom [33], defined for » — 2 > 1. Let
1 = p — Ip. By the well-known properties of II, divy) = 0, and ¥ - n = 0 on 9T. Since
pis CY at x;, 1 must vanish at the vertices of 7. Thus % is in ker(div, 10/7?_2(TA)). By
Lemma 3.4, there is an w € f/;l_l(TA) such that curlw; = . By a standard exactness result,

we also know there is an wy € [P,_1(T)]?® such that curlwy = Ip. Hence, curlw = p where
w=w +ws € VL (TH). O

3.3. Degrees of freedom of the V spaces. The degrees of freedom (dofs) of the V spaces
are almost the same as the ones used in [22], the only difference being that some of our bubble
spaces are less smooth at the interior point z. The unisolvency proofs are substantially similar
to those in [22], so we do not write them out here. We only state the degrees of freedom.

Let 7 > 5. Then, a function w € V,2(T*) is uniquely determined by the following dofs (see
[22, Lemma 4.8]) :

(3.9a) Dw(a), lo] <2, a € Ao(T) (40 dofs),
(3.9Db) /w o, oePr_gle), eecA(T) (6(r — 5) dofs),
ow
(3.9¢) o o, o€ P_s5(e), eeA(T) (12(r — 4) dofs),
(3.9d) / wao, 0P (F), Fe(T) @228 o),
F
3.9 O P, 4(F), FeAy(T (r=3)r =2)
(3.9¢) FWU, o€ Pr_u(F), € Ay(T) (4T3 == dofs),
(3.9f) / gradw - grad o, o e VOTh), (2“‘4)”;3)(7"_2) dofs).
T

Here, {ne,,ne_} is an orthonormal set spanning the plane orthogonal to the edge e, n”
denotes the outward unit normal of face F', and n” - grad w is abbreviated to dw/dnf". In the
case r = 5, the sets listed in (3.9b) and (3.9d) are omitted. It is easy to see that the sum of
dofs above equal dim V,2(T4) given in Lemma 3.3.
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A function w € V1 | (T*) is uniquely determined by the values (see [22, Lemma 4.15))

(3.10a)  D%w(a), la] <1, a € Ag(T) (48 dofs)
(3.10b) /w ‘K, k€ [Pr_s(e)]?, e € A(T) (18(r — 4) dofs)
(3.10¢) /(curlwp -n")k, k€ Pr_yle),
€
e€ A(F), F e Ay(T), (12(r — 3) dofs)
(3.10d) / (w-n")k, k€ Pr_y(F), F e AyT) (2(r — 2)(r — 3) dofs)
F
(3.10e) / (n" x (wxn") -k, k€D,_5(F), FeAyT) (4(r — 3)(r — 5) dofs)
F
(3.10f) / w-K, k€ grad VO(TH), (2“74)“;3)“72) dofs)
T
(3.10g) / curlw - Kk, k€ curl V2 (T), (%;5?_33 dofs)
T
where
(3.11) Dy_5(F) = [Pr_6(F))* + 2P,_¢(F)

is the local Raviart—Thomas space on the face F. The count of dofs in (3.10g) is obtained as
a consequence of the exactness established in Lemma 3.4, i.e.,

_ 4r* — 97?4 5r — 33

= 3 ,

dim (curl V' (T4)) = dim V2 5(T?) — dim V;2_5(T*)

where we have also used the V-dimensions given in Lemma 3.3. The sum of the dofs in the
last column above can be easily verified to equal the expression for dim V! |(T) given in
Lemma 3.3.

Remark 3.6. Note that if a function w € V! | (T*) has vanishing degrees of freedom (3.10a)—
(3.10e) then w|ar = 0 (see [22, Lemma 4.15]).

A function w € V2 ,(T?) is uniquely determined by the values (see [22, Lemma 4.17])

(3.12a)  w(a), a € Ao(T) (12 dofs)
(3.12b) /(w -n"k, k€ Pr_yle), e€ Ay(F), FeAy(T) (20— 3) dofs)

e
(3.12¢) /F(w -n"k, k€ Pr_5(F), FeAyT) (2(r — 3)(r — 4) dofs)
(3.12d) /Tw ‘K, k€ curl VE (TH) (L?w dofs)
(3.12€) /% (divw) (dive), e V2 (T Cr—2)(r — 1)r — 1 dofs)

where we have used the exactness result of Lemma 3.4 again to count the number of dofs in
(3.12e), dim(div V;2 5(T*)) = dim V2 ;(T?). The total number of dofs above can again be
easily seen to equal dim V.2 ,(7*) in Lemma 3.3.
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Finally, for r > 5, a function w € V,,373(TA) is uniquely determined by the following degrees
of freedom (see [22, Lemma 4.18]):

(3.13a) / w, (1 dof)
T

(3.13b) /w/@, Kk € 10/7«3_3(TA), (;r(r—l)(r—Q) — 1 dofs).
T

With these dofs, the following result can be proved along the same lines as [22].

Theorem 3.7. Let 1T} denote the canonical interpolation into V' ,(T4) defined by the dofs
of ‘/T,i_i(TA) set above. Then, for r > 5 the following diagram commutes

R —— C(T) 224, [coo(T)]* <y [ooo(T)]* — oy (T) —— 0

Jm Jor Jo Jm

R —— VO(T4) 224, 1 (pa) —wl, 2 Ay v ps pA) s,

4. THE SECOND EXACT SEQUENCE

In this section, we introduce the second exact sequence with smoother spaces required for
the construction of the elasticity complex in the next section. Let

Z0(T) = ST,
ZHT?) = {w e SHT?) : curlw is C! at vertices of T},
Z2(TA) = {w e LA(T*) : wis C" at vertices of T},
Z3(TH) = {w e W3(T?) : wis CY at vertices of T}.
The corresponding spaces with boundary conditions are defined as follows:
Z0(T%) = ST,
Zl(TA) = {w e SHT?) : gradcurlw = 0 at vertices of T},
ZX(TA) = {w e L2X(T?) : gradw = 0 at vertices of T'},
Z3TA) = {w e W3(T?) : w =0 at vertices of T'}.
It is easy to verify from these definitions that
(41)  grad Z2(TY) C Z2,(TY), ewl ZNT™) C Z2,(TY),  div ZH(T™) € 22, (T4),
and that similar inclusions hold for the Z spaces with boundary conditions.

4.1. Exactness and dimensions. It is obvious from the above definitions that, we have,
as equalities of sets, the identities

(4.2) ZATA) = VITA) and  ZHTA) = VTN,

even though their form degrees do not match. The next relationships are also interesting.
Lemma 4.1. The following identities hold:

(4.3) ZNT4) = ZN T N SHTY),

(4.4) ZAT4) = ZA(TY) 0 LA(TH).
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Proof. By (4.2), the equality of sets in(4.4) is immediate since it is exactly the left equality
n (3.3). To show (4.3), it suffices to prove that SY(T2) N ZY(TA) ¢ ZNT*). Let w €
SHTN N ZHT?) ¢ LY(T» N VHTA). Then curlw € L2_(T*) N Z2_,(T*), so by (4.4),
curlw € Z2 L(TA). Hence gradcurlw = 0 at the vertices of 7' and we conclude that w €
ZHTH). O
) Now, we turn to the exactness properties of the sequences of Z and A spaces. Note that
20, (T*) = 8%, (T*) is nontrivial only for r > 4.

Lemma 4.2. The following sequence is exact for any r > 4.

(45) 0 20, (1) 2 gy ey g2 Ay Ay g pd)
Proof. We shall only prove the exactness of Z2 (T4) -2 73 (TA) —— 0, as all the

other exactness properties can be shown easily from the known exactness of the S sequence,
i.e., the analogue of (2.1) with boundary conditions, and inclusions similar to (4 1) for the
Z sequence. To show that div : Z2 | (T™) — Z3_,(TA) is surjective, let p € Z3_ 2(TA)
W3 o(T?). By Proposition 2.2, there is an w of the form w = u1) where ¢ = Z£=2 T,
and v,_o_¢ € [Pr_o_¢(T)]3, such that divw = p. The last equality can be rewritten as
grad -9 = p — pdiv.

At the vertices of T, all the limit values of the right hand side above vanish, as p is in
Z2 ,(T*). Since the three grad uu vectors on the three faces of T that meet at a vertex are

linearly independent, we conclude that 1) vanishes at the vertices of T'. Thus, by the product
rule, grad w = grad (u1)) also vanishes at the vertices of T'. Hence, w € Z2_ 1(TA) O

Let ¢; for each i = 0,..., 3, denote a quadratic function in Po(7T") satisfying

(4.6) 6,(3:]) = 6@']‘7 /T& = 0.

E.g., one may set ¢; as the sum of a linear function and an edge bubble, f; = A\; 4+ cA; A
(using the barycentric coordinates A, of T') for some j # k where the scalar ¢ is chosen to
make ¢; mean-free.

Lemma 4.3. The following sequence is exact for r > 4.

grad
E—

47) 0= R — 20, (T ZNTA) S 72 (T4) % 72 ,(T4) — 0,

Proof. All the exactness properties, except the last, follow immediately from the exactness of
the S sequence. To prove the surjectivity of div : Z2 (TR = Z3 ,(TA), let p € Z3_(TH).
Using the ¢; in (4.6), set py = Z?:o lip(zi), which is in ZE?Q(TA) as r — 2 > 2. Moreover,
p— p2 is in ZfoLQ(TA). Hence, using Lemma 4.2, we can find w; € Z2 L(T™) such that

divw) = p—p2. By standard exactness results, there is an we € [P3(T)]3 such that divwy = po.
Hence, w = wy +wp € Z2_(T?) satisfies divw = p. O

Lemma 4.4. The dimensions of the Z and Z spaces are as follows.
(4.8)  dim Z%(T4) = dim S%(T4), dim z2(T4) = dim S%(T4), (r>1),
(4.9) dimZNTY) = (2r —=3)(r —3)(r —2), dimZN(T") =2/ =32 +13r —4  (r > 4).
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The following formulas for the dimensions of ZOE(TA) and ZOS’(TA) hold for r > 2, while those
for Z2(T#) and Z3(T4) hold for r > 1:

(4.10) dim Z*(T4) = 2r® — 3r% 4+ 7r — 15, dim Z2(T4) = 2r3 + 3r% + 7r — 9,
(4.11) dim Z3(T%) = dim W3(T4) — 13, dim Z3(T4) = dim W3(T4) — 8.

Proof. Dimensions in (4.8) are obvious. Those in (4.10) are also obvious from (4.2) and
Lemma 3.3. We proceed to prove (4.11) followed by (4.9). Let

(4.12) Z3(TH) = {w e W3(T?) : w(x;) =0}
We claim that
(4.13) Z3(Th) = Z3(T™) @ P1(T), for r > 1.

Indeed, given any z € Z3(T?), constructing a A\ = Z?:o Aiz(x;), and putting 2 = z — A,
we have the decomposition z = 2 + \, with 2 € Z3(T*) and \ € P1(T). This proves (4.13)
since the reverse inclusion is obvious. It is easy to count the dimension of Z3(T*): the

constraints w(z;) = 0 form three linearly independent constraints at each ;, so dim Z3(T*) =
dim W2(T4) — 12. Then, (4.13) yields

dim Z3(T?) = dim Z3(T*) 4 4 = dim W2(T?) - 8.

To count the dimension of Z3(T*), let us start with Z3(T*) = {w € Z3(T*) : )i Jpw =0},
whose dimension is obviously dim Z5(T4)—1. We claim that, with Mz (T) = span{ﬁo, 0y, 02,03},
where ¢; is as in (4.6), we have

(4.14) Z3(TA) = Z3(T) & My(T), for > 2.

Indeed, given any Z € Z3(T?), setting £ = Z?:o l;Z(x;) and z = Z—{, we have the decomposi-
tion Z = 24/ with £ € Z3(T*) and £ € My(T). Combined with the obvious reverse inclusion,
we obtain (4.14). Consequently, dim Z3(T) = dim Z§(T™) — dim My(T') = dim Z5(T*) — 5.
This finishes the proof of (4.11).

It only remains to prove (4.9), for which we use the already proved exactness. Restricting
to r > 4 in order to apply Lemma 4.2, the rank-nullity theorem gives

dim ZH(T?) = dim curl (ZH(T?)) + dim grad (22, (T*))
= dim Z2_{(T?) — dim Z2_(T*) + dim 22, (T*).
This proves one of the equalities stated in (4.9). In the same way, Lemma 4.3 yields

dim ZH(T?) = dim Z2_,(T*) — dim Z2_,(T*) + dim Z2, | (T*) — 1, whenever r > 4, thus
proving the other equality. ([l

4.2. Degrees of freedom and commuting projections for the Z spaces. The degrees
of freedom for Z} _H(TA) are simply given by (3.9) with r replaced with r + 1, so we start
with those of Z}(T*). We shall show that any w € Z}(T*), r > 4, is uniquely determined
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by the following dofs:
(4.15a)  D°w(a), D’curlw(a), la] <1, |8l =1, a € Ag(T'), (80 dots)

(4.15b) /w ‘K, K€ [iPT_4(e)]3, ee A(T), (18(r — 3) dofs)

(4.15¢) /(Curlw) ‘K, k€ [Prs(e)]?, e € AY(T), (8¢ — 4) doks)

(4.15d) / (w-n")k, k€ Pr_3(F), F € Ay(T), (2(r — 2)(r — 1) dofs)
F

(4.15¢) /(nF X (wxn") Kk, k€Dp_y(F), Fel(T), (4(r — 2)(r — 4) dofs)
F

(4.15f) / (curlw x n") - K, K € [TT_4(F)}2, F € Ao(T), a(r—3)(r —2) dofs)
F

(4.15g) / w- kK, Kk € grad ZOSH(TA), (;(r —3)(r — 2)(r — 1) dofs)
T

(4.15h) / curlw - K, K € curl Z}(TA), (%(r — 3)(r — 2)(4r — 7) dofs).
T

Here (4.15a) counts as 80 dofs, rather than 84, since at each vertex we have the identity
divcurlw = 0. In (4.15¢), the space D,_4(F') is the Raviart-Thomas space (defined in (3.11)).
In (4.15f), we have committed the usual abuse and written that « is in [P,_4(F)]? instead of
the (isomorphic) tangent plane of F. The count of dofs in (4.15h) follows from Lemmas 4.2
and 4.4.

For w € Z2 (T?), r > 4, we define the following dofs:

(4.16a) D% (a), la] <1 ae Ao(T), (48 dofs)
(4.16b) /w ‘K, ke [Prs(e)]?  e€ AT, (18(r — 4) dofs)

e
(4.16¢) /Fw ‘K, K € [iPr,4(F)]3 F € Ay(T), (6(r — 3)(r — 2) dofs)
(4.16d) /Tw ‘K, K € curl Z}(TA) (%(7‘73)(7"72)(47’77) dofs)
(4.16¢) /T(div w) K, k€ divZ? (T (;(r + 1)r(r — 1) — 13 dofs).

The counts in (4.16d) and (4.16e) follow from Lemmas 4.2 and 4.4.
For any 7 > 4, a function w € Z>_,(T*) is uniquely determined by the following dofs:

(4.17a) w(a), ae Ao(T) (4 dofs)

(4.17b) / w, (1 dof)
T

(4.17¢) / wk,  KEZH(TH), (G0 + Dr(r = 1) = 13 dofs).
T

The unisolvency of (4.17) is obvious from our definition of Z3 ,(T*), so we shall now focus
on proving the unisolvency of the dofs in (4.16) and (4.15).

Lemma 4.5. For any r > 4, the dofs (4.16) uniquely determine a function in Z2_(T4).
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Proof. The total number of dofs in (4.16) is exactly the dimension of the space Z2 |(T%).
Hence, we only need to show that if w € Z2 | (T*) and the dofs in (4.16) vanish, then w = 0.
The dofs in (4.16a) and (4.16b) make w vanish on all the edges of T. Then the dofs in (4.16¢)
make w vanish on all the faces of T'. This, together with the zero first derivatives of w at
vertices (due to (4.16a)) shows that w € 22 L(TA). Then (4.16e) implies divw = 0. Using
the exactness of the sequence (4.5) and the dofs (4.16d) we conclude that w = 0. O

Lemma 4.6. For any r > 4, the dofs (4.15) uniquely determine a function in Z}(T4).

Proof. We first note that dim Z!(T*) is equal to the total number of dofs in (4.15). To
prove unisolvency, consider an w € Z}(T*) for which all the dofs in (4.15) vanish. Using the
dofs (4.15a)(4.15¢), the inclusion Z}(T*) ¢ V,}(T*), and Remark 3.6, we conclude that w
vanishes on JT. From (4.15a) and (4.15¢) we have that curlw vanishes on all the edges of
T. Then using (4.15f) we conclude that curlw x n vanishes on 7. Also, curlw - n vanishes
on JT, since we have already established that w vanishes on 07. Thus curlw vanishes on
0T Using the vertex dofs again, we conclude that w € Zﬁ (T*). Now, the dofs (4.15h) show
that curlw = 0 on T'. By the exactness property (4.5) and the dofs (4.15g) we conclude that
w=0. O

Theorem 4.7. Let HZ denote the canonical interpolant defined using the dofs of Z* 1 k,(TA).
Then, for r > 5, the followmg diagram commutes

R — C(T) 220, (oo —ly [ooo(T)P —IY coo(r) 5 0

lng lnlz lHZZ lnz

R —— Z7(T%) B ZN(T4) s Zr (T4 = sy Z} (T4 —— 0.

T

Proof. First, we show that for any p € C®(T), grad 1T p = IZ grad p. We do this by showing
that all dofs of (4.15) vanish when applied to u = gradIl¥p — IZgradp € Z}(T*) and
applying Lemma 4.6.

Using the vertex dofs of Z0, | (T*)—see (3.9a)—and (4.15a), together with curl grad = 0,
we see that the dofs of (4.15a) vanish on u. To show that the dofs of (4.15b) applied to
u on edge e, namely [ u -k, also vanish, we split x € P,_4(e)? into tangential and normal
components K = kete + kyng + k_n, and proceed. By (3.9) with r + 1 in place of r,

/grad (I1Zp) - nE ke = /grad,o-nét K+, by (3.9¢),
/grad (IIZp —p) - te ke = — /(ng —p) O ke =0, by (3.9a)-(3.9b).

Together with (4.15b), we conclude that [ u-x = [ (grad % p—T#grad p)-x = 0. Proceeding
to the dofs of (4.15¢) applied to u, for any & € [P,_5(e)]?,

/(curl u) K /(curlH grad p) - K /(curl gradp) -k = 0.

e
Thus all vertex and edge dofs vanish when applied to .

Next, consider the face and inner dofs. Let wy = n” X (w x n') denote the tangential
component of a vector field w on F, let grad,,curly,rotr, and divy denote the standard
surface differential operators on F', and let v* denote the outward unit normal on 9F lying
in the tangent plane of F'. It is easy to see that the dofs of (4.15d) vanish on u using (3.9e)
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with 741 in place of . For the dofs in (4.15¢), let k € D,_4(F') and let v* denote the outward
unit normal on OF lying in the tangent plane of F'. By the properties of the Raviart-Thomas
space, V¥ - k|, is in P,_5(e). Applying (4.15e) and then integrating by parts,

/uF-ﬁ=/gradF(H5pp)-ﬁ
F F
=—/(H5p—p)~divw+/ (T p— pv" - k.
F OF

Applying (3.9) with r 4+ 1 in place of r, the last term above vanishes due to (3.9b) and the
penultimate term vanishes due to (3.9d). Hence the dofs of (4.15e) applied to u vanish. The
dofs of (4.15f) and (4.15h) applied to u are, of course, zero simply because curl grad vanishes.
Finally, the dofs of (4.15g) applied to u yield zero due to (3.9f).

Let us proceed to show the second commuting diagram property, namely curl HIZ p =
Zcurl p for all p € [C®(T)]3. Putting u = curl Tl p — Mg curlp € Z2 | (T*), we now show
that all dofs in (4.16) vanish on w. (Then the result follows from Lemma 4.5.) It is easy
to see that the vertex dofs applied to u are zero due to (4.15a) and (4.16a), and that the
edge dofs applied to u are zero due to (4.15¢) and (4.16b). For the face dofs applied to wu,
namely f Uk, we proceed by splitting x into its normal component x,n" and the remaining
tangential component k; = n x (k x n). The latter gives

/u'ﬁt:/uan-ﬁan:/(curlﬂlzp)XnF-/ian—/(HQZcurlp)XnF~/<c><nF.
F F F F

Applying (4.16¢) to the last term and (4.15f) to the penultimate term, the result is zero. To
show that the face dofs with the normal component are also zero, we use (4.16¢) and integrate
by parts:

/u-nnnF:/curl(lep—p)-nF/@n:/curlF(lep—p)FFcn:/(lep—p)Frotpkcn,
F F F F

where the boundary terms arising from the integration by parts were zeroed out due to (4.15b).
The last term above vanishes by (4.15e). Hence all the face dofs [ u-x vanish. It is easy to
see that the inner dofs in (4.16d) and (4.16e) applied to u also yield zero. Hence u = 0.
The final commuting diagram property stated in the theorem, div HQZ p = Hg div p, for
all p € [C%(T))3, is also proved using similar arguments using the previously established
lemmas. g

5. LOCAL ELASTICITY COMPLEXES

5.1. Derived exact sequences. The two exact sequences of spaces, (3.7) and (4.7), that
we have developed in the previous sections can now be put together to deduce an elasticity
sequence. We do so by applying Proposition 2.3. To this end, we need connecting operators
between the sequences as in (2.4). Let M denote the space of 3x 3 matrices. Define = : M — M
by EM = M’ — tr(M)I, where I denotes the identity matrix and (-)" denotes the transpose.
We note that this operator is invertible and

1
(5.1) =M =M — 5tr(M)]L
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As usual, we let sym M = (M + M’), skw M = $(M — M’), and put K = skw(M) and
S = sym(M). We define mskw : V — K by

U1 0 —v3 v
mskw V2 = V3 0 —U1
V3 —V2 V1 0

and set vskw = mskw ! o skw . It is easy to check that the following two identities hold:
(5.2) div Z = 2vskw curl,
(5.3) Egrad = —curl mskw.

These identities imply that the following diagram commutes:

20, (M oV £ Zi T e v~ 22 (1Y) v - 73 (Th) oV

(5.4) fy = V

VOTA) oV -2, v (1A o v -l v2 (A o v~ v3 (1A @V,

Lemma 5.1. Both vskw : V2 ,(TY) @V = Z3 ,(T*) @ V and vskw : V2 ,(T4) @ V —
Z3 5(TA) @V are surjective operators.

Proof. Given any z € Z3_,(T*)®V, we must find some v € V2 o(TA)®V such that 2 vskw v =
z. First, we take any 0 € V2,(T%) ® V satisfying fTZVSkaJ = [;z. Then consider
z—2vskwi € Z2 ,(T?) @ V. Due to the exactness of the Z sequence (4.5), there exists

w € Z2 (T2) ® V such that divw = z — 2vskw ©. Then v = curl 2~ w + @ is in V2 1V
and 2vskw( ) = z by (5.2). The proof of the other surjectivity is similar and easier. O

Theorem 5.2. The sequence
|:Z79+1 (TA)®V:| [grad, —mskw] Z} (TA)®V curl 2~ Lcurl ‘/7=2_2(TA) QV

2vskw
{ div ] 73 ,(THeV
v2(ThHev

V2L (ThH eV
is exact for r > 4. Moreover, the last operator is surjective.

Proof. Identities (5.1) and (4.2) imply that Z: V! |(TA) @V — Z2 | (T*)®V is a bijection.
The exactness of the top and bottom sequences in (5 4) were estabhshed in Lemmas 4.3 and
3.5, for r > 4 and r > 3, respectively. Hence the proof of the stated exactness reduces to
an application of Proposition 2.3. The statement on surjectivity of the last map also follows
from Proposition 2.3 after using Lemma 5.1. U

Note that the kernel of [grad , —mskw] is {(a —b Az, —b) : a,b € V}. Indeed, let (u,v) €
ker[grad , — mskw]. Then grad u —mskw v = 0 implies that e(u) := sym grad u = 0. Therefore
ulp = ar + by Az is an infinitesimal rigid body motion for some constant vectors ar and
br on each T € TA. For any face F = 9Ty N 9T, with Ti,T» € T?, if we choose the
origin of the Euler vector field z on F, then ap, = ar,, byy = by, due to the C° continuity
of u. This implies that u|p and wu|p are the restriction of the same affine vector field
to T1 and T5, respectively. Therefore globally w = a + b A x, for some constant vectors
a,b € V. Then we obtain v = —b. The conclusion also follows from a general algebraic
construction (c.f., [10]). With this algebraic machinery, one can show that the cohomology
of the elasticity complex of Theorem 5.2 is isomorphic to the product of the cohomology of
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the Z-complex and the V-complex. In particular, one obtains the kernel of [grad , — mskw]
to be isomorphic to V x V since the kernel of grad : 2%, (T*) ® V — Z}(T*) ® V and the
kernel of grad : VO(TA) @ V — V1 | (T*) ® V are both equal to V.

An analogous result holds for the spaces with boundary conditions. To see this, first note
that instead of (5.4), we now have the following commuting diagram:

20 (THev 229, Zl(TA)®V crl, 72 (TAYey 4V, 23 (raygy L,y

VOTM eV 224 v (rev <l 72 (1A)ev 4Y 73 (T4 eV,

grad

Here we have modified the Z sequence slightly from (4.2). We have used the space Z3(T*)
defined in (4.12) since vskw (V2 ,(T*) ® V) is generally contained only in Z3 ,(T*)® V, not

ZOE’_Q(TA) ® V. The last operator in the top sequence is just z — fT zdx and the sequence is
exact even with this modification. Hence the proof of the next result is completely analogous
to that of Theorem 5.2. (Note that surjectivity of the last map is not claimed in the theorem.)

Theorem 5.3. The following sequence is exact for r > 4:

A rad, —mskw] o = °
|:Zr+1(T )®V:| [grad, kw] Z&(TA)(@V curl 2~ Lcurl ‘/Tz_Q(TA)(X)V

l:2vskw:| )
VU TH RV — [Zgﬂ(TA)@V}

V3 (ThHeV] "
5.2. Discrete elasticity complex. We now proceed to define an elasticity complex useful

for designing mixed methods with strongly imposed symmetry. To do this, we first note that
curl Z='curl maps skew symmetric matrices to 0. Indeed,

(5.5) curl =2~ eurl mskw = —curl 27! ZEgrad = —curlgrad = 0.

Also, note that curl Z~'curl maps all matrix fields to symmetric matrix fields because
1 1

(5.6) vskw curl 2 curl = idivEEflcurl = idiv curl = 0.

Our elasticity complexes will be formed using the following spaces:

U (TY) = 20, (T eV, U (T™) = 22 (TH eV,

UNTA) = {sym(u) : u € ZH(TH @V}, UNTY) = {sym(u) : u € ZHTH)@V},

U2 (TA) = {w e V2, (TMV : skw w = 0}, U2 o(TA) = {w e V2 ,(TMQV : skw w = 0},
U3 ,(TA) = V72 4(TH @V, U2 (T = {ue V2, (THeV:u L R}

Recall that incu = curl (curl u)’ for a symmetric matrix field u. In fact, when u is symmetric,
(curlu) = =~ curlu as

(5.7) tr(curlu) = 0,

so incu = curl Z~'curlu. The elasticity complexes with the newly defined U spaces are as
follows.

(5.8) 0 — R -5 U (TA) -5 UNT?) 2% U2 (TH) - U3 ,(T) — 0,
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Here is the analogue with boundary conditions:

(5.9) 0 — U2 (T%) —55 UNT) 2 G2 ,(T4) <0, 72 (T%) — 0.
Theorem 5.4. The sequences (5.8) and (5.9) are exact sequences for r > 4.

Proof. First we must show that (5.8) is a complex By (5.5), curl = tcurl oe = curl =~ !curl o
grad = 0. Also, it’s obvious that divocurlZ 'curl = 0. Hence it suffices to verify that the
operators map into the right spaces. Let w € UT L(TA). Then we have gradw € Z} (TA) RV
and therefore e(w) € UMT?). Next, consider a v € UNT?). Then w = curlZ 'curlu
has zero skew symmetric part due to (5.6), so is in U2 ,(T*). Finally, if v € U2 ,(T?) C
V2, (TA) @V, then dive € V3 ,(TA) @ V = U3 4(T4).

Now we prove exactness. Let u € U3 3(TA) We use the surjectivity of the last map in the
exact sequence of Theorem 5.2. Accordingly, for (0,u) € [Z2_,(T*) @ V] x [V2 5(T*) @ V],
there is a w € V2 ,(T*) ® V such that divw = u and 2vskw w = 0. Thus, w € U,_o(T?)
and divw = u, establishing the surjectivity of div in (5.8).

Next, let u € U2 o(T*) with divu = 0. Then, u is in the kernel of the last operator in the
exact sequence of Theorem 5.2. Hence, thereis a v € Z}(T*)®V such that curl =~ 'curl v = w.
But, by (5.5), curl 2 lcurl (symv) = curl 2 !curlv = u. Thus we have found a function
w = symv in UN(T?) satisfying curl Z~curl w = u.

Finally, let u € UNT?) with curl 2~ curlu = 0. Then u = sym(z) for some z € Z}(T*)@V
and curlZ !curlz = 0 by (5.5). By Theorem 5.2, 2 = gradw — mskw s for some w €
Z(9+)1 (T @V =02, (T*) and s € V(T*) ® V. Then u = sym z = e(w) — sym(mskw s) =
e(w).

The proof of exactness of (5.9) proceeds similarly using Theorem 5.3 in place of The-
orem 5.2, except where it concerns the surjectivity of the last map: to prove that div
in (5.9) is onto, consider a u € U3_ 4(T%). By the exactness of the sequence (3.8) we have a

v € V2 ,(T™) x V such that dive = u. For any constant vector ¢ € R3, since u L R,

/ Vskwv'c:/v: mskwc:/v:grad(cxx):—/divv-(cxx):—/u-(cXCI:):O.
T T T T T

Therefore, 2 vskw v € Z3 ,(T*). By the exactness of the sequence (4.5), there exists an
m € Z2 L(TA) such that divm = 2 vskw v. Hence by (5.2) we get 2 vskw curl (E7'm) =
2 vskw v and so divw = u where w = v — curl (2~ )GU2 o (TA). O

Lemma 5.5. When r > 4,

(5.10)  dimUY,(T%) = 2r3 + 167 + 12, dim U2, (T4) = ( 3)(r—2)(r — 1),
(5.11) dim UN(T#4) = 4r® — 3r2 + 17r — 6, dim U} (T4) = 4r° — 21r2 + 297 — 6,
(5.12)  dimU? o(T4) = 4r® —9r? + 57 — 12,  dim U2 ,(T*) = ( 1)(4r — 11),
(5.13)  dim U2 4(T4) = 2r(r — 1)(r — 2), dim U3 4(T4) = 2r3 — 6r% + 4r — 6.

Proof. By Lemma 5.1,
dim U2 (T?) = dim V2 ,(T") @ V — dim Z2_o(T?) @ V = 4r3 — 9r% 4 51 — 12,
dim U? ,(T?) = dim V2 o(TA) @ V — dim Z2_,(T*) @ V = r(r — 1)(4r — 11).
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The dimensions of the spaces with form degrees 0 and 3 easily follow from the previously es-
tablished dimensions. Finally, dim U} (T*) and dim U} (T*) are computed using the exactness
results of Theorem 5.4. g

5.3. An H (inc)-conforming finite element. The next result gives more insight into the
structure of U}(T#), and in particular, shows that U}(T*) is a conforming subspace of
H(inc,T) = {s € HY(T,S) : incs € L*(T,S)} on the Alfeld split. After proving it, we shall
develop dofs that are designed to help enforce global conformity in H(inc). Let P,.(T*;S)
denote the space of symmetric matrices whose entries are polynomials of degree r on each
tetrahedron of the Alfeld split 74, and let H 1(Q;S) denote the space of symmetric matrix
fields with each entry in H(Q).

Theorem 5.6. We have the following characterizations of UN(TA) and UH(T#).
UNTA) = {u e HY(T;S) : u € P.(T4;S), (curlu) e WL (TH @V,
w is C' at vertices of T and incu is CV at vertices of T}.
UNTY) = {u e H(T;S) : u € P.(TA;S), (curlu) € W' (T @V, dll first order

derivatives of w and incu vanishes at the vertices of T'}.

Proof. Let M(T*) denote the space on the right hand side of the first equality. We claim
that

(5.14) UHT™) € MHTH).
Indeed, if v € UN(T?), then u = sym z for some z € ZH(T*) ® V, so by (5.3),

- -1

Eteurl z = 2 teurlu + 2 teur] skw z = 2 teurlu — grad vskw z.

Since the last term is in W' | (T%) ® V and 2 'curl z is in L (T*) ® V, we conclude that
E-lcurlu is in Wl (T4) ® V. By Proposition 2.1(3), z is C' at the vertices, hence so is u =
sym z. Moreover, since curl z is C! at the vertices, by (5.5), curl Z~tcurlu = curl = lcurl 2
is C0 at the vertices. This proves (5.14).

To prove the reverse inclusion, let m € M} (T*). Put o = curl =~ 'curl m. By the definition
of M}(T*), we know that o is CO at the vertices, and moreover, = tcurlm € W! [(T*)®V
so that o is in W2 ,(T4) ® V. Hence o is in V2 ,(T*) ® V. In fact, o is in the kernel of the
last operator in the exact sequence of Theorem 5.2 since dive = 0 and vskw(o) = 0 due to
(5.6). Hence there is a z € Z} (TA) ® V such that o = curl =~ Lcurl 2.

Now consider ¢ = =~ curl( z). Clearly, curlg = 0. In addition, the definitions of
MMNT#) and Z}(T?) imply that ¢ is in W' |(T?) ® V. Hence the exactness of the W-
sequence yields a v in W9(T*) ® V such that gradv = q. By Proposition 2.1(3), z is C! at
the vertices, so ¢ is C? at the vertices, which in turn implies that v is C! at the vertices of T.

To finish the proof, put § = m +mskw(v). Then @ is C' at the vertices of T, and by (5.3),

curl 8 = curlm + curl mskw v = curl m—Egrad v = curl 2.

Hence 6 is in Z}(T*) ® V. Since m = sym(f), we conclude that m € U} (T*).
The proof of the characterization of UL(T?) is similar. O

For further study of the complex, we collect some identities in the next lemma, several
of which involve surface operators we now discuss. Let F' € A9(T') and let n be its unit
normal vector pointing out of 7. Fix two tangent vectors t1, s in n™, such that the ordered
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set (b1,b2,b3) = (t1,t2,n) is a orthonormal right-handed basis for R3. Any matrix field

u: T — R3*3 can be written as Z?,j:l uijbib;- with scalar components u;; : T — R. Let
Upp = n'un and tryu = Z?Zl tiut;. With s = t;,t2,n, or any linear combination thereof, let
2 2 2
(5.15) Upp = Z uijtl-t;, Upg = Z(s'uti)t;, Ugp = Z(tgus)ti,

ij=1 i=1 i=1

Equivalently, uz = QuQ, urs = s'u@, and usr = Qus, where P = nn’ and Q = I — P. Next,
considering scalar-valued (component) functions ¢,w;,¢; and wu;;, we rewrite the standard
surface operators we have used before (in the proof of Theorem 4.7) on the left, while defining
additional operations needed on the right using the left definitions:

grad, ¢ = (0y, @)t1 + (O, 9)t2, grad, (w1t + wata) = t1(grad, w1) + t2(grad, wa)’,
1ot ¢ = (O, ¢)t1 — (O @)t2, rotr (qity + gaty) = t1(rotyq1)" + ta(rotyga)’,
curly (w1t + wate) = Oy, we — Op,wi, curly upe = ) curly (upy ) + th curlp (ups, )’

For vector functions v, let v, = Qu =n x (v x n). It is easy to see that
(5.16) n - curlv = curly v, (grad v) g = grad,, vp. n X rotp ¢ = grad,, ¢.

Lemma 5.7. For a (smooth enough) matriz-valued function u,

(5.17a) s' (curlu) n = curly (ups), for any s € R3,
(5.17b) [(curl u)'] o = CUTlp Upp.

If in addition u is symmetric, then

(5.17¢) (inc )y, = curly (curly ugp)’,

(5.174d) (incw) pp = curly [(curlu)’]

(5.17¢) trpcurlu = —curlp (up,)'.

For a (smooth enough) vector-valued function v,

(5.17f) 2(curle(v)) = grad curl v,
(5.17g) 2 [(curle(v))'] o = grad, (curlv)p,
(5.17h) curlv = n(curlpvp) + rote (v-n) +n X dhv,
(5.171) 2[e(v)]nr = 2[e(v) pn]) = grad,, (v - n) + Opvp,
(5.17j) trp (rotzv) = curlpvp.
Proof. The first identity (5.17a) follows from (5.16). The second follows from the first:
2
[(curlw)], = Z [0/ (curlw)'t;] ¢ by (5.15)
i=1
2
= Z t; curly (upy,)’ by (5.17a),
i=1

which equals curlp ug per our definition. To prove (5.17c¢),

!/

(inc u)pp = n'(curl (curlu)’)n = curlp ([(curlw)’] Fn) by (5.17a)

= curlp (curly uppy)’ by (5.17b).
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To prove (5.17d), we use (5.17b) to obtain [(incu)’], = curlp [(curl u)] g and use the sym-
metry of incu. To prove (5.17e), we use (5.7), noting that trace is invariant under a basis
change, to obtain 0 = tr(curlu) = try (curlu) +n’(curlu)n. The last term, by (5.17a), equals
curly (ugy)’, thus proving (5.17e). To prove (5.17f),
2curle(v) = —2curl (skw grad v) = —2curl (mskw vskw grad v)
= Egrad (2vskw grad v) = Egrad (curlv)

which equals the right hand side of (5.17f) since tr(grad curlv) = 0. Equation (5.17g) follows
from (5.17f) and (5.16). Proving the remaining identities involves mere definition chasing. [

The identities in the next lemma are obtained by integration by parts on a face. Stokes
theorem gives, for ¢ = g1t} + qath,

(5.18) / curlpupr - q = / Upp : TObpq —|—/ Uppt - ¢ .

F F F
Here and in the sequel, ¢ denotes a unit tangent vector along OF (not to be confused with
t;) oriented with respect to n to satisfy the right hand rule. We use “” for inner products

between row-vectors (as in the first term of (5.18)) as well between column vectors (as in the
last term of (5.18)), and we use “:” to denote the Frobenius inner product between matrices.
Using Ip = t1t] + tath, we define devyp upp = Uupp — Ip(trpupe-)/2, which is used below.

Lemma 5.8. Let u be a symmetric matriz-valued function and let ¢; and ¢ be scalar-valued
functions. For smooth enough u, ¢ = qit} + goth, and ¢, we have

(5.19) /F(incu)nnqb: /FuFF : 10t (Tt 5 )
—i—/ (CurIFuFF)t¢ds+/ Uppt - (Totp @),
oF oF

1
(5.20) /(incu)m .q :/ [(Curlu)']FF :devprotpq — 2/ Upr - TOtp curly g’
F F F

1
1w t-qd —= . 1.4 .
+/8F[(cur u)]FF q 2/8F(UF ) curly g

Proof. By Stokes theorem and Lemma 5.7’s (5.17c),

/(incu)nn¢ = (curlpupp) - té + / (curlpupp) - Toty .
F oF

F

In the last term, writing (curlyupp)’ - roty ¢ as curlpugy - (rotz @) and integrating by parts
again using (5.18), we prove (5.19). To prove (5.20), we start by using (5.17d) and (5.18):

(5.21) /F(inc UWpn - q = /8F [(curlu)'] t-q —I—/F [(curlu)']  :rotrq.

Note that [(curlu)]pm : rotrq = [(curlu)]pm : devprotsq + 3(tre [(curlw)’] ) (trsrot s q).
Also, by (5.17e), trp[(curlw)]|m = trp (curlu) = —curlg (ugy,)’, and by (5.17j), trprotyq =
curly ¢'. Hence the last term of (5.21), after a further integration by parts, becomes

1 1
/ [(curlu)']FF :Totpq = —2/ wy, - Totpeurly ¢ — 2/ u', - teurlp g
F F OF

Thus (5.20) follows after using u',,, = upp. O



24

The next lemma is an exactness result in 2D, which we state on the face F' for our purposes.
Let ex(v) = symgrad, v for v € t; H'(F)+taH'(F). Spaces like the latter will be abbreviated
to [HY(F))? (e.g., [Pr_5(F)]? in the next lemma). Let by denote the face bubble, i.e., the
product of the three barycentric coordinates of the vertices of F.

Lemma 5.9. Let ugr be as in (5.15) with u;j in Pp(F) and vy = upe. If curle (curlp upe) =
0 and both upp|or = 0 and (t - curlpupe)|or = 0, then upe = e(b%¢) where ¢ € [Pr_5(F)]?.

Proof. Since curly (curlpugr)’ = 0 and the tangential component of (curlyug)" vanishes on
OF, we have (curlpupr) = grad, (bpt) for some ¢ € Pr_o(F). Put g = bpi(tith — taot]).
Observe that grad, (bpt)) = (curlp g)’ and sym(g) = 0. Thus, curly (upr —¢g) = 0 and upr — g
vanishes on OF. Hence, there exists ¢ € [P,_5(F)]? such that grad, (b2¢) = up —g. We
conclude by noting that upr = sym upp = £p(b%¢). O

With these preparations, we proceed to develop degrees of freedom for U} (T*). Instead
of directly using the definition of U}(T?) as the symmetric part of another space, we use its
alternate characterization in Theorem 5.6 to design its dofs. Let f. denote a unit tangent
vector (of arbitrarily fixed orientation) along an edge e. We will need the space of rigid
displacements within a face F', namely R(F') := {d1t} +dath+c((z-t1)th—(z-t2)t)) : ¢, d; € R}.

Lemma 5.10. For any r > 4, the functionals

(5.22a) D%u(a), lal <1,a € Ag(T), (96)
(5.22b) incu(a), a e Ao(T), (24)

(5.22¢) /u o k€ sym[P,_4(e)]?*3, e € AL(T), (6-6(r —3))
(5.22d) /(curl wte -k, r€E[Pr3(e)]? ec A(T) 6-3-(r—2))

(5.22e¢) /(inc u)n® - K, k€ [Pry(e)Pec AL(F),F e Ay(T) (4:3-30r—3)

(5.22f) /F (e, k€ Prs(F)/Pr(F),F € Ag(T) (+-[be o0 -9 -1])
6:228) [ (e n,  w€Ps(ERELF € 8D), (x[phe-n-9-3])
(5.22h) /FuFF | K, k€ ep (b2 [Pros(F)]?) ,F € Ay(T) (4.2 %(rfél)(rf 3))
(5.221) /F[(curl w)]ppik, k€ grad, (bp[Pr_3(F)]?), F € Ay(T) (-2 %(7‘7 2)(r — 1))
(5.22j) /Fupn K k€ grad, (03P, 5(F)), F € o(T), (- J0r—a0r—3)
(5.22k) /Fu,m K, k€ Pr_s3(F), F e Ay(T) 4. %(r —2)(r—1))
(5.221) /Tincu s inc K, ke UNTY), (2r° —9r® + 7r 4 6)
(5.22m) /Tu ce(k), K € 079+1(TA), (2(r =3)(r —2)(r — 1))

form a unisolvent set of degrees of freedom for U} (T4).
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Proof. The number of dofs add up to the dimension of U} (T*) given in Lemma 5.5. Suppose
that all dofs of (5.22) vanish for a u € U}T?). We must show that u = 0. The following
conclusions are immediate from (5.22a, 5.22¢), (5.22b, 5.22¢), and (5.22a, 5.22d), respectively:

(5.23)  wul. =0, (incu)n”le = 0, (curlu)'t|. = 0, for e € A1(T), F € Ao(T).

In particular, the last equality, in conjunction with (5.17b) of Lemma 5.7 shows that 0 =
n'(curlu)'t = (curly upr)'t on OF. Hence all terms on the right hand side of (5.19) vanish when
¢ € P1(F). Thus Lemma 5.8, combined with (5.22f) and (5.23), yields (inc u)n, = Oonall F' €
A9(T). Next, before proceeding to use (5.22g), observe that any ¢ = c¢((z-t1)th—(z-t2)t}), with
¢ € R, hasrotr g = c(t1t] +taty). Hence deviroty R(F) = 0. Similarly, rotx curly [R(F)]" = 0.
Hence all terms on the right hand side of (5.20) vanish for ¢ € R(F'). Therefore, Lemma 5.8
combined with (5.22g), (5.23), and the observation that (incu),r = [(incu)gy] leads us to
conclude that (incu),r = 0 on all faces of 7. Thus, (incu)n|sr = 0.

In particular, due to (5.17¢), curlp (curlpuge)’ = 0 on any F' € Aqo(T). This implies, by
virtue of (5.23) and Lemma 5.9, that up = ex(b%¢) for some ¢ € [P,_5(F)]?, and hence by
(5.22h), we have upr vanishes on F. This implies, by (5.17b), that [(curlu)’], vanishes on
F,ie., n/(curlu)Q|or = 0. In fact, all of (curlu)’'@ vanishes on 9T, as we shall now show.

On a face F', by (5.17d), curlp [(curl u)]gr = 0, and by (5.23), [(curlu)’] zpt|sr = 0. Hence,
(curlu)’,. = grad,, (bpo) for a ¢ € [P,_3(F)]?. The dofs of (5.22i) then show that [(curl u)’]
vanishes on F.. We have already shown that [(curlw)'] zy, also vanishes. Hence (curlu)'Qlor =
0. Since we know from the first characterization of Theorem 5.6 that (curlu) € Wl | (T4)®V,
we have just shown that (curlu) € W1 [(TA) @ V.

Next, we proceed to show that ulgr = 0. On a face F, since [(curlu)’]z = 0, by (5.17e),
trp [(curlw)]pr = tre (curlu)” = curlpup, = 0. Moreover, by (5.23), upplogr = 0, S0 up, =
grad, (b2¢) for ¢ € P._5(F). Thus, by (5.22j) we conclude that u, vanishes on F. Of
course, we also have u,y|or = 0 due to (5.22k). Thus u|sr = 0.

We are now in a position to apply the second characterization of Theorem 5.6, to conclude
that u € U}(T?). Hence (5.221) implies incu = 0 on T. Using the exactness of the sequence
(5.8) given by Theorem 5.4 and the dofs of (5.22m), we see that u =0 on 7. O

5.4. Degrees of freedom of the remaining elements. In this subsection, we give unisol-
vent dofs for the other spaces in the complex, U2, | (T*), U2 ,(T*) and U2_ 3(TA) We begin
by proposing the following dofs for U, +1(T A) and proving them to be unisolvent.

Lemma 5.11. For any r > 4, the functionals
(5.24a) D“w(a), lal <2, a € Ag(T), (120)

(5.24b) /w K, k€ [Pr_s(e)]®, e e A(T), (18(r — 4))
(5.24c¢) a; K, K € [9)7«_4(6)]3, e e A(T), (36(r — 3))

(5.24d) len - K, K € gradF(b%Tr,g,(F)), F € Ay(T), 20 — 4)(r — 3))

(5.24f) k€ Pr_3(F), F € Ay(T), @2(r —2)(r — 1))

(5.24e) / ) k€ [Pr_5(F)%, F € Ay(T), (4(r — 4)(r — 3))
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(5.24g) /F [(curle(w))],.: &, & € gradp(be[Pr_s(F)]*), F € Ay(T),  (4r -2 - 1))

(5.24h) /E(w) ce(k), ke UL, (TH), (2(r — B)(r — 2)(r — 1)
T

form a unisolvent set of degrees of freedom for U,9+1(TA).

Proof. It is easily verified that the total number of dofs equals the dimension of UL, | (T*)
given in Lemma 5.5. Consider an w € U2, | (T*) on which the dofs (5.24) vanish. By standard
arguments, dofs (5.24a), (5.24b) and (5.24c) imply that

(5.25) wle =0, (gradw)|e = 0, for e € Ay(T).

Hence, on any face F' € Ao(T), we have wy € b2[P,_5(F))?, so (5.24e) implies that wy = 0.
Also note that (5.25) implies (curlw)y € by[P,_3(F)]?, so the dofs of (5.24g), in view of the
identity (5.17g), imply that (curlw) = 0. This in turn implies, after taking the cross product
with n on both sides of (5.17h) and using (5.16), that

(5.26) Opwr = grad, (w - n).

Hence (5.171) yields 2[e(w)]nr = grad, (w - n) + Opwr = 2grad, (w - n). The latter is in
b2[P._5(F)]? due to (5.25), so the dofs of (5.24d) give w-n = 0 on F. Combining with the
already shown wy = 0, we summarize: all components of w vanish on 0T

Next, we will show that all first derivatives of w also vanish on 9T'. Consider an F' € Ay(T)
and let K denote one of the subtetrahedra 7; which has F' as a face. Then, since w-n vanishes
on F, there must exist a p € P.(K) such that w-n = pp. Since Oy (w-n)|r = (Onp)p|F vanishes
on OF by (5.25), there exists a ¢ € P,_3(F") such that p = b1, i.e., Op(w - n)|p = (Onp)bpt).
Hence (5.24f) yields Op(w - n) = 0. By (5.26), 0,wr also vanishes. Since wlgr = 0, all

the tangential derivatives of w also vanish, so we conclude that (gradw)|sr = 0. Thus
w € U2, (T"). Therefore, (5.24h) shows that w vanishes. O
Lemma 5.12 (Dofs of the stress space). For any r > 4, the functionals

(5.27a) o(a), a € Ao(T), (6 x 4 dofs)

(5.27b) on’ Kk, ke[P_4(e), ec AL(F), F e Ay(T), (3x12(r—3) dofs)

(5.27¢) on" -k, KE [TT_5(F)]3, fe Aq(T), (3 x 2(r — 3)(r — 4) dofs)

divo-r, k€U 4(TH), (2% — 6r2 + 4r — 6 dofs)

J
(5.27d) / oK, k€ incUL (T, (2r° — 9r® + 7r + 6 dofs)

T

(5.27e) /

T

form a unisolvent set of degrees of freedom for UE_Q(TA).

Proof. The stated counts of the dofs (obtained using the exactness given in Theorem 5.4
and standard dimensions) sum up to the expression for dimU? (T%) in Lemma 5.5. To
prove unisolvency, let all dofs of (5.27) vanish for a o € U2 (T?) € V.2 (T*) ® V. Then,
(5.27a)—(5.27c), together with skw o(z;) = 0 yield on|sr = 0 (as in the proof of Lemma 4.5).
Thus, by Lemma 3.2, ¢ is in 10/;,2_2 ®V, and since skw o = 0, we conclude that o € 10]3_2(TA).
By Theorem 5.4, 10]7?’_3(TA) = div U2_,(T™), so the dofs of (5.27¢) yield divo = 0. Using the
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exactness result of Theorem 5.4 again, we conclude that there is a u € U ! (T*) such that
o = incu. Hence, using (5.27d), we conclude that o = 0. O

Finally, the dofs of U?_5(T*) are just “three copies” of the dofs of V2 | (T#). Tt is immediate
that any w € U3_ 3(TA) is uniquely defined by the following functionals:

(5.28a) / WK, k€ R, (6 dofs),
T

(5.28b) / w-v, ve U3 4(TH), (2r® — 672 + 4r — 6 dofs).
T

5.5. Commuting projections. In this subsection, we study the accompanying cochain pro-
jectors of our elasticity complex (5.8). These projections are simply the canonical finite el-
ement interpolants, denoted by HU 7 =0,1,2,3, defined by the already given degrees of

freedom of UL, | (TA), UHT*), U2 Q(TA), and U3 _5(T™), respectively. Note that T is just
the L2 projection into U3 _4(T™) since U3 3(TA) DR =U3 ,(TH).

Theorem 5.13. The following diagram commutes for the indicated degrees r:

RS CX(M) RV == C®(T)®S 2% C=(T)®S 1% C®(T) @V — 0
(5.29) J (r>4) Jngf (r>4) ny  (r>6) ny
R - U, — 5 U1 2y (TA) — s B (T4 — 0.

Proof. First, we show that
(5.30) divIilyo = 1Y div o for r > 6.

Since w = divIl{o — II{dive is in U?_5(T*), it suffices to prove that the dofs of (5.28)
applied to w vanish. It is obvious from (5.27e) that the dofs of (5.28b) applied to w vanish.
The dofs of (5.28a) also vanish because, for kK € R

/w-m:/divﬂgo-m—/diva'/ﬁ by (5.28a)
T T T

:/ (Hga)n-ﬁ;/ on-k =0 by (5.27c)
oT oT

for r > 6, so (5.30) follows.
Next, we show that

(5.31) incITYu = 115 incu for r > 4.

Let 0 = incIIYu — 1Y incu. To show that the dofs (5.27) vanish on o, we begin by noting
that (5.22b) and (5.27a) imply that the dofs (5.27a) vanish for . Similarly, the dofs (5.27b)
applied to o also vanish due to (5.22e) and (5.27b). To show that the dofs of (5.27¢) also
vanish on o, we split them into normal and tangential parts after using (5.27¢) on inc u:

(5.32) /FUTLF% = gntgr, gn= /F [ine(1{'u —w)],, kn, gr= /F [inc(T{'u — w)], . &p.
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Note that g,, vanishes for any k,, € Pr_5(F)/P1(F) due to (5.22f). In fact, g,, vanishes for
any kn € Pr_5(F), as we now show. Observe that by (5.19) of Lemma 5.8, for a p; € P1(F),

(5.33) / Onn Pl = / [curlp (H?u — u)FF] tprds + / (Hllju —u)ppt - (rotpp1)’.
F oF OF

By (5.17b), curly MY u — u)ppt p1 = [curl (IT¥u — w)]pptpr = curl (Yu — w)" : pint’, so
the first term on the right hand side of (5.33) vanishes by (5.22d). The last term of (5.33)
also vanishes because (IIYu — u) ppt - (rotpp1)’ = QY u — w)Qt - (votpp1) = (MY u — u)Qt -
Q(rotrp1) = (ITYu — u) : Q(rotyp1)'t thus allowing us to apply (5.22c) whenever r — 4 > 0.
Thus from (5.33) we conclude that g, = 0 for all k,, € Pr_5(F) = P1(F) & Pr_5(F)/P1(F).
Next consider gr. Obviously, (5.22g) shows that gr = 0 whenever rp € [P,_5(F)]?/R(F).
However, for £, € R(F'), we may conduct a similar argument as above but now using (5.20)
of Lemma 5.8, to conclude that g = 0 for all kz € [P,_5(F)]?>. Thus, returning to (5.32),
we have [ on” -k =0 for all k € [Pr_5(F)}?, i.e., all dofs of (5.27c) applied to o vanish. It
is easy to see that the remaining dofs of (5.27d) and (5.27¢) applied to o also vanish, thus
finishing the proof of (5.31).

Finally, we will prove that

(5.34) e(MYw) = N¥e(w), for r > 4.

Letting v = e(IJw) — TI¥e(w), it is enough to show that the dofs of (5.22) applied to u
vanish. Let us dispose off the obvious implications first: (i) incoe = 0 implies that the
dofs of (5.22b), (5.22e), (5.22f), (5.22g) and (5.221) applied to u vanish; (ii) (5.24a), (5.24d),
(5.24e), (5.24f), (5.24g) applied to w, taken together with (5.22a), (5.22j), (5.22h), (5.22k),
(5.22i) applied to £(w), each respectively imply that (5.22a), (5.22j), (5.22h), (5.22k), (5.22i)
applied to u vanish. It only remains to prove that the dofs of (5.22c) and (5.22d) applied to
u vanish. To this end, it is useful to employ the edge-based orthonormal basis {n},n_,t.}
and write k € sym[P,_4(e)]**3 as k = kunt (n) + ki2(nd () + ng (nf)) + riz(nft, +
te(nd)') + +r22ng (ng) + kaz(nd (ng) + ng (nd)') + Ksstet, where r;; € Pr_4(e). Then,

/u CK= /[E(ng) —¥e(w)]: k= /E(H(l{w —w) K by (5.22¢)

€ €

= /grad (IM{w—w): k= /grad (MY w — w) : (ki3ndt, + kastetl) by (5.24c)

e e
= /grad (ITJ w — w)te - (k13nT + Kaste).
e

Now that the integrand contains a tangential derivative, we may integrate by parts, to see
that the integral vanishes after an application of (5.24a) and (5.24b). Thus the dofs of (5.22c)
applied to u vanish. To examine the dofs (5.22d), letting x € [P,_3(e)]3, we note that

/(Curl uw)'te - K :/ [curla(ng - w)],te K by (5.22d)

€ €

1
=5 / [grad curl (ITf w — w)]te - £ by (5.17f)

1

=-5 /curl (IJw — w) - Ok by (5.24a)
e

where in the last step, we have integrated by parts, and put d;x = (grad k)t.. The curl

in the integrand above can be decomposed into terms involving 0;(IIfw — w) and those
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involving 8nei (Hg w—w). The former terms can be integrated by parts yet again, which after
using (5.24a) and (5.24b), vanish. The latter terms also vanish by (5.24c) which we may
apply as O¢k is of degree at most r — 4. O

6. GLOBAL COMPLEXES

We have developed a number of new finite elements on Alfeld splits in the previous sections.
In this section, we briefly discuss how the elements on Alfeld splits may be put together to
construct global finite element spaces. Throughout this section, {2 denotes a contractible
polyhedral domain in R3, subdivided by T}, a conforming tetrahedral mesh (and h denotes
maximal element diameter). Let ‘J'ﬁ be the refinement obtained performing an Alfeld split
to each mesh tetrahedron T' € T}, e.g., by connecting the barycenter of T" with its vertices.
We consider finite element spaces on ‘J';LA built using the previously discussed elements. Every
local dof we defined previously was associated to a subsimplex, so it is standard to go from
the local dofs to the global dofs associated to the simplicial complex Tj. We use #; to denote
the number of k-dimensional simplexes in J. For example, #¢ and #; are the numbers of
vertices and edges, respectively.

6.1. The global V' complex. We begin with the standard finite element sequence. Let
WO(TA), WHTN), W2(T2), and W2(T4), denote the standard conforming finite element
subspaces of H'(Q), H(curl, Q), H(div,Q), and L?(Q2) whose elements when restricted to a
mesh element 7' € T3, are in WO(T4), WHTA), W2(T?), and W2(T4), respectively. Let

VO(TH) = {w e CHN) : w is C? at vertices of Ty, wlr € VOTA) for all T € T3},
VHTM = {w e [CY°(Q)]® : wis O at vertices of Ty, wlr € VHT?) for all T € T},
V2T = {w e H(div,Q) : wis C° at vertices of Ty, w|p € V2(T?) for all T € T3},
VA(TR) = W2(Tw)-

After inheriting the global V' dofs from the prior local V' dofs, we may define global inter-

polation operators into these finite element spaces in the canonical way. Then the following
global analogue of Theorem 3.7 can be easily proved.

Theorem 6.1. Let 11}, denote the canonical global finite element interpolant onto V' ,(T#).
Then for r > 5 the following diagram commutes:

Co(Q) 220, (oo (@) 2l (oo (@) — Iy oo ()

v v Vv \%4
[, Jn, Jn, [,

d .
VETR) =55 VLT3 =5 V2L =T V2T,

An exactness result analogous to Lemma 3.4 also holds for these global V spaces. In
order to prove it, we are not able to use the projections H’}/h directly, since the functions we
will apply them to are not sufficiently regular. This technical problem is overcome in the
proof below by zeroing out the degrees of freedom requiring higher regularity and using the

well-known existence of a regular potential (see e.g, [18]):
(6.1) Vu € L2(Q), Fv € [H(Q)]? such that dive = u.

With the above-mentioned modified interpolant and (6.1), the global exactness for r > 5
follows easily as seen below. The r = 4 case is also interesting, but since no local dofs for



30

gluing VO(T4) are known for this case, the same proof does not work. Yet, we are able
to prove the partial exactness result that div : VZ(T#) — V3(T2) is onto when r = 4,
using a technique inspired by Stenberg [37, Theorem 1], who showed how dofs in standard
mixed methods (for the Poisson problem) can be reduced by imposing vertex continuity. Our
V2 ,(T4) space has similar continuity restrictions at the vertices of T,.

Theorem 6.2. The sequence

grad

(6.2) 0——R—" VT Z25 VL (T4 -5 V2, (T — 5 V2 (T —— 0,

1s exact for r > 5. When r = 4, the divergence operator remains surjective.

Proof. To show that div : V2 5(T2) — V3 ,(T#) is onto, let v € V.2 5(T2). By (6.1), there
exists an w € [H*(€2)]® such that divw = v. We now proceed to modify II}, and apply it
to w. The first modification involves zeroing out vertex dofs to avoid taking7 values of w at
the vertices. The second modification involves a rearrangement of r — 3 face dofs that helps
prove the theorem’s assertion for the r = 4 case. These modifications result in the ﬁ;h given
next. For every F' € Ay(T), arbitrarily choose an edge of F' and denote it by ep. Then define
ﬁ{hw € V2 ,(T#) such that on an element T' € Ty, the function wy = (ﬁ;hw)|T is given by
the equations

(63a)  wrla) =0, a € Ao(T)
(6.3b) /e(w Pk, k€ Prale) e € AL(F), e+ ep, F € Ag(T)
(6.3¢) /F (w-nF)k, k€ Py u(F), F € Ao(T)

(6.3d) /TOJT'/{ = /Tw-/-i, k€ curl VI (TH)

(6.3¢) /T (divwr) k = /T (divw)k, ke V34T

These equations, being a minor modification of previously given unisolvent dofs (3.12), can
easily be shown to uniquely define a wy € V2 ,(T*), so f[;:hw is a well defined function in
V2 5(T4) for any w in H*(Q)? (e.g., the integral on the right hand side of (6.3c) is bounded
for any w in H'(Q)? by a trace theorem). Now, when r > 4, for any constant x, we have
Jp div(wr—w)k = [p(wr—w)-nk = 0 by (6.3c). Hence (6.3¢) yields div I:I;/’hw = H}{hdivw =
Hé{hv = v. This proves the stated surjectivity of divergence for r = 4 as well as for r > 5.

Continuing, restricting to the r > 5 case, for any u € ker(curl,%l_l(ﬂ',é)), there exists
v € Wf(‘J’,‘?) such that u = grad v by the exactness of the standard finite element de Rham
complex (the W sequence). Since u is C! at the vertices of Tj, v is C? at the vertices, so
v e VTR

Finally, to show that curl V! |(T2) = ker(div, V;2 5(T2)), it suffices to prove that their
dimensions are equal. To this end, we note from (3.9), (3.10), (3.12), and (3.13) that the
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following dimension count holds:

dim(V(TR)) = 1040 + (3r — 1)1 + (2 — Tr + 13)4 + = (r — 4)(r — 3)(r — D,
dim(V,, (T7)) = 1240 + 3<r — 4)# + (r —2)(r — 3)#2 + (2r® — 9r® + 19r — 27)#3,
dim(V;2 o(T2)) = 340 + (r +2)(r — 3) 4 + (2r% — 5r2 + 3r — 12)#3,

dim(V25(T2)) = Sr(r = D = 2).

By the exactness properties we have already proven, dimcurl V.1 1(‘IA) = dim Vrl_l(‘.T,‘i‘) —
dim V2(TA) + 1 and dimker(div, V2 o(T2)) = dim V2 5(T2) — dim V2 5(T2). These num-
bers are equal because the Euler formula, together with the dimensions given above, yields
dim(VO(TA)) — dim(V,L (T2) + dim(V2 (T3)) — dim(V2,(TA)) = 1. O

6.2. The global Z complex. Let Z2(T2) = V,2(T#), and

ZHTH) ={w e [CO()]? : curlw € [C°(Q)]3, w and curlw are C! at vertices of Ty,
and w|p € ZH(T*) for all T € Ty},

ZHTH) = {w e [CUQ)? : wis C! at vertices of Ty, wlp € Z2(T?) for all T € T},

Z3(TH) ={w e L*(Q): wis C° at vertices of Ty, w|r € Z3(T?) for all T € Ty, }.

These spaces inherit global dofs from the previously given local Z dofs. The following global
analogue of Theorem 4.7 can be easily proved.

Theorem 6.3. Let HiZh denote the canonical global finite element interpolant onto Zﬁ_iﬂ(ﬂ‘,’?).
Then for r > 4 the following diagram commutes:

grad

Q) 2% [02(Q) -~ (e Q)] — T 0=(Q)

JHOZ lnlz % lnz

grad 1 div
Z19+1((I}1?) = Zr}((fﬁl) = Zf 1(%?) : ZS’ 2(7A)

Theorem 6.4. The sequence

grad

(6.4) 0—— RS 20 (T8 2% ZH (T - 22 (T -2 23 (T8 —— 0

is exact for r > 4.

Proof. Let A denote the set of all (constant) trace-free 3 x 3 matrices. To show that div is
onto, let v € Z3 ,(TR). By (6.1), there exists an w € [H(Q2)]® such that divw = v. Let

Hihw € T_l(‘J'A) be such that on each T' € T#, its element restriction wy = (ﬁ%hw)\T
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satisfies
wr(a) =0, a € Ao(T),
(gradwr)(a) : k =0, k€ A, a € Ao(T),
tr(gradwr)(a) = tr(grad w)(a), a € Ao(T),
/wT -k =0, k€ [Prs(e)]? ec A(T),
/wT-m :/w-n, k€ [Pr_a(F)]3, F € Ay(T),
F F
/wT'/‘i:/W'/{, k€ curl ZH(TH),
T T

/diva'H :/divw-ka, ke divZ2 | (TY).
T T

Here we have used the same technique of zeroing out certain dofs that we used in the proof
of Theorem 6.2. The right hand sides of the equations above are bounded since w is in
[H'(©2)]? and since tr(gradw) = divw = v € Z2_,(T*). These equations uniquely determine
1:122 ww € Z2 (T8 due to the unisolvency of (4.16) proved in Lemma 4.5. An argument
analogous to the one we used to prove that divIl¥ = Hg div in the proof of Theorem 4.7 now
yields div ﬁ%hw = divw = v. It is easy to prove that grad : Z% ,(T2) — ker(curl, ZH(T%))
is onto (see proof of Theorem 6.2).

Finally, we perform a dimension count of the global degrees of freedom to show that
curl : ZH(TH) — ker(div, Z2_;(T4)) is onto. To this end, we note from (3.9), (4.15), (4.16),
and (4.17) that the following dimension count holds:

Qim( 22,1 (TR)) = 100 + (3r — 10)41 + (7 — 57 + D)o + 2 (r = 3)(r — 2)(r — D,
dim(Z} (7)) = 20%0 + 3(2r — T + 2(r = 2(r — 3)#2
+ <§(7’ =3)(r—=2)(r—1)+ %(r —3)(r—2)(4r — 7)) #3,
dim( 724 (T1)) = 1240 +3(r — 41 + S (r — 27 — B)#s
+ <;(r =3)(r—2)(4r—17)+ g(r +1r(r—1)— 13> #3,
dim(Z2_y(T0)) = #o + (§< (- 1) - 12) s
By the Euler formula, we have

dim (22, (T)) — dim(Z}(T1)) + dim(Z2_, (T)) — dim(Z2_,(T0)) = 1,
which shows that dim curl Z}(T4) = dim ker(div, Z2_, (T%)). O
6.3. The global U complex. The global elasticity complex consists of
Ula(Ti) = Z2a (1), U (Ty) = {sym(u) s u € Z)(Tp) @V},
U o(Th) = {w € U,(TR) @ V i skww = 0}, U 5(T3) = Z75(T3).
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To show that these spaces form an exact global complex, we follow the same procedure as
for the local complex, starting with a global analogue of Theorem 5.2. Note that like in the
local case, the global space V1 (TA) ® V is in bijective correspondence with Z2_ 1(‘3’;?) RV
via Z. Also, vskw : V2, (T) @ V = Z2 (T8 ® V) is easily seen to be surjective.

Theorem 6.5. For r > 5, the sequence

2vskw
Z£+1(7]13)®V [grad, —mskw] 1/rA curl 2~ 1curl 2 A [ div } Z§_2(7}‘?)®V
S |t gy -ty oy ey, |0

is exact and the kernel of the first operator above is isomorphic to R. When r = 4, the last
operator remains surjective.

Proof. The case r > 5 follows by the » > 5 case of Theorem 6.2 and Proposition 2.3’s
item (1). The statement for r = 4 follows from the surjectivity of the divergence asserted by
Theorem 6.2 in the r = 4 case and Proposition 2.3’s item (2). O
Theorem 6.6. U} (T{) = {u € HY(Q;S) : (curlu) € WL (T @ V, u is C1 at the mesh
vertices of Ty, incu is C° at the mesh vertices of Tp,, and u|r € UNTA) for all mesh elements
T e Th}.

Proof. This can be proved along the lines of the proof of Theorem 6.6 using Theorem 6.5. [J

Theorem 6.7. The following sequence of global finite element spaces
(6.6) 0— R -5 U (T —S UNTH 2% U2 (T8 2% U (T4 — 0.
is a complex and is exact (on contractible domains) for r > 4.

Proof. For r > 5, the proof is along the lines of the proof of Theorem 5.4 using Theorem 6.5.

For r = 4, first note that the surjectivity of div : U2 (T2) — U2_4(T2) follows from
Theorem 6.5. Next, we show that (UL, | (T1)) = ker(inc, Url(‘J'A)) forr = 4. Any u € UH(T2)
with incu = 0 may be written as e(v) for some v € H%(Q) by the exactness of (1.2). Now,
on each mesh element T € T7,, split into an Alfeld split T, the local exactness result of
Theorem 5.4, applied with r = 4, shows that thereis a wr € U, +1(TA) satisfying e(wr) = ulr.
In other words, e(wp — u)|p = 0, which implies that on each T, the function v must equal
a polynomial of the form v|p = wy + 71 for some rr € R(T) C [P1(T)]3. Thus u = &(v)
and v € H2(Q) N P5(T2) C UY(TR). To complete the proof of exactness, we now only need
to show that curl : UX(T2) — ker(div, U2 ,(T%)) is onto. To this end, we note from (3.9),
(5.22), (5.27), and (5.28) that the followmg dimension count holds:

dim(UP,1(Ty)) = 10#0 + (3r — 10)#1 + (r* — 5r + T)#2 + No#s,
dim(U}(T7)) = 3040 + 3(3r — 8)#1 + 3/2(3r% — 117 + 4)# + Ni#s,

dlm(U2 2(T)) = 6#0 + 3/2(r — 3)(r + 2)#2 + Na#s,

dim(U2_3(T3)) = Na#s.

By the definition of interior degrees of freedom, we have Ny + No = N; + N3 — 6. By the
Euler formula, we have

dim(U741(T3)) — dim(U; (T3)) + dim(U7_(T)) — dim(U_(T)) = 6,
which shows that dim curl U} (T#) = dim ker(div, U2_,(T2)). O
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APPENDIX A. SUPERSMOOTHNESS

Consider a tetrahedron T and its Alfeld split {T;} as in the rest of the paper. Proposi-
tion 2.1’s items (1) and (2) are a consequence of the following fact proved in [1]: if v € C1(T)
and v|r, is in C°°(T;), then v is C? at the vertices of T. Such serendipitous “supersmoothness”
at some points was observed on triangles earlier [20]. In Theorem A.1 below, we establish
a supersmoothness result in the same spirit for 1-forms. In fact, the earlier result of Alfeld
follows from the theorem, as noted in Corollary A.2. Items (3) and (4) of Proposition 2.1
follow from the arguments below. (The proof will show that the assumption that v|p is
infinitely smooth can be relaxed, but this generalization is not important for our purposes.)

Theorem A.1. Suppose v is in CY(T)3, v; = v|r, € C°(T;), and curlv is C° at the vertices
x; of T. Then v is C at x;.

Proof. Let F;; = 0T; N 0T and let T'F;; denote the tangent plane of Fj;. Let ¢ € V and
7 € T'F;;. The first observation needed for this proof is that

(A.1) c-(gradv;)T = c- (gradv;)T  on Fj;.

This is because the continuity of v requires (v; — v;) - ¢ to vanish on Fj; for any ¢ € V, so its
tangential derivatives also vanish on Fj;.
We claim that at a vertex of T" on Fj;, we also have

(A.2) 7 - (gradv;)c = 7 - (grad vj)c.

To show this, consider x;, a common vertex of T and Fb3. Then, since the scalar 7 -
(grad v;)(z1) ¢ equals its transpose, we have

7 (gradvo) ¢ = ¢ (grad ve)'T at 1,

c- ((gradva) — (gradva)) 7 + ¢ - (grad vo)T
¢ ((gradva) — (gradva)) 7 + ¢ - (grad vs)T by (A.1),
) —

c- ((gradvs

(gradvs)) 7 + ¢ (grad vs)T as curlv is C° at x;
=71 (grad v3) c.
This argument can be repeated at other vertices to finish the proof of (A.2).

Now we are ready to show that v is C! at x;. Let 7; = (z; — 2)/||z; — 2| and 7;; =
(x; — xj)/||lzi — x;||. Without loss of generality, we focus on one vertex, say x1. At z1,

(A.3a) ¢ (gradve)my = ¢ - (grad vs) T 7o(grad va2)c = 1o(grad vs)c
(A.3b) ¢ (grad ve)m10 = ¢ - (grad vs) 710 T10(grad ve)c = Tyo(grad vs)ec.

The left equalities follow from (A.1) and the right ones from (A.2). Furthermore, at x; we
have

T2 - (grad v2) 13 = 712 - (grad vo) 713 by (A.1) applied to Fyg
= 712 - (grad v3) 113 by (A.2) applied to Fps.
Therefore, 19 - (grad ve)T13 = T12 - (grad v3)m13 at ;. Writing 72 as a linear combination of
70, T10 and 713, and using the equalities of (A.3) in the right panel, we conclude that

(A4) 713 * (grad ’02)7'13 = T13 " (grad 1)3)7’13 at xI1.

The identities of (A.4) and (A.3) together yield the equality of grad v, and gradvs at .
Repeating this argument for every pair of v; meeting at a vertex, the proof is finished. O
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Corollary A.2. If w € CYT) and wlr, is in C*(T;), then w is C? at the vertices of T.

Proof. This follows by applying Theorem A.1 with v = grad w. O
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