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ABSTRACT. Using a generalization of complexes, called 2-complexes, this paper defines and
analyzes new Sobolev spaces of matrix fields and their interrelationships within a commuting
diagram. These spaces have very weak second-order derivatives. An example is the space
of matrix fields of square-integrable components whose row-wise divergence followed by yet
another divergence operation yield a function in a standard negative-order Sobolev space.
Similar spaces where the double divergence is replaced by a curl composed with divergence,
or a double curl operator (the incompatibility operator), are also studied. Stable decomposi-
tions of such spaces in terms of more regular component functions (which are continuous in
natural norms) are established. Appropriately ordering such Sobolev spaces with and with-
out boundary conditions (in a weak sense), we discover duality relationships between them.
Motivation to study such Sobolev spaces, from a finite element perspective and implications
for weak well-posed variational formulations are pointed out.
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1. INTRODUCTION

Substantial improvements in numerical techniques for solving partial differential equations
(PDEs) to address current scientific challenges have come from connections to and preser-
vation of the differential and algebraic structures inherent in the PDEs. Ample examples
are offered by the history of finite element techniques. The earliest finite elements [17], La-
grange elements, consisted of scalar-valued functions. Developments in vector-valued finite
elements followed, starting with elements [39] of continuous normal (n) components. These
“n-continuous” elements were supplemented with “t-continuous” vector-valued Nédélec el-
ements with continuous tangential (¢) components [32]. Further families of vector-valued
elements were unearthed continuing this line of work. Although these elements were devel-
oped separately, today we understand them together as fitting into a cochain subcomplex
of a de Rham complex of Sobolev spaces, thanks to intensive research into finite element
exterior calculus (FEEC) [4,6,25]. It is now clear how to generalize from scalar and vector
fields to tensor fields, as long as the tensors have the algebraic structure of k-forms in the de
Rham complex, i.e., higher order alternating tensor-valued finite elements in any dimension
naturally fit into FEEC.

This paper, while building on these developments, is motivated by other types of tensors.
Problems in continuum mechanics, differential geometry and general relativity call for a study
of tensors with other types of symmetries. Indeed, even restricting to second-order tensors,
the need for study is evident from the increasing current interest in matrix-valued finite

element functions. The earliest of these are the “nn-continuous” symmetric matrix fields
1



2 JAY GOPALAKRISHNAN, KAIBO HU, AND JOACHIM SCHOBERL

(i.e., symmetric matrix-valued functions o with continuous (on) - n) of the HHJ (Hellan-
Herrmann-Johnson) elements [15], now enjoying a revival [7,37,38,40] in the TDNNS method
and elsewhere. A seemingly disjoint (but potentially connected) recent development is the
“nt-continuous” trace-free matrix finite element developed [19-21] for viscous fluid stresses in
the context of the MCS (Mass-Conserving Stress-yielding) method. To add to this picture,
Regge elements [14,22,23[29] with “tt-continuous” symmetric matrix-valued elements are
finding more and more uses. How does one connect these disparate developments of nn, nt,
and tt-continuous matrix finite elements? The prior synthesis (mentioned in the previous
paragraph) involved spaces of the de Rham complex, all connected by fundamental first-
order differential operators (grad, curl, and divergence, in three dimensions). In contrast,
what seems to be natural for the matrix finite elements are other second-order differential
operators.

The goal of this work is to take a step toward understanding what Sobolev spaces and their
arrangements might reveal a unified structure where such second-order differential operators
and matrix fields arise naturally. Although motivated by finite elements, this work does
not contain finite elements. The scope is limited to a study of infinite-dimensional Sobolev
spaces of matrix fields, their interrelationships, and connections to standard Sobolev spaces.
We focus on spaces of scalar, vector, and matrix valued functions on three-dimensional (3D)
domains (2. Study of higher order tensor fields on higher dimensional domains is certainly
interesting, but requires more algebraic machinery (such as group representations and Young
tableaux) to work with tensor symmetries.

In 3D however, the relevant symmetries can be captured by the familiar symmetrization
and deviatoric operations,

1 1 .
symrT = §(T—I—TT)> deVT:T—gtr(T)'a T eM, (1)

where M = R3*3 denotes the vector space of 3 X 3 real (R) matrices, tr(7) denotes the trace
of a matrix 7 € M, and i denotes the 3 x 3 identity matrix. Here and throughout, 7', also
written as T 7, denotes the (pointwise) transpose of a matrix field 7. The operations in
generate subspaces of symmetric matrices and trace-free matrices which we denote by

S =symM, T = devM.

Let V = R3. We are interested in structures connecting Sobolev spaces of functions with
values in R, V, S and T of the following form:

R > V >V > R
\Y s S s T sV

(2)
\Y s T s S sV

R > V >V > R

Such diagrams where R, V, S and T are replaced by appropriate Sobolev spaces of functions
taking values in them, are studied here. The first such diagram is introduced below in ,
which contain first-order derivative operators as well as key algebraic operations T, sym,
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and dev. Certain combinations of these operations result in basic second-order derivative
operators marked in diagram .

The tensors along the four edges of follow the R-V-V-R pattern of the well-known 3D
de Rham complex

oo FL g gy il o gy AV, oo (3)

of infinitely smooth (C*) scalar and vector fields on (2. Recall that a “complex” is a sequence
of linear spaces X; and linear maps A; : X; — X;,1, traditionally expressed by

Ap_o A

k—1 A
Xp—o — Xpq > Xg

A
k y Xk;+1 k+1} Xk+2 RN (4)

satisfying A; ;1 0 A; = 0 for all ¢. In [33], “l~-complexes” arose, which are sequences with
the property A;;po0---0A;110A; =0 for all i and some fixed integer ¢ (so, e.g., a 1-complex
is a complex in the usual sense). As we shall see, diagrams of the form that we study
here have a 2-complex structure (which explains the title of this paper). Definition below
formalizes the 2-complex notion in the context of such diagrams.

Other examples of complexes, beyond the de Rham complex , include the well-known
elasticity complex [2,5,8.28}35], also named after Calabi or Kroner,

= QV sym grad > ® S curl T cur oL ® S div (C° ® V, (5)

the hessian complex [2,26)]
Coo gradgrad Coo ® S curl Coo ® T div COO ® V’ (6)

and the div div complex [2,34]

dev grad sym curl
—

> ®V C*aT C®®s —dv , coo, (7)
These complexes can be systematically derived from the de Rham complex ({3|) using the
Bernstein-Gelfand-Gelfand (BGG) construction, originally developed in algebraic and geo-
metric contexts [9,(13] and more recently adapted to certain Sobolev spaces [2,/12]. We shall
see that analogous complexes, with other “H~! based” Sobolev spaces, defined shortly in
7, also arise naturally from the 2-complexes and the diagrams of the type that
we study here.

On the theme of weakly reqular H=' based Sobolev spaces, which is pervasive in this paper,

some motivating examples shed more light. Let

(u,v) = /qu dx (8)

for scalar fields u, v, and in addition, for vector or matrix fields v and v, we continue to use
the same notation (u,v) to denote the Lebesgue integral (when it exists) over (2 of the dot
product u - v, or the Frobenius product « : v, respectively, of u and v. All function spaces on
(2 are defined precisely in Subsection [I.1], but for expediency, we use the standard space Lo
and the space H ! with weaker topology in the quick discussion of two examples below, both
showing the role of weak regularity, and each illuminating the role of one of two algebraic
operations sym and dev.
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FExample 1. The stress tensor o in linear elasticity is a matrix field which must satisfy ¢ =
sym(o) due to conservation of angular momentum. Well-posed formulations for the Hellinger-
Reissner principle in linear elasticity seek a symmetric matrix field (the stress tensor) o : 2 —
S in some Sobolev space ¥ and a vector field u : 2 — V (displacement) in some Sobolev
space V satisfying

(Ao, 7) + (u,divr) =0 for all 7 € 3,

(divo,v) = (f,v) forallveV, (9)

where A, f, and div denotes the compliance tensor, the load vector field, and row-wise
divergence of a matrix field, respectively. A “regular choice” is V = Ly ® V and

E:{TELQ@)SZdiVTGLQ@V}. (10)

Construction of finite elements for this X is difficult and had remained an open problem for
decades, as noted in [3]. (If the symmetry condition on o were absent, then three copies of
the n-continuous finite elements would have been sufficient.) An alternative choice of “weak
regularity” is

Y={rel,®S:divr e V'} (11)

where V* is weaker than L, integrals of the form (divr,v) in (9) are relaxed to a duality
pairing (div 7)(v) in V. The TDNNS method [37,38] with nn-continuous stresses can be seen
as a discretization of such a formulation with V = H (curl), a space defined shortly in ([15]).
Theorem shows that the condition divr € V* in is equivalent to divdivr € H~ 1.
This motivates us to study Sobolev spaces with this weak regularity condition, namely the
spaces Hgq and Hgq defined in (73c)) and (74b)), respectively.

FExample 2. Viscous stresses in Stokes flow with fluid velocity u : 2 — V can be extracted from
the symmetric part of 0 = 2v grad u, where v is the kinematic viscosity. The incompressibility
constraint divu = 0, a well known source of challenges in numerical simulation [27], now
emerges as an algebraic constraint: ¢ = devo. The definition of ¢ and flow equations
suggest that we should find ¢ in a space X of trace-free matrix fields, v in some space V' of
vector fields, and the pressure p in some space () of scalar fields such that

(vlo, 1) + (u,divr) =0 for all 7 € ¥,
(dive,v) + (dive,p) = —(f,v) forallv eV,
(divu,q) =0 for all p € Q.

for some given source field f. The MCS method [19-21] sets V = H(div) (a space defined
shortly in ) and @) = div V. Then, instead of a “regular choice” ¥ = {17 € Ly®T : dive €
Ly ® V} that would make the integrals like (divo,v) well defined, the MCS formulation
proposes a choice of “weak regularity,” namely

Y={rel,®T:dive € V*} (12)

for which simple nt-continuous finite elements work, after relaxing (divo,v) to a duality
pairing (divo)(v) in V. Theorem [5.4]shows that the condition divr € V* in is equivalent
to curldivr € H~!. This motivates us to study Sobolev spaces with this weak regularity
condition, namely the spaces H.q and H.q defined in and , respectively.
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1.1. Preliminaries and spaces. Let (2 be a bounded open connected subset of the Eu-
clidean space R® with Lipschitz boundary. Let L, denote the space of square-integrable
R-valued functions on {2, or equivalently the space of square-integrable R-valued functions
on R? supported on (2. Let D(£2) denote the Schwartz space of smooth test functions on 2
that are compactly supported in 2. The dual of any topological space X is denoted by X*.
The space of distributions on (2 is denoted by D(£2)*. The space of vector fields on 2 with
square-integrable components is denoted by L, ® V and the notation is similarly extended to
T and S-valued fields on (2 as well as to other spaces, e.g., D(£2)* ® S denotes the space of
symmetric matrix-valued fields whose components are distributions on {2.

We use the standard Sobolev spaces H*(R*) and H*(§2) for any s € R. (see e.g., [1,130]).
We omit the domain (2 from the notation when no confusion can arise and simply write H*
for H*({2). For scalar functions u : {2 — R and vector functions v,q: 2 — V, let

lullf = [ullZ, + || gradullZ,, (13)
o By = 002, + llewlolZ,, i) = lali, + 1 div el
These are norms of well-known Hilbert spaces of functions on 2, namely
H(grad) = H' = {u € Ly : gradu € Ly ® V}, (14a)
H(curl) ={v e Ly®V :curlv € Ly ® V}, (14b)
H(div) ={q € Ly®V :divg € Ly}. (14c)

Using the standard norms in , the closures

o

H(grad) _ m”ﬂm) Pol(curl) _ W\\~I|H(cur1)7 ﬁ(div) _ WH‘HH(div)? (15)

give well-known zero-trace subspaces of the spaces in .
Further spaces are defined using similar closures, but using the set of D({2)-functions
extended by zero to all R? and closing the set using the H*(R®) norm. Set

e =D() e seR, (16)
and ||u|| g« := ||u| gs(rs). This space is often just denoted by H#*(£2), and in our setting, is
also the same as another often-occurring space in the literature, H%(R3) = {u € H*(R?) :
suppu C §2} (see e.g. [30, Theorem 3.29]), i.e.,

H* = {ue H*(R®) : suppu C 2}. (17)
Since the ith partial derivative 0; satisfies ||0;¢ s < ||¢||gs41 for all ¢ € D(£2), and since
D(£2) is dense in H* by definition (16]), we conclude that for any real s,

8 : II**' — H* is continuous. (18)
It is well known [30, Theorem 3.30] that H* is also identifiable with a standard dual space
H = (H™) (19)
for any s € R. The case s = —1is of particular interest here. The space H ~1 not to be
confused with H~! = H(grad)*, satisfies, per ,
H~' = H(grad)*, (20)

and furthermore, even if H-! is not embedded in a space of distributions on (2, it can be
characterized using tempered distributions on R* supported on the closure of §2, due to ((17).
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Therefore the norm of any u in H~" can be computed either using the H~'(R3)-norm of the
extension of u by zero to all R®, or by duality using . Finally, we note that it is also
well-known |30, Theorem 3.33] when s > 0, H® is contained in

75— WH'”HS(Q)

and, moreover, H*® and H* are equal if s > 0 and s — 3 is not an integer, so e.g., H' = H™.
For a general s € R, we define the norms

[0l ey = 0%, + [l eurl o], 100 asey = Nl + I divll%..
and set
B (curl) = D(Q2) @V 1@ Fs(div) = D(2) @ V@, (21)
These spaces with s = —1 feature in a central diagram introduced shortly.

Next we introduce key spaces of matrix-valued fields, which are also needed for the diagram.
Note that when the standard differential operators div and curl are applied to matrix-valued
fields, we do so row-wise. The next definitions involve second-order differential operators on
matrix-valued functions ¢ : 2 — S, 7: 2 — T, and ¢ : {2 — S, such as the incompatibility
operator

inc g := curl T curl g. (22)
Let
g1l = llglF- + lleurlgll% -, + [[inc gl (23a)
HTH%d = HTH%,l + | diVTH%,1 + | SymcurlTTH%,1 + | curldiVTH%,1 (23Db)
||0—||%dd = HJ”%_I + || div J”%_l + || div div 0||%_1, (23c)
and [|7]|g__ = [l77(g,,. Let
. - D@ o5, B, D e T, H,— D@ oS, ()

The space H ar={17": 1€ H «a} will also be needed. Clearly, in view of , the spaces
He., Heq and Hgq are subspaces of H1®S, H '@ T, and H! ® S, respectively.

Certain subspaces of H*, H*(curl) and H*(div), which we now define, occur often. Let Py
denote the space of linear polynomials. Using the coordinate vector x in R3, define

RT ={a+bxr:aeV,beR}, ND={a+dxz:a,deV}.
Let
Log={ue€Ly: (u,1) =0}, Hi={ueH*: u(1) =0},
3, (curl) = {v € H*(curl) : v(r) = 0 for all € RT},
H3p(div) = {q € H*(div) : ¢(r) = 0 for all r € N'D},
ﬁ[%l —{we H*: w(p)=0forall peP}.

Here and throughout, the action of a distribution w on a function p in D(R?) is denoted
by w(p). In the above subspaces of distributions, note that only the value of p|, on (2 is
needed to evaluate the action w(p) since w is supported on 2. Note also that H %7 (curl) and
b7y Ap(div) are closed subspaces of H#(curl) and H*(div).
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1.2. A diagram connecting the Sobolev spaces. Using the above-defined notation, we
can now precisely introduce one of the objects of study in this paper. It is the following
diagram connecting the above-defined Sobolev spaces of scalar-, vector-, and matrix-valued
distributions on R3:

° grad ° 1 ° . di
H(grad) ——— H(curl) —=— H(div) —F—— Lapg
grad def % T dev grad é grad
> def < 1J curl . 1J div Tr—1
H(curl) > He. » Hog ———— Hpor(curl)
curl T curl sym curl T 1 curl (25)

2
~ ~ ~ ~

% dev grad < sym curl =

H(div) —2——— Hegr —2 5 Hag — 5 B (div)

div div T div div

| < < <
5 grad < scurl <

L : <
Lop ———— Hﬁ#(cuﬂ) 2 folp(div) —dv H;ll

~

Here def u = sym grad u for vector fields u denotes the deformation operator, where grad u
is the matrix field whose (7, j)th component is Ju;/0x;. Note that information in the dia-
gram is repeated across the diagonal, i.e., the diagram is symmetric about the diagonal.
The properties collected in the next section show that each of the indicated operators is
linear and continuous in the norms of the indicated domain and codomain, and that each
component cell in the diagram commutes. A different but similar diagram starting with
analogous spaces without boundary conditions H(grad), H(curl), and H(div), is found later
in Section [Bl

In the commutative diagram , the “objects” (or “vertices”) are the spaces. The “mor-
phisms” (or “arrows”) are the indicated first-order differential operators. Compositions of
morphisms are referred to as “paths”. Clearly, paths in always go right or down from
an object. The following definition of a “2-complex” is motivated by [33].

Definition 1.1. A path is a complex if the composition of two successive morphisms in it
vanish. We say that a path is a 2-complex if the composition of three successive morphisms
in it vanish.

We show (in the next section, in Theorem that all paths in the diagram are
2-complexes. The analogous diagram for spaces without boundary conditions also shares the
same property, as we shall see in Section [5]

Before concluding this introduction, a few remarks on comparison with the BGG approach
are in order. The BGG construction of |2,/12] produces analogues of , @ and @ with
Sobolev spaces H? @ W or H(D,W) := {¢ € L, ® W : Do € L, ® W}, for appropriate
W, W e {S, T} and operators D from the above complexes. The hessian, elasticity, and
div-div complexes were also studied individually in other works [1834,36]. It should not be
surprising that some individual results in this paper may be alternately derived using the prior
approaches, e.g., the commutativity identities are extensively used in BGG works, and
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the regular decomposition for two of the “slightly more regular spaces” in Section , H.. and
ﬁdd, can be approached using the technique of [2, Theorem 3| with minor changes. However,
such individual results do not fully address the objectives of this paper. For instance, the
spaces defined in do not emerge from [2[12] as canonical spaces with a unified definition;
rather, they exhibit a cohesive pattern only through the perspective of the 2-complexes
in . Consequently, the analytical results for these spaces, such as regular decompositions,
differ significantly from those in [2,|12]. Moreover, the 2-complex in unifies several key
spaces, including the Hessian, elasticity, and divdiv complexes, potentially inspiring novel
constructions across diverse applications. This unification can be reminiscent of the BGG
diagram [2,/12]. However, a critical distinction is that BGG diagrams involve full matrix
spaces requiring subsequent symmetry reduction, whereas directly incorporates spaces
of tensors with the symmetrizations.

1.3. Outline. The next section (Section [2|) begins by gathering a number of identities from
which the commutativity properties in the diagram become evident. We prove the 2-
complex property of , show how the elasticity complex, the hessian complex and the
div-div complex emerges from the diagram. In Section [3, we prove that the newly introduced
H~! based Sobolev spaces of weak regularity admit decompositions with smoother component
functions that vary continuously with the decomposed function (Theorems , and
. We construct right inverses (in Theorem of the operators in as well as of
second-order differential operators that emerge from the diagram, from which it follows that
the ranges of the differential operators considered are closed. This can be used to prove
exactness of derived complexes. Slightly smoother versions of the matrix-valued Sobolev
spaces are then considered in Section [d] and shorter regular decompositions for them are
proved. Finally, in Section [5, we mention extensions to the case of analogous spaces without
boundary conditions. The main result of that section is Theorem which shows how the
diagrams of spaces with and without boundary conditions are in correspondence through
duality.

2. CONTINUITY, COMMUTATIVITY, AND 2-COMPLEX PROPERTIES

In this section, we show that the diagram is a commuting diagram and has the 2-
complex property.

In addition to sym, dev, tr and skw 7 = 7—sym 7, we use the algebraic operation S : M — M
defined by ST = 7" — tr(7)i, whose inverse can be easily computed to be

1 .
STlr=71T - 5tr<7’)|.

We often use the summation convention and the alternating symbol e¥* = €ijk whose value
equals +1,—1, or 0 according to whether 75k is a even, odd or not a permutation of 1, 2,
3. Using Cartesian unit vectors e; = €' and the summation convention, we write a vector v
as v = v;e’. Using e, one can express an isomorphism between skew-symmetric matrices in
K = skw M and their axial vectors in V, given by mskw : V — K, mskw(v'e;) = —e*uie; @ e;.
Let vskw : M — V be defined by vskw = mskw ' oskw . For distributional fields w, vector
fields v and matrix fields 7 on three-dimensional domains, it is easy to see that the following
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identities hold:

div mskw v = — curl v, (26a)
mskw grad w = — curl(wi), (26b)
mskw curl v = 2 skw grad v, (26¢)
2 skw curl 7 = mskw div ST, (26d)

Sgradv = — curl mskw v, (26e)
treurl 7 = —2div vskw 7, (26f)

We start with two simple lemmas. Lemma contains identities involving second-order
partial differential operators and Lemma gives density of the following smooth spaces
with moment conditions:

Dr={ycD(2): (90, 1) =0},
Drr={peD(2)®V: (p,r)=0forall r € RT}, o7
Dyp ={p € D)V : (p,r) =0 for all r € ND}, 27)
Dp, ={p € D(N): (p,p) =0 for all p € P, }.
For any two norms || - ||; and || - |2, we write
lally < (1]l

to indicate that there is some constant C' > 0 independent of a and b such that the inequality
lalli < C|jb]|> holds.

Lemma 2.1. The identities

div T curl 7 = curldiv T 7, (28)

curl T grad u = T grad curl w = T dev grad curl u, (29)
divsym curl 17 = % curldiv 7, (30)

curldef u = % Tgrad curlu = % T dev grad curl u, (31)
% div T dev gradu = é grad divu (32)

hold for any vector-valued distribution u and matriz-valued distribution 7.

Proof. To prove (28)), we express row-wise curl using % the summation convention, and
standard Cartesian unit vectors e;,

div T curl T = €;0;[T curl 7)Y = e;0;[curl Tt = = €;0; 5Zk18kT]l = g€ k’aka [T 74
= ;™0 [div T 7]; = curldiv T 7.
The first equality in is proved similarly. For the second equality in , it suffices to

note that the (4, j)th component of the matrix field grad curl u equals 9;6"* 0wy, so its trace,
obtained with ¢ = j in this expression, vanishes.
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Identity follows using div o curl = 0 and :

1
divsym curl T 7 = div §(CurlTT + TcurlTT)

1 1
= §diVTCu1“1T7' = §Cur1diVTTT.

Equation follows from and curlograd = 0 in an analogous fashion. The proof
of using analogous techniques is also elementary. 0

Lemma 2.2. The spaces in , namely Dr, Dr7, Dnp, and Dp,, are dense in ﬁﬁ
r(curl), Hip(div), and H% , respectively, for any s € R.

Proof. The proofs of all the four stated density results are similar. We only detail the second.
Fix a nontrivial scalar function b(x) € D({2) satisfying b(x) > 0. Let p; be a basis of the
four-dimensional space R7T, normalized so that

(bpi, pj) = 045 (33)
where ¢;; denotes the Kronecker delta symbol. Let v € H S7(curl). In view of (21]), we can
find a sequence ¢,, € D(£2) ® V such that

nh—>nolo HQDTL - UHﬁS(curl) =0. (34)

Let
4

Yal) = @u(2) = Y (@, 1) b(2) pi(2). (35)

i=1
Then 1, is in D(2) @V and (¢, p;) = 0 due to (33), i.e., 1, € Dry. Moreover, 1, converges
to v in H*(curl) as we now show: indeed, since v(p;) = 0,

(s pi) = (on —v)(pi) < lon — vl gsllpill -5

by . Hence implies that

Hs

lim (5, pi) = 0 (36)

n—o0
. . . . < .
for each p;. Now it is evident from (35)) that v, converges to v in H® norm since ¢,, does.
Moreover,
4

curl(yy, — v) = curl(pn = v) = (pn, pi) curl(bpy),

=1

where, on the right hand side, the first term converges to zero in He by , and the
second term converges to zero by . Thus v,, and curl¢,, converges in H® to v and curl v,
respectively. Hence Dg7 is dense in H%(curl). O

Theorem 2.3. The diagram (25) commutes and every differential operator in it maps con-
tinuously (with respect to the norms of the indicated domains and codomains).

Proof. Commutativity. The commutativity of the diagram cells in (row, column)-positions

(2,3),(1,2), and (1, 3) follows respectively from identities (30), (1), and of Lemma [2.1]
The commutativity at positions across the diagonal also follow from these. At the remaining
positions, it is obvious.
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Next, let us prove the stated continuity properties. The continuity of the operators in the
first row and column is standard. For the remaining operators, we use and the following
steps. We begin the maps in the second row of .

Continuity of def : H(curl) — He.. For any u € D(£2) ® V C H(curl), note that g =
defu € D(2) ®'S C H,, satisfies

1 1
curlg = 5 Tdev grad curl u = 5 T grad curl u

due to (31)) and . This implies that inc g := curl T curl g = 0. Hence, using ,

I defully, = llgly s+ llcurl gli% + || inc gl
1 1
= Sleradully, + Jlgradeurluly <l

which proves the continuity of the deformation operator by density.
Continuity of curl : H.. — H.q. It suffices to observe that 7 = curlg, for any g €
D(2)®S C H, satisfies T =devr € D(2) @ T C Heq and

divr =0, curldivr = 0, symcurl T7 = incg.

This shows that ||7]|z < [l9]lz.. and the continuity follows by density.

CdN
~

Continuity of div : Heq — ﬁ;T(curl). Let 7 € D(2)®T C Heq. Then, for any r =
a+breRT,aeV,beR, wehave

(divr,r) = —(7,gradr) = —(7,bi) =0
since 7 : i vanishes for 7(z) € T. Next, by the definition of H_ 4 norm,
|| div TH%,l + || curldiVTH%,1 < HTH%d

Since the left hand side equals || div (%, ( the continuity follows by density.

curl)’

Continuity of dev grad : I-Ol(div) — Heqr. Let 7 = devgradg for some ¢ € D(2)®V C
H(div). Apply to get

2
divtr = 3 grad div ¢,
which implies curldiv T7 = 0. Also, since
1 .
sym curl 7 = sym curl 3 (div g)i,

all terms in the norm ||7|| 5 o can be bounded by the H~'-norms of the first order of deriva-
tives of divg and ¢, so using (18), ||[7]lz . < llgll#aiv) and the continuity follows by density.

cdT 7Y
Continuity of symcurl 7 : He.q — Hgq. This is a bounded operator since o = sym curl 77

forany 7 € D(2)@ T C H 4 satisfies, due to (130)),

1
dive = 3 curldiv T,

which in turn implies divdiveo = 0. Thus [lof|z. S [I7l7.,-
Continuity of div : Haq — ﬁX/lp(diV)- First note that for any o € D(£2) ® S C Haa and
r=a+bxxeND,abeV,

(dive,r) = —(o,gradr) =0
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because o : gradr = 0;;0;[b X z]; = 6ijpcrijbp vanishes due to the symmetry o;; = ;. Thus
divo is in H)/p(div). Moreover, by the definition of the H g4q-norm

[divoll . + || divdively , < ||U||Hdd

The left hand side exactly equals || divo||% so the continuity follows by density.

1(div)

Continuity of grad : Log — H;z}r(eurl) Let u € D(£2) N Lag = Dg. By Lemma E Dr is
dense in Log. For any r = a+bx € RT, a € V,b € R, integrating by parts using the compact
support of u,

(gradu,r) = —(u,divr) = =3(u,b) =0

since u has zero mean value on 2. Hence grad u is in H =-(curl), so by Lemma grad Log C
V) =y (curl). The needed boundedness estimate is immediate from (18).

Continuity of curl : ﬁﬁ}r(curl) — ﬁlelp(div). By Lemma , Dr7 is dense in ﬁlﬁ#(cuﬂ).
Let v € Dry. Then, given any r = a + b x x € N'D with some a,b € V,

(curlv,r) = (v, curlr) = 2(v,b) =0

since v is orthogonal to RT. Hence curlv is in H vp(div). Combined with the obvious norm
bound, the continuity follows from density.
Continuity of div : H \'p(div) — H;ll Let g € Dyp. Then, for any p € Py,

(divg,p) = —(¢,gradp) =0

since grad p is in N'D and ¢ is orthogonal to N'D. Therefore div ¢ is in 5. In view of the

obvious norm bound, the density of Dyp in ﬁxflp(div) (given by Lemma [2.2) finishes the
proof. O

Theorem 2.4. All paths in the diagram (25) are 2-complezes.

Proof. Consider paths of the following form:

._A,. ° o—>eo——e
hic., S i

If the first path above is a 2-complex, then by the commutativity properties of Theorem [2.3]
the second and third are also 2-complexes. Proving that the first path is a 2-complex, i.e.,
showing that C'o Bo A =0 for all such A, B, C' in , is (tedious but) elementary using the
identities of . and Lemma [2.1] . For example Wlth A = grad : H(grad) — H(curl), B =
def : H(curl) — HCC, and C' = curl H. — Hcd, we have CoBoA = curlol 5(grad + 7 grad) o

grad = 3 Lcurlo T grad o grad = 3 Lcurlo T grad o grad = 5 Tgradocurlo grad = 0, where we
have used the identity of Lemma . Similarly, it is elementary to see that BoHoG = 0
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in paths taken from of the form in the first diagram below,
G

o —>

H
B

Q< @<« @
o< @
Q< @< @

@ «— 0

so by commutativity, all paths of the three types shown above are also 2-complexes. These
types of paths exhaust all possibilities. O

Next, we consider the fundamental second-order differential operators inherent in : the
incompatibility operator defined in , the hessian operator hess := def o grad, grad o div,
curlodiv and div odiv. These appear along the diagonals of the following diagram:

° grad ° 1 s di
H(grad) ——— H(curl) —=— H(div) ——— LsR
N[ = \1
@ — &2 -
Q S, o %y & {’QO'Q,, C;‘q
% S @ o < N ’5
3 o
def 77 1 77
H (curl) £ > Ho. Cur » Hg ———— Hp
w
- E
a &
g g q g (37)
- = =
_{
4 L 4 4
° = dev grad < sym curl <
. 2 Yy
A (div) 225 F. Haa
o %‘ & &
= 4 < =
e %grad P v %curl &71\( . div \:1
Log Fh (curl) 225 B (div) — 9 775!

The second-order operators below the diagonal are not shown as they are mirrored by those
shown above the diagonal. Note that each indicated second-order operator is a composition
of adjacent first-order operators at the top and right, or by commutativity, the adjacent left
and bottom operators. We can now read off less regular versions of , @, and @ from
the diagram , as stated next.

Corollary 2.5. The following paths in are complexes:
(1) The hessian complex:

o

H(grad)
(38)
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(2) The elasticity complez:

el

H(curl) —3L

cc

(3) The divdiv complex:

° % dev grad < sym curl =

H(div) =2 Hoqr —2 5 Hag

%‘ (40)

Proof. These statements follow from the 2-complex properties of Theorem and elemen-
tary manipulations with first-order differential operators. For instance, to prove the last,

sym curl o dev grad w = — % sym curl(tr(grad w)i) = —3 sym mskw grad(tr(grad w)) = 0, where
we have used (26b)); and of course, div div o sym curl must vanish due to the 2-complex prop-
erty of Theorem [2.4] O

3. REGULAR DECOMPOSITIONS, DENSITY, AND CONTINUOUS RIGHT INVERSES

Right inverses of exterior derivatives that are continuous in appropriate Sobolev norms
were given in [16], inspired by the classical work of [10]. In this section, we leverage their
results to show regular decompositions of some Sobolev spaces of matrix fields, prove density
of smooth functions in them, and construct right inverses of the differential operators in .

The right inverses of the derivative operators in that act on or produce matrix fields
are the subscripted D and R operators labeling the diagonally upward arrows and rightward
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arrows in the following diagram:

° grad o
H(grad) ———— H(curl)

| [INo wiAs

S

o
o

~

% grad

Lop ———
Ry

Hp

The downward arrows in can also be provided with corresponding upward right inverses.
They are not marked to reduce clutter and because the same information is contained in
the horizontal arrows back and forth. Below, we detail the construction of each new right
inverse operator. Note that some of the D and R operators map from and into subspaces of
the respective domains and codomains indicated in . The codomain subspaces consist of
(more) reqular functions. The domain subspaces are kernels of one of the (multiple) operators
acting on the space. These subspaces are given precisely in the case by case results below (and

summarized in Theorem |3.21)). Throughout, we denote the null space of a linear operator
A: X =Y by

ker(A: X).

Note, e.g., ker(curl : H(curl)) is different from ker(curl : Ho.) = {g € H, : curl g = 0}.

Regular decompositions for standard Sobolev spaces based on the exterior derivative can
be inferred from the results of [16]. In this section, we also show how to combine their results
with our previous results to produce regular decompositions for the following new spaces of
matrix fields:

H.. = {g € H'®S: curlg € ﬁ[‘l®V,incg € ﬁ_1®8},
Hy = {r € H'eT:divr € ﬁ]‘l®V,symcurlT € ﬁ_1®8,curldiv7' cH! ® V},
Hyq = {oc € H'®S:dive e H'®V,divdive € ﬁfl}.

They are normed, respectively, by |||z, [I-[lz_, -[|z,,, the norms defined in ([23). Obviously,
the spaces defined in are subspaces of these spaces, i.e.,

ﬁ]cc g f{cc, ﬁcd g f{cda ﬁdd g ﬁdd' (42>
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The theorems in this section (Theorems , and improve these inclusions to equal-
ities, thus also proving the density of their respective subspaces of compactly supported
smooth functions.

Our results are under the additional assumptions on (2 that it is simply connected and
that its boundary is connected. Then the topology of {2 is trivial. Covering {2 by subdomains
starlike with respect to a ball and using regularized Bogovskﬁ operators in each subdomain,
[16, Theorem 4.9] proves that there exist continuous linear operators

T,: H*@V - H*'  T.:.H°oV—- B eV, Ty H — B (43a)
satisfying

grad(T,v) = v for all v € H* ® V with curlv = 0, (43b)

curl(Teq) = ¢ for all ¢ € H* @ V with divg =0, (43c)

div(Tyqu) = u for all u € H* with u(1) = 0, (43d)

for any real number s, where H* is the subspace of distributions on R? defined in . The
last condition in (43d)) is a zero mean condition on u given through a functional action that
makes sense even for negative s. For s > 0, it can be expressed using the Ly inner product
as (u,1) =0.

It is standard to use to produce regular decompositions of H (curl) and H (div). Indeed,
any u € H (curl) can be decomposed into

u=S89uy+grad SWu, with SO u=T,curlu, SV u= Ty(u — T curl ), (44)

as can be immediately verified using and . By the continuity properties of T, and
T., the operators S : H(curl) » H' @ V and S : H(curl) — H' are continuous. Since
S and S8 u have H Lregularity (higher than what may be expected of u), this is referred
to as a “regular decomposition” of H (curl). The process of arriving at this decomposition
can be viewed as first generating a zero curl function u — T curlu and then moving left
of H (curl) in the diagram to create a potential in H* using the operator T,. For the
matrix-valued function spaces in the middle of , the process is similar, but we have more
options to move, such as up, left, or diagonally, and our regular decompositions that follow
have multiple potentials.

3.1. Regular decomposition of H «c. We start with a result that can also be found in [2,
Theorem 2| as a special case of existence of regular potential. Here we provide an explicit
construction (see also [11]).

Lemma 3.1. There is a linear map D.. : ker(div : B ® S) — H**2®'S such that

o = inc Do, ||Dcc0| Frs+2 S ||U||ﬁ8'

for any s € R.
Proof. Let o € H*®S and dive = 0. Applying T, to row vectors of o, whose components are

all distributions in R® supported on {2 per (17), we find from (43d) that thereisan € HetlgM
such that the identity

o = curln
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holds in R3. Also, since ¢ is symmetric,
1 .
skwo =0 = skwcurln = 5 mskw div .Sn

by (26d). Hence Sn € H**' ® M has vanishing divergence in all R3 (and obviously Sn
is supported on §2). Applying T row-wise to Sn, we conclude from (43c|) that there is a
v € H*"? @ M such that
Sn = curly.
Set g = sym~ in H2 ® S. Then
o = curln = curl S~ curly

= curl S~ ! curl(skw y + g) = incyg

where the last equality is due to (26€)) and (26f). By the continuity of 7T, the linear map
o — g we just constructed is continuous and is the needed map D.. 0

Lemma 3.2. There is a linear map Ry, : ker(inc : H..) — H' @V such that for any
g € ker(inc : He.),

curl def Ryzg = curl g, | Reggllr S |l curlgllg.

Proof. Given any g € ker(inc : f[cc), since inc g = curl(T curl g) = 0, applying 7T, to each row
vector of Tcurlg in H~! ® V and using (43b)), we obtain a q € Ly(R?) ® V satisfying

Tcurlg = grad q
on all R®. Moreover, by (26f), curl g has zero trace, so
0 = tr(Tcurl g) = tr(grad q) = divg.
Hence u = %ch is in H' ® V and satisfies q= %curlu. Therefore, using ,

1
curlg = Tgradq = 3 T grad curl u = curl def w.

Denoting the linear map g — u by Rgg, the proof is now completed using the continuity of
T, and Tt. O

Lemma 3.3. There is a linear map D, : ker(curl : B ® S) — H5+2 such that

g =hess Dy, g, | Dgg gl fere S llg]

forany s €R and g € H* with vanishing curl.

Proof. Let g € H* have zero curl. Then applying T, to the row vectors of g and using (43b)),
we obtain a u € H*H' @ V, supported on 2, such that the identity

g=gradu

holds on all R3. Applying sym to both sides, g = def u. A further application of curl on both
sides yields

1
0 = curlg = curldef u = 3 T grad curl u,

by , i.e., all first order derivatives of curlu vanish. Hence there must exist a constant
vector b € V such that curlu = b holds on all R®. But u is supported on {2, so b must be the
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zero vector. Now that we have shown curlu = 0, putting w = T,u and using (43b]), we find
that w € H*"? satisfies grad w = u and

hess(w) = def(grad w) = def(u) = g.
The linear map g — w we just constructed is the needed operator Dyg. 0
Theorem 3.4. There exist three continuous linear operators

.SOY((;S):]:ICC—>I-OI1®S, gc(i):]:[m%]j]l@V, gég):jf]cc%]-ifl,

such that any g € H, can be decomposed into

g =S89 g+ def S g+ hess S? g. (45)
Consequently, ffcc = ce-
Proof. Put S g := D..incg. By Lemma ,

inc(g — S g) = 0.

Consequently, by Lemma S Rgg(g SL0 g) is in H' @V satisfies
curl (g — SO g — def SV g) =0. (46)

Applying Lemma E with s = —1, we find that S g = Dyg(g — SL0 g — def Sty g) satisfies
— 5'(0) g — def So'(l) g = hess Sg) qg,

and has the required contmulty property, thus completing the proof of [45]
To prove that HCC — I e, IN v1ew of (42), it suffices to prove that any g € HCC, decomposed

as above into g = S g+ def % g—i—hess SC(C g, is in He.. By the density of D(S2) in Hl(Q),
there are g,, € D(2) ® S, u,, € D(2) ® V, and w,, € D({2) such that

lgm = S gl =0, Nlum = S gl =0, Jwn — S gllm — 0,

as m — co. Hence, by (L18)), g, +def w,, +hess w,, € D(£2)®S converges to g in ||-||z_-norm,
proving that g € b2} ce- 0

3.2. Regular decomposition of ﬁdd.

Lemma 3.5. There is a linear map Dyq : ﬁ[%l — H*2® S such that for any s € R and
w e ﬁ]%l,

div div Dgqw = w, || Daqw|| (47)
Proof. Let w € Dp,. Since (w,1) =0, by (43d)), ¢ = Tqw satisfies
divg=w,  |lallge S llwllg-

Since ¢ is supported on {2, we may integrate by parts to see that 0 = (w, p;) = (divg,p1) =
—(q, grad py) for any p; € P;. Thus all components of ¢ have zero mean on (2. Applying (43d)
again, we then obtain a 7 € H*T2®M such that divT = ¢. Let v = vskw 7. Then divskw 7 =
divmskw u = — curlu by (26al). Collecting these observations, and putting o = sym 7,

w = divg = divdiv 7 = divdiv(sym 7 + skw 7)

=divdivo — divcurlu = divdivo.
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Denote the linear map w — o we just constructed by Dgyqw. By the continuity of Ty, we see
that Dgq satisfies the norm estimate in for all w € Dp,. Hence by the density result of
Lemma [2.2) Dgyq has a unique continuous extension, which is the required map. 0

Lemma 3.6. There is a linear map RCC . ker(divdiv : ]:Idd) 5 H! ® T such that for all
o € ker(divdiv : Haq),

divsym curl Reco = div o, |Reco || < || divor||gi-

Proof. Consider a o € Hgyq with divdive = 0. Then, since divo € H-'®V has vanishing
divergence, u = T, divo is in Ly ® V and satisfies curlu = diveo by (43c). Next, we claim
that (u,b) = 0 for any b € V. To see this, first note that the distribution div o satisfies

(divo)(b x z) = o(grad(b x z)) = o(mskw b) =0
due to the symmetry of 0. Relating to u,
0= (divo)(bx z) = (curlu)(b x x) = (u,curl(b x x)) = 2(u, b).
Hence we may apply Ty to each component of %u and use to get a 7 € H' ® M such
that divr = %u, which implies

1 1
dive = curlu = 5 curldivr = 5 curldivdev 7 = divsym curl T dev 7.

Here we have used and the fact that curl div vanishes on matrix fields that are scalar
multiples of the identity. Denoting the map o — Tdev T by R, the continuity of T, and Ty
finishes the proof. OJ

Theorem 3.7. There exist three continuous linear operators
§§?:ﬁdd—>ﬁ[1®s, é'éii):f]dd—)ﬁl®'l', S’é?:]f[ddéfoﬂ@&
such that any o € Hgyq can be decomposed into
o= S’ég) 0 + sym curl 50'((1}1) o + inc So'é? o. (48)
Consequently, H'dd — I dd-

Proof. Let o € ]:]dd and S‘Cﬁ) 0 := Dgqdivdiv o. Note that divdive is in ﬁ];ll, the domain of
Dyq, because the hessian of p is zero for any p € P; and

(divdivo)(p) = o(hessp) = 0.
By Lemma [3.5
divdiv(c — éc(lg) o) =0.
Next, set 50’(%) 0:= Re.(0 — §§? o) in H' @ T. By Lemma
div (0 = g((ig) o — sym curl 50’((13) a) =0.
By Lemma , setting So'é? 0= De.(0 — S‘fl‘jf o — sym curl 5’6(1? o), we find that
o— 5’((1?1) o — sym curl gc(lfi) 0 =inc S'C%) o,

thus completing the proof of .
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To conclude, it suffices to prove that ffdd C H a4, due to . Decompose any o € Ffdd
into 0 = Ség)a + sym curl SC%)O' + inc SC%) o. By the density of D(£2) in H', there are
om €ED(2)®S, 1, € D(2)® T, and g,,, € D(£2) ® S such that

lowm = Sid ollm = 0. I = S ol = 0. llgm — S5 ollin — 0.

as m — oo. Hence, by (8), o,y + symecurl7, +incg, € D(£2) ® S converges to o in
| - [I7,, norm, thus proving that o € Haq. ]

3.3. Regular decomposition of He. Next, we turn to constructing a regular decomposi-
tion of H.y. (The case of Hear obviously follows from that of H «d-) Unlike the three-term
decompositions of H e and H ad cases, now we are only able to construct a decomposition
with four terms. We begin with a preparatory lemma.

Lemma 3.8. Let K = ker(curldiv : Heq). There are linear maps Ry : K — o' ® S,
ﬁgc 'K — HY ®V, and Ugc K — H! ®V, such that any T € ]:ch with curldivrT = 0 can be
decomposed into

T = curl ]%gCT + curl def Ugc T + T dev grad ﬁgc T (49)

and the following continuity bound holds:
”}?gcTHH1 + | DgcTHHl + | UgcT“Hl Nl

ﬁcd. (50>
If in addition, T is in Lo ® T, then Ugc can be taken to be zero provided 15 replaced by

[ ReeT |l S 171172 [ Dee 7l S M7 s + 171171,

cd’
Proof. Given any T € H.q with curldivr = 0, put w = T, div 7. Then by (43b)),
gradw = div T, |lwlle, S|Idivr|g-.. (51)

Since tr(T7) = 0, we know that ST7 =7, so

1 1 1 1 .
skwcurl 77 = 3 mskw div.ST7 = ) mskw div 7T = 3 mskw grad w = ~5 curl(wi),  (52)

where we have used (26dl) and (26al).
Let ¢ = symcurl T7. By the identity of Lemma dive = curldivr = 0, so

applying Lemma m, g = Rgo isin H' ® S and satisfies
o—incg, gl S llsymeurl Tl (53)
Combined with , we have the twin identities

sym curl T 7 = curl T curl g,
1 .
skwcurl 77 = ~3 curl(wi).

Adding these equations, we find that curl(t7 — Tcurlg + %wi) = 0. Hence, applying 7, to
each of the row vectors of T7 — Tcurl g + %wi and using (43b]), we obtain a ¢ € Ly ® V such
that

1 .
gradg =717 — Tcurlg + Swih (54a)
lallz, < [l7 = curlg + wl[ g+ (54b)
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In fact, ¢l is in ﬁ[(div). To see this, take traces on both sides of (54a)). Recall that tr7 = 0.
Also, tr(curlg) = 0 by . Hence we conclude that %w = div g, an identity that holds
in all R® with ¢ and w supported only on §2. Since w € Lo, this in particular shows that
qlo € H(div), and the estimate

(55)

||Q||H (div) ~ ||T

follows from the estimates of -, , and ( @

Taking the deviatoric part of both sides of (b4al) and noting that 7 = dev 7, we obtain a
preliminary two-term decomposition of 7,

T = curl g + T dev grad q. (56)

However, here ¢ is not in H'® V, in general. To improve this to the needed result, we use
r = Ty div ¢, which has the same divergence as ¢, but is in H' ® V:

divr =divg,  |Irlla S Idivelle, S lI7la,,,

by (55). Since div(q —r) = 0, putting u = %Tc(q —7r)in H' @V, by (43d]),

écurlu:q—% lullm < llg
Hence

1
dev grad ¢ = dev grad r + 5 dev grad curl u = dev grad r + curl def w.

Substituting this into and setting RgCT =g, DgCT = r, and Ugc T = u, we see that
and follow.

To prove the remaining statement, suppose 7 € Lo ® TN H.q. Then, due to the higher
regularity of 7, observe that ¢ in (b4al) is in H' ® V and in place of (54b]), we have

lgllen S ll7 = curlg +wliz, S lI7llz, + llgllar + lwlc,.

which can be used in place of . There is no longer a need to produce the r above, and
we may set Dgc T=gq€¢€ H' ®@V. The decomposition . ) then concludes the proof. 0

Lemma 3.9. There is a linear map Deq : ker(div : Hf\/D(div)) — HP2 @ T such that

curldiv Deqv = v, | Deav || grase S 1|0 e

or any s € R and v in 3, (div) with zero divergence.
J Y ND q

Proof. Since divv = 0, by (43d)), v = T.v is in H* ® V and satisfies curlu = v in all R3. For
any constant vector b € V, the action of the distribution u on b satisfies

2u(b) = u(curl(b x x)) = (curlu)(b x ) =v(bx z) =0

since v(r) = 0 for any r € N'D. Hence, applying Ty to each component of v and using (43d]),
we obtain a 7 € H**? ® M such that divr = u, i.e.,

v = curldiv T = curldivdev T,

since curl div(%(tr 7)i) = 0. Denoting the map v — dev T by D.q, the proof is finished by the
continuity of T, and Tjy. O
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Theorem 3.10. There exist four continuous linear operators
§O fy o HeT, §0 . flu— Mes, 8§89 fuo eV, &9 - MoV,
such that any T € He.q can be decomposed into

T = 5‘53) 7 + curl S”C(Cll) T + T dev grad 5”6((21) 7 + curl def So’c(i) T. (57)
It then follows that f[cd = ﬁ[cd.

Proof. Let 7 € H.q and put ¢ = curldiv 7. Obviously divg = 0 and ¢ € H ~1(div). Moreover,
for any a,b € Vand r =a+ b x x € N'D, since curl r = 2b is constant, its gradient vanishes,
and

q(r) = (curldiv1)(r) = 7(grad curlr) = 0.

Thus ¢ is in ﬁlelp(div) and we apply D.q to it. Put S‘ég) T := D curldivr. By Lemma
with s = —1, we find that §ég) r€e H'® T and

curldiv(r — 5’*@ T) = 0.

C

Hence we may apply Lemma [3.8] to get
T — So'ég) 7 = (curl Ry + curl def Uy, + 7 dev grad Dy ) (T — §§g) ).

The decomposition (57)) now follows after setting gc(é) T = Rye(r — So'c(g) T), So’c(i) T = Dye(T —
gc(g) 7) and géi) T= UgC(T — gc(g) T).

To prove that Hq = H od, let 7 € Heq be decomposed as in (57). By the density of D({2)
in H*, there are 7, € D(2) T, g € D(2) @S, ¢ € D(2) ®V, and u,, € D(2) ®V, such
that

17 = S Tl =0, Nlgm = S 7l =0, Nlgm — S 7l =0, |t — S 7]l — 0,

asm—>oo.By,

|7in, + curl g, + T dev grad ¢, + curldef u,, — 7|z
5 (1 82
= 7 = Ty + [l curl(gm — S 7)1z, + || 7 dev grad(gm — 55 )|l
+ || curl def (un, — S 7|11, — 0,

which converges to zero as m — oo in view of . Thus ﬁcd - H «a and the proof is
complete due to (42]). O

In yiew of these results, we shall no longer distinguish between ﬁcc and H e fldd and H ads
nor H.g and H.

3.4. Continuous right inverses. Let us now complete the discussion of . Several right
inverse operators in (41)) were already given in previous lemmas. The right inverses in the
top row of are the same operators as in f. For example, T, is a right inverse
of curl : H(curl) — H(div) in the sense that 7, : ker(div : H(div)) — H(curl) is continuous
and curl o7, equals the identity on ker(div : H(div)), which is just a restatement of
with s = 0. After construction of the remaining needed right inverses, Theorem below
gathers everything together.
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Lemma 3.11. There are linear maps Rgc : ker(div : ﬁcd) 5 Ly®S C H,. and Dgc s ker(div :
He) = H' @V C H(curl) such that for all 7 € ker(div : Hey),

7= curl(Ryer +def Dye7), || RyeT ||y + || Dge 7l S M7l

Proof. Applying T, to the divergence-free row vectors of 7, we find a v € Ly ® M satisfying
curly = 7 per (43c)). Put g = sym~ and v = vskw . Then, by (26€]),

7 = curl(sym~y 4 skw~) = curl g — curl mskw v
=curlg — Sgradv
= curlg — T grad v + (div v)i.

Since Hq consists of trace-free matrix fields and since trace of curl g vanishes by ([261)), taking
the trace of the above expression, we find that

0=tr7 =2divw.
Therefore, by , u= —%TCU cH'® V, satisfies v = —% curlu, so
T =curlg+ % T grad curl u
= curl(g + def u)
by of Lemma . The linear maps 7 +— g and 7 — u are the needed ]:ch and [?gc. 0J

Lemma 3.12. There is a linear map Ry : ker(div : ﬁcd) - L, ®S C ﬁ[ce such that for all
7 € ker(div : Hey),

7 = curl R, [ ReeT ||, S 17171
Proof. Using the operators of Lemma , define Re.7 = RgCT + def Dgc 7. Then the result
follows immediately from Lemmas and (18)). O

Lemma 3.13. There is a linear map Dy, : ker(div : ﬁcd) Nker(symcurl T : ﬁcd) S H'@VC
H(curl) such that for all T € Heq with divr = 0 and symcurl T7 = 0,

7 =curldef D7, || Dge 7l S 17751

Proof. Given any 7 € Heq with div 7 = 0, by Lemma 3.11] 7 = curl(Rger + def Dye 7). When
sym curl T 7 also vanishes, this implies that

0 = sym curl 77 = sym curl T curl(Rye7 + def Dy 7) = inc(RyeT).
Applying Lemma with g = Rgcr, curl def Rggg = curl g, which in turn implies that
7 = curl(Ry7 + def Dy 7) = curl def( Ry RyeT + Dye 7).
Hence the result follows by setting Dy, = E’ggﬁ’gc + Dgc. O

Lemma 3.14. There is a linear map Dgq : ker(curl : ﬁI;le(curl)) — H'®V such that for all
v € ker(curl : H =y(curl))

1 .
v=3 grad div Dgqv, | Dgav|| gt S v -1 (58)
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Proof. Let v € ﬁ;r(curl) have zero curl. Then w = T,v is in Ly(R*) ® V, supported on 2,
and satisfies v = gradw in all R® due to (#3b]). Since v(r) = 0 for all r € RT, choosing

r = bx for any constant b,
0 = (gradw)(r) = (w,divr) = 3(w,b).
Hence we may apply Ty to each component of w and use (43d)) to get a ¢ € H'®V satisfying
w = % grad divg. The linear map v = w is the required Dgq. 0
Lemma 3.15. There is a linear map Ry, : ker(inc : ﬁcc) — ]fl(curl) such that for any
g € ker(inc : Hy,),
def Rgeg = g, HRgggHH(curl) S ”g”ﬁm-

Proof. By Lemma , U= ]%ggg satisfies curl(g — def u) = 0. Hence applying T, to each row
vector of g — def u, we obtain a v € Ly ® V such that ¢ — def u = grad v. The symmetry of
the left hand side implies that

1
0 = skw(g — def u) = skw grad v = 5 mskw curl v

by (26d). Hence curlv = 0 on all R3, so the vector field v|g is in H (curl). We have thus
shown that g = def(u + v). Letting the map g — u + v be denoted by R, the norm bound
follows from the continuity of 7, and Rg,. OJ

Lemma 3.16. There is a linear map Rgq : ﬁ]ﬁ%—(curl) — Ly ® T C Heg such that for all
v E ﬁ[;r(curl),
v=divByr,  IRgavlles S ol (59)

Proof. Let v € Dry. Since every component v; of v has zero mean on (2, we may apply T}
to each and use to get a 7 € Ly(R?) ® M, supported on (2, satisfying v = div 7 on all
R3, which in particular, implies that 7 is in H (div). Hence we may integrate by parts to
conclude that

(r,gradr) = (divr,7) = (v,7) =0

for all » € RT. Choosing r = bz for any b € R and noting that grad(bz) = bi, we find that
(1,1) = 0. Hence t = tr(7) € Ly satisfies

0= (r,i) = (dev i) + %(ti, i) = (£,1).
Now, by , q = Tyt satisfies divg = t, so
v=divr =divdev T + %div(tr 7)i=divdev T+ %grad(t)
= div(dev 1) 4+ % grad(div q)
= div(dev ) 4+ % div(T dev grad q)
by of Lemm. Denoting the linear maps v + dev 7 + %Tdev grad ¢ by Rgq, the
©9)

norm estimate in follows for v € Dr7. The proof is now finished by the density result
of Lemma 2.2 O
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Lemma 3.17. There is a linear map Ryt : ker(sym curl : ﬁ[cdr) — Po[(div) such that for all
7 € ker(symcurl : Heqr),

1
5 dev grad Ry = T, | Reer 7 || zraivy S 17115, -

Proof. Let 7 € ker(symcurl : Hegr). Then curldivT7 = divsymcurl7 = 0, so by (43b)),
w = Ty div(T7) in Ly(R?), supported on (2, satisfies grad w = div 7 7.
Next, recalling that tr 7 = 0, note that
2 skw curl 7 = mskw div St by (26d))

= mskw div T 7 = mskw grad w
= — curl(wi), by (26D)).

Hence curl7 = symcurlt + skwcurlT = —% curl(wi). Applying T, to each row vector of
7+ swi, ([43Db) we obtain a ¢ € L, ® V satisfying

1 . 1
T+ Jui=3 grad q. (60)

In particular, applying the tr-operator to both sides of , we see that the identity 3w =
divg holds on all R?, so ¢ € H (div). Furthermore, applying dev-operator to both sides
of , we conclude that 7 = dev 7T = devgrad q. The map 7 — ¢ is the required operator
R, and its stated norm bound follows from the continuity of 7. O

Lemma 3.18. There is a linear map R : ker(divdiv : ﬁ[dd) — Lo ® T such that for all
o € ker(divdiv : Haq),

symcurl Re.o0 = o, [Reco |z, S lloll g

Proof. By Lemma o — sym curl R0 has vanishing divergence. Applying 7 to its rows
and using (43d]), we obtain a p € Ly ® M such that ¢ — sym curl R..oc = curl p. Hence

~ 1 .
o = sym curl R..o + curl(dev p + 3 tr(p)i)

~ 1
= sym curl R..o + curl(dev p) — 3 mskw grad tr(p)

by (26b)). Applying sym-operator to both sides, o = sym curl(ficca + dev p). The linear map
0 +— R..0 + dev p is the required map R... O
gemma 3.19. There is a linear map Req : ]'-Q[X}D(div) — Ly ® S such that for all q in
H \/p(div),

q= div Rcha HRCdQHLQ S HqHﬁxle(dIV) (61>
Proof. Let ¢ € Dyp. Since every component of ¢ has zero mean, by (43d)), there exists a
v € Ly(R?) @ M, supported on 2, such that divy = ¢. In particular, this implies that each
row vector of |q is in H(div). Hence, integration by parts shows that for any b € V,

(¢,bx x) = (divy,b x z) = — (v, grad(b x x)) = —(y, mskw b).

Since (q,b x ) = 0 for all ¢ € Dpp, all terms above vanish, so 0 = (y,mskwb) =
(mskw u, mskw b) with u = vskw v, or equivalently, (u,b) = 0. Therefore, applying (43d)
to each component of u € Ly, ® V, we obtain a 7 € H' ® M such that divr = —2u.
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Collecting these observations, and putting ¢ = sym+y,
q = divy = div(sym v + mskw u)
=divo — curlu by (26a)),

1
=divo + 3 curldiv 7

1
=divo + 5 curldivdev 7
= div(o 4 sym curl T dev 1) by (B0).
Set R.qq = o +symcurl Tdev 7. Then by the continuity of Ty in (43dJ), the norm estimate in
follows for any ¢ € Dyp. The proof is finished using the density result of Lemma . O
Lemma 3.20. There are continuous linear maps R, : ker(curl : ﬁ%lT(curl)) — Log, R :
ker(div : Hyfp(div)) — (La ® V) N Hgl(curl), and Ry : Hp! — (Lo ® V) N Hyly(div), such
that for any v € ﬁ]ﬁ%—(cuﬂ) with curlv =0, q € ﬁ;ﬁlj(div) with divg =0, and w € ﬁ;ll, we
have
1 1 .
3 grad R,v = v, 3 curl R.q = q, div Rqw = w,
IR0l Sllollg-r Beqll, S lallg-s  1Rawllz, S llwllg--
Proof. Let us construct the last operator first. The functional action of any w € H 7_911 on
constant functions vanish, so we use (43d)) to conclude that Tqw € Lo ® V satisfies div Tyw =

w.
We proceed to correct Ty to obtain orthogonality to N'D. Let u € H (curl) satisfy

(curlu, curlv) = (Tyw, curlv), divu =0,
for all v € H(curl), a constrained formulation that is well known to be uniquely solvable [31].
The first equation above implies that
[ eurlul[z, < |[Tawl[L, S [lwllg-1, (62)
curl curl w = curl Tqw. (63)
Put Rqw := Tqw — curlu € Ly ® V. It satisfies
curl Rqgw = 0, div Rqw = w, (Rqw,r) =0

for all € N'D. Indeed, the first equation follows from (63)) and the second from div Tyw = w.
To see the third, first note that since the functional action of w on any p; € P; vanish,

0 =w(py) = (divTqw)(p1) = (Thw, grad py),
so (Tqw,a) = 0 for any a € V. Combined with (curlu, a) = (u, curla) = 0, we have (Rqw, a) =
0. Moreover, since curl(bx - x) = —2b x x for any b € V, we have
0 = (curl Rqw)(bx - x) = (Rqw, curl(bx - x)) = (Rqw, —2b x x),

so Rqw is Lsg-orthogonal to a + b x x for any a,b € V. By the continuity of Ty and , we
also obtain the norm bound ||Rqw||., < ||w|g-1-

The construction of R, is similar: set R.q := 2(T.q — gradw) where w € H' solves
(grad w, grad z) = (T.q, grad z) for all z € H!. Clearly, %curl R.q = q. Also, for any a € V,
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since the action of ¢ on any N'D-function vanishes, 0 = g(axz) = (curl Toq)(axz) = (T.q, 2a),
0 (Rcq,a) = 0. Moreover, for any b € R,

1 1
(Req,a +bx) = (Req,bx) = §(ch, grad(br - x)) = §(div Req)(blz]?)

which must vanish since div R.q = 0 by construction, so R.q is Lo-orthogonal to RT.
Finally, simply setting R, = 37Ty, it is easy to verify the stated properties of R,. U

Theorem 3.21. Fach R and D operator in 1s a continuous right inverse of the differ-
ential operator marked above it.

Proof. The result is proved by prior lemmas, as seen by the following pointers, which consider
the operators, row by row, from left to right, but omitting the obvious ones in the first row
and any obvious symmetrically opposite ones.

e D,, : ker(curl : H ) = H! is a continuous right inverse of hess : H (grad) — H,. by
Lemma applied with s = —1.

o D, : ker(div : H.q) Nker(symeurl T : Hoq) = H* @V C H(curl) is a continuous right
inverse of curl def : H (curl) — H «d by Lemma

) ng ker(curl ﬁ]ﬁT(curl)) — H'o@V c H (div) is a continuous right inverse of
5 grad div : H (dlv) —~H RT(CUI“]) by Lemma ) N

e R,, : ker(inc : ) — H(curl) is a continuous r1ght inverse of def : H(curl) = H.

by Lemma [3.15]
o Ry :ker(div: Heq) = Lo ®S C H, is a continuous right inverse of curl : Hoe — Heg

by Lemma |3.12

o Ry : ﬁ[ﬁlr(curl) — Ly, ®T C He is a continuous right inverse of div : Ho —
H =y (curl) by Lemma .

° RgcT : ker(sym curl : Hegr) — H (div) is a continuous right inverse of %dev grad :
H(div) — Hegr by Lemma m

e D : ker(div : H ad) — H'® S is a continuous right inverse of inc : He — Hag by
Lemma applied with s = —1.

o Dcd ker(div H vp(div)) — H'@T C Hyq is a continuous right inverse of s curldiv :
Heoq — HN-D(dIV) by Lemma apphed with s = —1.

o R ker(dlv div : H ad) = Lo ® T C H.q: is a continuous right inverse of sym curl :
H cdT — H ada by Lemma .

o R : ﬁlelp(div) 5 Ly®S C Hyy is a continuous right inverse of div : Hoy —
H A (div) by Lemma .

o Dyg: H 7;11 S H'®@SC ad is a continuous right inverse of div div : H ad — H 7;11 by
Lemma apphed with s = —1.

o R, ker(curl HRT(Curl)) — Lo R; R, : ker(div : HND(d1V>) (La®V)N ﬁ]ﬁ%—(cuﬂ)
and Ry : H 7 (La®@V)N H ~vp(div), are continuous right inverses of 1 grad :
Lygr — ﬁ[ﬁ%—(cuﬂ), s curl : ﬁf%%—(curl) o HND(d1V>, and div : HN—D(dIV) — lel,
respectively, by Lemma [3.20]

]

Corollary 3.22. The range of every differential operator in 15 closed.
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Proof. This is an immediate consequence of the existence of continuous right inverses for each
differential operator in , as we have shown.

For example, consider the operator curl def . Clearly its range is contained in both ker(div :
H ca) and ker(sym curl T : H cd). But Lemma shows that the intersection of these kernels
is also contained in the range of curl def, so

range(curl def) = ker(div : Hoq) Nker(symcurl T : Heg).

By the continuity of the differential operators proved in Theorem [2.3 both the above kernels
are closed, and so is their intersection. Hence the range of curldef is closed.
The proofs for the remaining operators are similar and simpler. O

Corollary 3.23. The hessian complex , the elasticity complex , and the div-div
complex are exact complexes.

Proof. To prove that the hessian complex is exact it suffices to prove that range(hess) D
ker(curl : He.), range(curl) D ker(div : Hq), and range(div) D ﬁ%—(curl) (since the reverse
inclusions are clear from Corollary [2.5). But these are now obvious by the existence of
continuous right inverses Dygg, Ry, and Rgq given by Lemmas 3.3} and [3.14] respectively.
Similarly, the continuous right inverse operators Rgg, Dec, and Req, given by Lemmas[3.15,[3.1]
and [3.19] prove the exactness of the elasticity complex.
The exactness of the div div complex similarly follows from the continuous right inverse

operators of Rger, Rec and Dyq of Lemmas [3.17] and [3.5] O

4. SLIGHTLY MORE REGULAR SPACES OF MATRIX FIELDS

Consider the following shghtly more regular spaces of matrix fields, contained in the pre-
viously introduced spaces H e H «q and H dd:

Hee={g€Ly®S:incge H'®S}, (64)
Heg={r € Ly®T:curldivr € H ' @V}, (65)
Haqa ={o € Ly, ®S: divdive € ™'}, (66)
whose natural norms are defined respectively by
lgll%,. = llgllZ, + llinc gl .,
17115, = I7I1Z, + I curldiv 7|7,
lol = llol2, + | divdivoll}_,

Such spaces of matrix fields and their even smoother versions, have emerged in recent works |2,
20,,38].

Note that one possible way to increase the regularity of the prior spaces H ces H «d and H dd
is to uniformly replace g by H* with some s > —1 in (23) (and we expect the prior analysis
to go through with minimal changes for such modification). The new spaces of this section,
’flcc, ”fflcd, and ﬁdd, are not obtained this way. Instead, they are obtained by increasing the
regularity of the matrix-valued function to L, while maintaining the same H ~Lregularity
for its second-order derivative. We proceed to prove regular decompositions and density of
smooth functions for such spaces.
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Theorem 4.1 (Regular decomposition of ”ﬁ[cc). There exist continuous linear operators S
ﬁcc — H'®S, Sgg) : ﬁce — H'®V such that any g € ”ﬁtcc can be decomposed into

g=50g+def 8D g. (67)
Consequently,
He =D @ Hee. (68)

Proof. Since any g € He. in also in H cc, we apply the operators SO and S of Theorem
and follow along the lines of its proof to obtain , curl (g — S g — def SEu g) = 0. Setting

S g = Dgg(g — SO g — def Sty g) we apply Lemma , but this time with s = 0 since g is
now in L, ® S, to get that

SPgeH*®S,  g—SWg—defSY g=hessS?g.
Now @ follows setting S g= Sty g + grad S qg.

To prove , decompose g € H.. as above. By the density of D({2) in H! there are
gm € D(2) ® S and u,, € D(£2) ® V such that

lgm = S gl =0, lum — SL gllm — 0,
as m — oo. Hence, g, + defu,, € D(£2) ® S and
lg = (gm + defun) [ <Ilg = gmllZ, + linc(g = gn) 11 < lg = gmll7n

by . Since the last term converges to zero, we have proved that .. is contained in the
closure of D({2) ® S. The reverse inclusion is obvious. O

Theorem 4.2 (Regular decomposition of ﬁdd). There exist continuous linear operators S ff;) :
Hyg— H'®S and Séé) : Hag — H' @ T such that any o € Haq can be decomposed into

o= gé%) o + sym curl ‘S%é(li) o. (69)
Consequently,
Hoa = D(2) @S Faa, (70)

Proof. We proceed along the lines of the proof of Theorem [3.7], but now with the more regular
o in Hgq, to obtain that

div (U — So’(g%) o — sym curl 50'((13) a) =0,
with S’é? and 50'((111) as defined there. At this point, we apply Lemma now with s = 0,
setting gé? 0= D.(0 — 5’((1?1) o — sym curl ASOYC(IE) o), to find that
S@oeH*®S, o— 5'5%) o — sym curl g(%) o = inc gé? 0.

The result now follows setting Soc(é) o= S’((ild) o+ Tcurl géa) 0.

To conclude, let o € Haq and use the just proved decomposition to split it into
o= S’é?i) o + sym curl ‘So'c(iil) 0. By the density of D(£2) in H', there are 0,, € D(2) ® S and
Tm € D(£2) @ T such that

o — S o] — 0, 7 — S ol — 0,
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as m — oo. Hence, by (1§ . and . Om + symcurlt,, € D(£2) ® S converges to ¢ in
| - |lz,, norm, thus proving that o is contained in the closure of D(£2) ® S. Since the reverse
inclusion is obvious, . is proved. 0

Theorem 4.3 (Regular decomposition of ﬁcd). There exist three continuous linear operators
SO g H' T, SS9 - H ®S, 8P :Hy—H oV,
such that any T € ﬁcd can be decomposed into
T = gc(g) T + curl gc((li) 7 + T dev grad 50’53) T. (71)
Consequently,
Hoa=D@) @ T e, (72)

Proof. We follow along the lines of the proof of Theorem to find that given any 7 € ﬁcd,
using the same 5O . operator defined there, we have curl div(r — So’ég) 7) = 0. But now,
since the higher regularity of 7 implies that 7 — Ség) T isin Ly ® T, we may apply the two-
term decomposition of Lemma (taking Ugc there to be zero) instead of the three-term

decomposition to obtain

T — S(d 7 = (curl Ry + T dev grad D) (7 5‘3) T).

C

The decomposition (71)) now follows after setting Scd T = Ry (m — So’ég) 7), and SO'C(? T =
ﬁgC(T — 5’52) T).

To prove et 7 € H.q be decomposed as in . By the density of D({2) in H 1 there
are T, € D(Q) ®T gm G D(2)®S and Gm. E D(Q) ® V which converge to the decomposition
components S S o 7 and Tdev gradS . T, respectively, in the H'-norm, as m — oo.
Hence

|7 + curl gn, + T devgrad g, — 7|7,

< o = S8 7l + |l curl(gp, — 533 g, + | 7 dev grad(gm — 8 )|

’ﬁzcd
SN — S 7l + [ ewrl(gn — S5 7)1z, + 1| 7 dev grad(gn — 85 7)1,
S 7w = SQ 71 + gm — S5 7l + g — S 7|1

where we have used (which implies that curldivoTdevgrad = 0) and (I8). Since the
last bound converges to zero as m — 0o, we have just exhibited a sequence in D(§2) ® T that
approximates any given 7 € H.q arbitrarily closely in H.q norm. ]

5. DUALITY

In this section, we state extensions to 2-complexes built using Sobolev spaces that are
generally not closures of Compactly Supported smooth functions, such as those in . as
well as spaces built using H ! instead of H1 , such as

H ' cwl)={ue H'®@V:curlue H'®V},
H'(div)={¢ge H'®V:divge H'},
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spaces of matrix-valued functions,

H.={9eH'®S:curlge H'®V,incg € H ' ® S}, (73a)
Hy=A{1 € H'®@T:divre H'®V,symcurlr €e H ' ® S,

curldivr € H ' @V}, (73b)
Hyy={c € H'®S:dive ¢ H'®V,divdive € H '}, (73c)

and their slightly more regular versions,

Hee ={9€Ly®S:incg e H'®S}, (74a)
Haa = {0 € Ly®S : divdive € H '}, (74b)
Hea ={T € Ly®@T:curldivr € H ' ® V}. (T4c)

Analogues of previous results can be proved for

grad 1 . di
ot —— 2% 5 Hewl) —<  fg(div) — 1,
4 c M—T ‘?\1@
e & &y, o & 1
g S5 8: o 9 Q}-I) §grad
0
=
©
~ ~ \rg v
def 1 di _
H(curl) ———— H,, o > Heq ~—— H !(curl)
w
» < <
o] &, " \Z g Qo‘lf 1
: S O
_|
v 1 ~ ~ hg
= dev grad S 1 :
. ) ym cur d _ .
H(div) — O Hoy » Hag vy HY(div)
NS
‘?@z’(go,
% %, S‘ div
e % grad 1 % curl _lv X div V_l
Ly — 2 s HYewl) 2" Hl(div) — & [

using exactly the same techniques. They are summarized in the next theorem. We use D(02)
to denote the space of restrictions of functions in D(R?) to the closure (2.

Theorem 5.1.

(1) The diagram commutes.
(2) Every path in it is a 2-complex.
(3) Ewvery differential operator in it is continuous, has closed range, and has a continuous

right inverse.
(4) There are regular decompositions for He., Haa, and H.q. Namely, there exist continu-

ous linear operators SO . g, - H ® S, sY.m., H'®V, S H. - H', Ség) :
Haq — H'®S, S : Hyg = H'@T, S Hyg = H'®S,59 : Hyy — H'®T, S
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Hog— H'©S, S@ : Hyq — H' @V, S : Hyy— H' @V, such that

g= Ség) g + def S(Si) g + hess Séf) g, g € He., (76)
o= Séff o + sym curl S((ié) o +inc S((j? o, o€ Hyq, (77)
T = Sc(g) T + curl Sc(é) 7 + T dev grad Séz) 7 + curl def SS) T, T € Hey. (78)

(5) The spaces D(2) @ S,D(2) @ T, and D(2) ® S are dense in Hee, Heq, and Hgq,
respectively.
(6) There are regular decompositions for Hee, Haa, and Heq. Namely, there are continuous

linear operators Sc(i) CHee — H'® V, Sc(i) c Heqa — H'® S, S(%) s Haa — H'® T,

such that
g=25{g+def S g, 9 € Hee, (79)
T = Sc(g) T + curl ng) T + T dev grad Sc(c21) T, T € Hea, (80)
o= Sé?l) o + sym curl S((iii) o, o € Haq. (81)
(7) The spaces D(2) ® S,D(2) @ T, and D(2) ® S are dense in Hee, Hea, and Haa,
respectively.
Proof. Proceed as in the proofs of Theorems 2.4 and [3.21) O

Some spaces at the edges of the diagram (75)) can be restricted to certain subspaces of
interest without affecting the matrix-valued function spaces to get the following commuting
diagram:

HYP, —2% 5 H(cwl)/ND -2 H(div)/RT —%— L,/R

. NG,

i) 4 %y &
o
—
14

Vv ~+ = g
def 1 di _
H(curl)/N'D - > Hee L y Hg ———— H*(curl)
e S, . NG 1
g_i /d@f g c 5 curl (82>

51 % /I/Q}}, div
M % grad 1 % curl lv . div v 1
Ly/R H ' (curl) — H'(div) ———— H~

This is because of the following facts: (a) gradP; = V is in the zero coset of H(curl)/ND,
(b) curl ND =V is in the zero coset of H(div)/RT, (c) divRT = R is in the zero coset of
Ly/R, (d) def ND = 0, and (e) devgrad RT = 0.



2-COMPLEX WITH MATRIX SPACES 33

Next we turn to establishing certain duality relationships between the spaces in the dia-
gram and those in the just introduced diagram (82). First we need a lemma that enlarges
the domain of certain functionals. Consider a ¢ € H~'(div). Then, since ¢ is in H~ ! @V, its
action on a function in H' ®V is well defined, so the action of ¢ on gradient fields, ¢(grad w),

is well defined provided grad w € H'®V. But in fact, it is also well defined if grad w is just
in Lo, ® V, as stated next, where similar other extensions are also collected.

Lemma 5.2. Let ¢ € H '(div), 0 € Haq, g € Hee, and 7 € Heq. Then q o grad, o o def,
extends to continuous linear maps such that

qograd: H' — R, (q o grad)(w) = —(div ¢q)(w), we HY, (83a)
godef: H' ®V — R, (o odef)(u) = —(divo)(u), ue H'®V, (83Dh)
ogohess: H'®S — R, (0 o hess)(w) = (divdive)(w), we H', (83c)
gosymeurl: H' @ T = R, (g osymcurl)(n) = (curlg)(n), ne H'®T, (83d)
goinc: H' ®S — R, (g oinc)(y) = (inc g)(v), veH'®S, (83¢)
rocurl: H' @ T — R, (rocurl)(y) = (symeurl7)(v), e H'®S,  (83f)
rodevgrad: H' @V — R, (7 odevgrad)(u) = —(div7)(u), wue H @V, (83g)
rocurldef : H' @V — R, (7o curldef)(u) = (curl divr)(u), ue H' @V, (83h)

where, component wise, the right hand sides are all duality pairings between H~' and H.

Proof. For any ¢ € D(§2), by the definition of the distributional divergence, (div¢q)(y) =
—q(grad p) = —(q o grad)(ip). Since div ¢ is in H~!(div),

(g o grad) ()| < || divgl[m— [ 1

showing that gograd can be continuously extended to the closure of D({?2) in the H Lnorm, i.e.,
to H'. This proves the first statement. The remaining statements are proved similarly, noting
that at times we must use the identities of Lemma 2.1} e.g., for any given ¢ € D(£2) ® V,
using and (31)), we have (curldiv7)(y) = (divTeurlT7)(p) = T7(curl Tgrady) =
T 7(7 dev grad curl ) = 27(curl def ¢). O

It was proved in [21] that the dual of H(div) equals H~!(curl), both algebraically and
topologically. The next lemma states this together with closely related identities.

Lemma 5.3. The following equalities of spaces hold algebraically and topologically.
H(div)*=H(curl), H(curl)*=H (div),
H(div)*=H Ycurl),  H(curl)*=H"'(div).
Proof. The first identity was proved in [21, Theorem 2.2]. Here we prove the second and
the last (since the third is similar). The proofs are presented step by step below, but a
unified strategy for proving all identities will be evident: we use the Riesz representative of a

functional in X* to show that X* < Y, and then use a regular decomposition of X to prove
that Y — X*.
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Step 1. H(curl)* < H~'(div): To prove that H(curl)* is continuously embedded in

H~'(div), consider an f € H(curl)*. By the Riesz representation theorem, there is a uy €
H (curl) such that

f(v) = (uy,v) + (curluy, curlv), v € Hcurl).
Choosing v € D(£2) ® V we find that the equality
f =uy + curlcurluy
holds as distributions on 2. It immediately follows that
111 iy = ey + curleurlug [ + || div ug[f-
S HufHﬁI(curl) = HfHH(curl)*'

This proves that the restriction of the distribution f to {2 is an element of H~!(div) and that
the embedding of H(curl)* into H~'(div) is continuous.

Step 2. H'(div) = H(curl)*: Let ¢ € H'(div). Applying the regular decomposi-
tion to split any v in H (curl) as u = grad S 4 4 8O u, we define a functional f, acting
on u by

Folu) = =(div g) (S u) + (S w). (84)
By the continuity of SO ,

[ fa()] < N[ div qll - [| S ull o + llgllzr— 1| SE ull g

S./ HqHH*l(diV)”U’Hlfl(curly

so f, € H(curl)* and
1 fall zreumys < llalla=1(aiv)- (85)

Note that f, is a distribution (which can be seen for instance by the previously proved
imbedding showing that f, is in H*(div)). We now show that the distribution f, is identical

to ¢. Indeed, by of Lemma , for any ¢ € D(f2) x V, the definition implies
fq(p) = q(grad gc(l)go + 5 ) = q(y), ie., f; = ¢. Thus implies that || fol| gy =
190l f1(eunny- S lallz7-1(aiv) showing the stated continuous embedding.

Step 3. H(curl)* — H(div):  Writing H(curl) as H(curl, £2) to explicitly indicate the
domain, we identify any given f € H(curl, £2)* with the following distribution in R?,

FEDRY . [flp)=f(¢lo). »€DR).

By the Riesz representation theorem, there is a unique uy € H(curl, {2) such that f(v) =
(curluy, curlv) + (uy,v) for all v in H(curl, §2). Let é; and @y denote the extensions by zero
of Ly(§2)-functions curlu; and us by zero to all R®. Then, for any ¢ € D(R?),

F@) = f(ela) = (Ef, curl @) s + (ibg, 9) Lars):
This shows that the following identities hold in D(R?):

f =curléy + ay, div f = divay.
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These two identities give these corresponding bounds

1l = 17 -1 msy < Il curleglla-sge) + g 1o
S lleslorsy + gl pore) S llugllmeu,
1div fllg-1 = [1div flla-1ge) = ([ divagla-1we) S lgll2ms) = lugll s
which prove that || f||z-1(4iv) S [lusll(cut) = || fllmeun)- using the Riesz isometry.

Step 4. H='(div) = H(curl)*: In exactly the same way the regularized Bogovskii oper-
ators of give the regular decomposition , the regularized Poincaré operators of [16]

show that there are continuous operators St : H(curl) — H* ® V and St : H(curl) — H'
such that any u € H(curl) can be decomposed into

u =Sy + grad SV u. (86)

Let q € H ~1(div). Using the regular decomposition, we define a functional
falu) = —(div q) (S u) + q(S{)

where, on the right hand side, the functional actions are duality pairings between H-' and
H', well defined in view of . Hence

[ fa()| < 1 divgll gl SO ullarr + llall g2l S wllar S Nall -1 aiwy 1l ey
Therefore f, is in H(curl)* and
[ fallzreurys S Mlall -1 aivy - (87)

Since we have already shown that H (curl)* is embedded into the subspace of R*-distributions
in H'(div), we conclude that f, € D(R?)’ satisfies, for any ¢ € D(R?),

falp) = =(divg)(SP @) + (S ¢) = q(grad SV ¢ + 51 ¢) = q(y),
ie., f, and ¢ coincide as distributions. Combined with , we have thus shown that

gl euny = [ foll ey < Nallg-1aiv)-
Steps 1 and 2 prove the second identity of the lemma. Steps 3 and 4 prove the last identity
of the lemma. The proofs of the remaining identities are similar. 0

In the next theorem we show that more dualities such as those in Lemma (.3 can be read
off the diagrams with and without boundary conditions. Let £ : H' — H~! = (H")* denote
the Riesz map of H' defined by

(Lw)(v) = (w,v)m = (grad w, grad v) + (w,v), w,v € H', (88)

where (-, -)x denotes the inner product of X, and when the subscript is absent, we interpret it
as Lo products, as described previously in . By the Riesz representation theorem, recalling
that our spaces are over the real field, £ is a linear invertible isometry, so for any ¢,r € H !,

(q7r)ﬁ*1 = (‘C_cha‘C_lT)Hl - r(ﬁ_lq)7

where we have used in the last step. In particular, if a v € Ly C H~! is used in place of
r above, the functional action becomes an Ly product and we obtain

(q,v) -1 = (L q,v), v € L. (89)
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Note that £71q is the result of solving a Neumann problem with ¢ as the source. When ¢ is
a vector or matrix field, by £7!'¢ we mean the respective vector or matrix field obtained by
component-wise application of £

Theorem 5.4. The diagrams and are in duality in the sense displayed below, where
the second diagram has been rearranged to easily display the duality (x) correspondences.

H ——— H(cwl) —— H(div) y Log

H(curl) — s He s Heq — ﬁ;z%-(curl)
H ' (div) e Hyq ¢ Hear +——— H(div)/RT
A~ AN A~ y (90)
H(div) —|—— Heogr s Haq — ﬁX/ID(dIV)
H=Y(curl) +——— Hq < H. < H(curl)/N'D
Log —|— Hzh( curl) — Hb(div) — | —— ﬁ[;ll

Ly/R +——— H(div)/RT +—— H(curl)JND +— H'/P;
Proof. The strategy of this proof is the same as what was outlined in the beginning of the

proof of Lemma 5.3 (.3 We now focus ~on the spaces of matrix-valued functions.
Step 1. H — Haq: Let f € H . Then, by Riesz representation, there is a g; € H..

such that f(g ) = (97,9)p,. forall g € H «c. Expanding out the H,. inner product and using
(89), for any ¢ € D(2) ® S,

f(@) = (95, )1 + (curl gy, curl @) -1 + (inc gy, inc ) -1
= (L7 gz, 0) + (L' curl g5, curl ) + (L7 ' inc gy, inc ).

Thus

f=L""g;+curl L7 curl g + inc L7 inc gy, (91)
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a sum of three terms, which are in H', Ly, and H~!, respectively. Since H' « Lo — H™!,
-1 < L7 g5l + [ curl 74 curl gg|| g1 + || inc £7" inc gy
S L gpllg + || curl £71 curl gyl 2, + || ine £~ inc g g
S L™ gl + 1£71 curl gyl + [[£7F inc gg ||
= llgsllg— + llewrl ggll v + |l inc gl
S lorlla., = 111

where we have used the Riesz isometry multiple times as well as the continuity of the deriva-
tive 9; : H™ — H™™! for some integers m (see e.g., [24, Theorem 1.4.4.6]). From we also
see that div f = div L g, and divdiv f = divdiv L gy, so f is indeed in Hyq. Moreover,

1y = N2 + [ div £7 gl + || div div £7 g [[-
S AE- + 1L sl = 1A 15— + llos Il
S I
thus completing the proof of continuity of the embedding of f into Hyq.

Step 2. Hgqq — ﬁzcz Let 0 € Hgq. Decomposing a g € ﬁce using as g = 5152)9 +
def S g + hess S g, we define a linear functional f, acting on g as follows:
folg) = 0(S2 g) = (divo)(SE) g) + (div divo)(SP g).
By the continuity of S (see Theorem , | fo(9)| S lollagyllgl
1 foll e, S ol (92)

By the previous embedding, we know that f, is in Hgq (in particular in H~! ® S) and is
therefore a distribution on 2. We claim that f, and o are identical distributions. Indeed,
for any p € D(2) ® S,

fo(p) = (S @) — (div o) (S @) + (divdive) (SE) )
= o (SW ¢ + def ST ¢ + hess S&) ¢) = o ()

where we have used (83b)) and (83c) of Lemma Combined with (92)), we have ||o|
/o]

Step 3. ﬁ:d — Heqr: Let f € ﬁ:d. By the Riesz representation theorem, there is a unique

jo
HCC

jr
Hcc’

~
e
fi.. SO fo isin HY and

Fe =
HCC

e S llo|l gy, thus completing the proof of continuity of the embedding of ¢ into ﬁgd.

T € H.q satisfying f(7) = (74, 7)p , forall 7 € He. Choosing 7 = ¢ € D®T, the definition
of H.q-inner product and imply
flo) = (L', 0) + (L7 div 1y, divg) + (L7 sym curl T7¢, sym curl ¢)
+ (£ curl div ¢, curl div ¢).

Hence
f=L" 7 —grad L7 div 1p + Tcurl sym £ sym curl T 7

— grad curl £7! curl div Tt
Applying div T, the identity shows that last term vanishes and
divT f = divt L7y — div T grad £~ div 7. (94)



38 JAY GOPALAKRISHNAN, KAIBO HU, AND JOACHIM SCHOBERL

Moreover, applying curldiv T to both sides of and using the identity ,

curldiv T f = curldivt L7 7. (95)
Also,
symcurl f = sym curl £~ 7 + incsym £~ sym curl T 7. (96)
Equations , , and imply that
1 lier < Wil = 1,

where we have used the isometry of £~ and f + 74. This proves that H vq — Hegr.
Step 4. Heqr — HYy: Let 7 € Heqr. Define a linear functional f; acting on any 1 in Heq
as follows:

° 1 °
fo(n) = 7(Seg’m) + (symewrl 7)(S(y) m) = (div T 7)(SG m) = (5 cwrldiv T 7) (S m).

C

All the terms on the right are well defined duality pairings since 7' sym curl 7,div T 7, and
curldiv T 7, have H~! components for any T € H.gr and since each S -q 1 has H components
per Theorem . The continuity of Scd asserted by the same theorem gives

[ S Tl e 191 21, (97)

Next, observe that for any ¢ € D(£2) ® T, decomposing ¢ by Theorem into p =

é'c(g) @ + curl 50,5(11) ¢ + Tdevgrad S'C(? ¢ + curldef 50'6(3) @, and using (83f), (83g) and (83h) of
Lemma [5.2),

fr(p) = T(S’C(g) ®) + T(curIS 4 Vo) + 7(7 dev grad S© o ) o) + 7 (curl def Scd ©)
=7(p)-
Hence f, and 7 are the same distribution. Using (97), |||

proves that Heqr — i »q4 1s a continuous embedding.
Step 5. H}y — H.: Denoting the Riesz representative of any f € Hjy; by o5 € Hqq, its

which

ﬁ:d = ”fT f[ Hch’

. <]

defining equation f(o) = (of,0)g,  forall o € Haq gives a formula for f as in the previous
cases:
f= E_laf — grad £~ div os + hess £ div div of.
Then curl f = curl Lo is in Lg ®V and inc f = inc L7 oy is in H'®S. Hence fisin H.
and by Riesz isometries, ||f||x. < |If] i,
Step 6. H,. — ﬁ[ﬁd: Let g € He.. We Wlll show that g can be identified with the functional

fy acting on o € Haa by

fol@) = 9(54d o) + (curl g) (S o) + (inc ) (S53).
By the regular decomposition result of Theorem this implies that
[fo(o) S Ngllacllol g, (98)
and also using (83d) and (83€) of Lemma[5.2] we find that
fop) = 9S4 ¢+ symewrl Si ¢ + ine S5 ) = 9()
for any ¢ € D(2) ® S, ie., f, and g are the same distribution. Hence shows that
| i, = | 4 s, < |lglls.. thus establishing the continuous embedding of He. into H?,.
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To conclude the proof, note that Steps 1 and 2 prove that H ¥ = Hgaq. Steps 3 and 4 prove
that ﬁ[:d = H.qt and ﬁlsz = H.q. Steps 5 and 6 prove that ﬁ[;’id = H... To establish the
remaining nontrivial duality identities in (90)), it suffices to use the identities of Lemma
and the fact that for any Hilbert space X and its closed subspace Z, the dual of the quotient
space (X/Z)* is isomorphic to the annihilator Z+ = {2’ € X' : 2/(2) = 0 for all z € Z}
contained in X', For example, with X = H(curl) and Z = N'D, we find that (H (curl)/N'D)*
is isomorphic to the annihilator of ND+ contained in H (curl)* = H(div), which is exactly
the same as ﬁ/}%(div), ie., (H(cutl)/ND)" = ﬁxflp(div). Taking duals on both sides we

obtain, due to the reflexivity of Hilbert spaces, ﬁxflp(div)* = H(curl)/ND, which is one of
the identities indicated in . O
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