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Due: 3 June 2026

Instructions
As always, your answer will be graded on the quality of presentation as well as the correct answer. To get a 
good score: write your answer neatly, use complete sentences, and justify your work.

1. Suppose that (𝐵, 𝐶, 𝐷) ∈ ℤ × ℤ × (ℤ ∖ {0}) and 𝐵2 − 4𝐶 is not a square. Consider the equation

𝑋2 + 𝐵𝑋𝑌 + 𝐶𝑌 2 = 𝐷𝑍2. (†)

and suppose (𝑎0, 𝑏0, 𝑐0) ∈ ℤ × ℤ × (ℤ ∖ {0}) is a solution to Eq. (†) with 𝑐0 ≠ 0.

(a) Let 𝑓(𝑥) = 𝑥2 − 𝐵𝑥 + 𝐶. Prove that 𝑓(𝑥) is irreducible over ℚ.
(b) Let 𝐾 ⊆ ℂ be the splitting field for 𝑓(𝑥), and let 𝛼 ∈ 𝐾 be a root of 𝑓(𝑥). Prove that 𝐵 − 𝛼 is 

the other root of 𝑓(𝑥).
(c) Let 𝐺 = Gal (𝐾/ℚ) and let 𝜎 be the generator for 𝐺, so in particular 𝜎(𝛼) = 𝐵 − 𝛼. For all 

(𝑎, 𝑏, 𝑐) ∈ ℤ × ℤ × (ℤ ∖ {0}), write 𝛽(𝑎,𝑏,𝑐) = 𝑎+𝑏𝛼
𝑐 . Prove: for all v ∈ ℤ × ℤ × (ℤ ∖ {0}),

v is a solution to Eq. (†) if and only if 𝛽v ⋅ 𝜎 (𝛽v) = 𝐷.

(d) Let 𝛽0 = 𝛽(𝑎0,𝑏0,𝑐0). Prove: for all v ∈ ℤ × ℤ × (ℤ ∖ {0}),

v is a solution to Eq. (†) if and only if 𝛽v
𝛽0

⋅ 𝜎 (𝛽v
𝛽0

) = 1.

(e) Use Hilbert’s Theorem 90 to prove: for all v ∈ ℤ × ℤ × (ℤ ∖ {0}),

v is a solution to Eq. (†) if and only if there exist 𝑚, 𝑛 ∈ ℤ such that 𝛽v = 𝛽0 (𝑚 + 𝐵𝑛 − 𝑛𝛼
𝑚 + 𝑛𝛼

) .
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          (†)        𝑋  2   +  𝐵  𝑋  𝑌  +  𝐶    𝑌  2   =  𝐷    𝑍  2   .    


     𝐵  2   −  4  𝐶 


     (    𝑎  0   ,    𝑏  0   ,    𝑐  0   )   ∈  ℤ  ×  ℤ  ×    (  ℤ  ∖    {  0  }   )  


     𝑐  0   ≠  0 


   𝑓  (  𝑥  )  =    𝑥  2   −  𝐵  𝑥  +  𝐶 


   𝑓  (  𝑥  ) 


   ℚ 


   𝐾  ⊆  ℂ 


   𝛼  ∈  𝐾 


   𝐵  −  𝛼 


   𝐺  =   Gal       (  𝐾  /  ℚ  )  


   𝜎 


   𝐺 


   𝜎  (  𝛼  )  =  𝐵  −  𝛼 


   (  𝑎  ,  𝑏  ,  𝑐  )  ∈  ℤ  ×  ℤ  ×    (  ℤ  ∖    {  0  }   )  


     𝛽    (  𝑎  ,  𝑏  ,  𝑐  )    =      𝑎  +  𝑏  𝛼   𝑐  


   v  ∈  ℤ  ×  ℤ  ×    (  ℤ  ∖    {  0  }   )  


   v    is a solution to Eq. (†)      if and only if       𝛽  v   ⋅  𝜎      (    𝛽  v   )   =  𝐷  . 


     𝛽  0   =    𝛽    (    𝑎  0   ,    𝑏  0   ,    𝑐  0   )   


   v    is a solution to Eq. (†)      if and only if         𝛽  v     𝛽  0    ⋅  𝜎      (      𝛽  v     𝛽  0    )   =  1  . 


   v    is a solution to Eq. (†)      if and only if      there exist    𝑚  ,  𝑛  ∈  ℤ    such that      𝛽  v   =    𝛽  0       (      𝑚  +  𝐵  𝑛  −  𝑛  𝛼     𝑚  +  𝑛  𝛼    )   . 



   𝐵  ,  𝐶  ,  𝐷  ∈  ℤ 



