HW 2 Due: 29 April 2026

As always, your answer will be graded on the quality of presentation as well as the correct answer. To get a
good score: write your answer neatly, use complete sentences, and justify your work.
1. Suppose that R is an integral domain and M is a left R-module. Let’s write
U=R\{0} and Tor (M) = {m € M | there exists r € U such that rm = 0} .

We showed that U~ M and Frac (R)® p M are isomorphic as tensor products. (See [Ash10, Section 8.5].)

(a) Prove that for all d € U and m € M:

1
E®Rm:0 if and only if m € Tor (M).

(b) Let B:Frac (R) x M — Frac (R) ® g M be the bilinear map with which Frac (R) ® 5 M is equipped.
Then the function

t:M - Frac(R) @ g M
m = S(1,m)

is an R-module homomorphism by the definition of bilinear. Prove that

ker (v) = Tor (M).

References

[Ash10] Robert B. Ash, Abstract Algebra: The Basic Graduate Year, 2010.



   𝑅 


   𝑀 


   𝑈  =  𝑅  ∖    {  0  }           and           Tor       (  𝑀  )   =    {  𝑚  ∈  𝑀  ∣   there exists    𝑟  ∈  𝑈    such that    𝑟  𝑚  =  0  }   . 


     𝑈    −  1    𝑀 


    Frac       (  𝑅  )     ⊗  𝑅   𝑀 


   𝑑  ∈  𝑈 


   𝑚  ∈  𝑀 


     1  𝑑     ⊗  𝑅   𝑚  =  0       if and only if       𝑚  ∈   Tor       (  𝑀  )   . 


   𝛽  ^^02   Frac       (  𝑅  )   ×  𝑀  ^^00   Frac       (  𝑅  )     ⊗  𝑅   𝑀 


           𝜄  ^^02  𝑀     ^^00   Frac       (  𝑅  )     ⊗  𝑅   𝑀          𝑚     ↦  𝛽  (  1  ,  𝑚  )    


    ker       (  𝜄  )   =   Tor       (  𝑀  )   . 

https://web.archive.org/web/20230326022245/https://faculty.math.illinois.edu/~r-ash/Algebra.html



