HW 6 Due: 27 February 2025

As always, your answer will be graded on the quality of presentation as well as the correct answer. To get a
good score: write your answer neatly, use complete sentences, and justify your work.

1. For any n € N, let p,, be the number of lattice paths from (n,n) to (n?,n +2).

(a) What is py?

(b) Write down a closed formula for p,,.

002 (0-0) - (1)

(b) po = (7)< (1), O

Solution. (a) pa = (

2. (a) Let ag = 1, and for any n € Zsy, let a,, = a?_; + 1. What is ag?
(b) Prove: for any de€Z and n e N, if d | a,, and d | an+1, then d = +1.

Solution. (a)

ag =1

a =1%+1 =2

as =241 =5

as =52+1 =26

ay =262 +1 =677

as =677 +1 = 458330

ag = 4583302 + 1 = 210066388901

(b) Choose any d € Z and n € N and suppose that d | a,, and d | a,+1. By the definition of divide,
there exist 7,k € Z such that

an = dj
Ap+1 = dk.

Then by the definition of (a,) we see

neN»
dk = ape1 = (a2) +1=(dj)* +1=d*5% + 1,

SO
L=dk-d*j*=d(k-dj*).

That is, we see that d | 1, so that d = 1. O

3. Suppose that (a,),y is an arithmetic sequence. If a4 = 32 and a7 = 53, what are a5 and ag?

Solution. as =39 and ag = 46. O



4. Let (an),y be the arithmetic sequence a,, = 5n + 2. For which primes p and nonnegative integers n
does p divide both a,, and a,;1?

Proof. We will prove that there are no such primes p and nonnegative integers n.

For our first step, we will prove
(v primes p)(Yn e N)(((p| an) A (p| ane1)) = (p=5)).

To do so, choose any prime p and nonnegative integer n, and suppose that p | a,, and p | a,+1. By the
definition of divide, there exist j, k € Z such that

Qnp :pj

Gp+1 = pk

Then by the definition of (a,), ., We see

neN»

pk:a’n+1:an+5:pj+57

S0
S5=pk-pj=p(k-j).
That is, we see that p |5, so that p =5 since p is prime.
We will conclude by proving
(VneN)(5 4 an).
To do so, suppose for a contradiction that there exists n € N such that 5 | a,,. Then by definition of

divide, there exists £ € Z such that a,, = 5¢. Using the definition of (a,,) this means that

neN’

50=a, =5n+2,

so that 2 =5¢-5n =5(¢-n), so that 5| 2 by the definition of divide. But of course we know that 5 + 2,
so we have achieved our contradiction. O

5. Suppose that (an), o and (b,),,y are geometric sequences. Suppose that for all n € Zsg, we know

b, # 0. Prove that the sequence (c;),, defined by ¢, = a, /b, is also geometric.

Proof. By the definition from | , Section 4.2.3], we know there are common ratios r € R and s € R
for (an ),y and (bn),,oy respectively. Since we know that for all n € N, the real number b,, is nonzero,
we know that s # 0. In particular, we know that r/s € R.

To show that (cp),,y is geometric, we will show it has common ratio r/s. To this end, choose any

n € N. Then
e g = dnl :%:(ﬁ)(aj):(f)c
71+1 bni1 sby, S by S "
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