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Chapter 1

PH631

1.1 Classical Mechanics

Question 1: Charged particle in a constant magnetic field with harmonic oscillator potential

We consider a particle of charge q in a constant magnetic field Bge, and corresponding vector potential
—1ir x B, with a harmonic oscillator potential V(p) = smwZp?. Additionally, recall that the velocity
dependent potential is given by q® — qv - A. We will give a full solution in Newtonian, Lagrangian, and
Hamiltonian frameworks.

Solution: We make use of the following constants throughout this problem:

[ ) wgz—%

2
w
* O =\jwj+3

e O = % +Q
Newtonian: First, the acceleration in cylindrical coordinates is given by:

a2 a2

@I‘ = @ [pep + Zez]

d .. . .
= a[pep + pdeg + ze.]

= pe, + pbeg + pdey + p(dey — d2e,) + Ze,
= (p—pd2)ep + (pd + 2pd)eq, + Ze,

We begin from the Lorentz force equation combined with the harmonic oscillator force:
F = q(E + v x B) — mwjpe,

and Newton’s law: . . .
F=mi=m((p—pd*)e, + (pd + 2pd)ey + Ze,),

where r is the position vector.
The electric field in this example is 0, so we compute the force due to the magnetic field:

e €p € .
gvxB=gq|p pd 2z |=qlpdBoe, —pBoey)
0 0 By

Matching components, we have:



mp —mpd? = gpdpBy — mwip

b—pd? = L6 — wip
m
p—pd?+ wepd + wip =0 (1.1)

And for the radial component:

mpd + 2mpd = —qpBy
pd + 20 = wpp

pd + 20 — wpp =0 (1.2)
Lagrangian: The Lagrangian £(q, q) of this system is given by:

L=T-V

1. . 1
= om(p* +p°d?) — g0 + qv- A — Smawjp?
And the vector potential A is given by:
1 e, ey € 1
A:—iprz—i p 0 z :ipBO
0 0 By

Then gqv - A = %qud)Bo, giving us a final Lagrangian of:
L 22 Lo o 1 2 2
L=5m(p” +0°¢%) + 5qp"dBo — Smwgp
Lagrange’s equations give us the equations of motion:

L T
at |op| oo
mp — mpd? — gpdpBy + mwip =0

p—pd? + wppd + wip =0 (1.3)
L K
at [ap] 04
d 24 1 2 _
a[mp d>—|—§qp Bo] =0

2mppd +mp*d + qppBy =0

0°$ + 20p$p — wppp =0 (1.4)
Hamiltonian: We begin from the Lagrangian L =T —V = %m(()2 + p2ci)2) — %mwg pzd) — %mwgpQ. To
perform a Legendre transform, we first need the conjugate momenta:

oL .
pp = aip = mp
0L A | .1
Po =35 = mp*h + 54p°By =| mp*h — Smagp’
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Then, from pg, = mp?$ — S mwgp?, we obtain:

1 .
Pe + imwB p2 = mp2<1>

1 1 .
(P + =mwpp?) =¢

2 mp2
L(pQ +pemwsp? + 1m2w2 04) = lmed'DQ
2mp2 "¢ T FOTR 4 B 2
2 2 A2
Py | Pewp  mwgp” 1 - 5.5
omp2 T 2 T g T gme

This will be useful to express the Hamiltonian in terms of positions and conjugate momenta.

We now perform a Legendre transform to find H:

H=) ap—£&

. . 1 . 1 . 1 . 1 . 1
=mp? + mp2p2 — —mwpp’d — —mp? — —mp?d? + —mwep’d + §mw§p2

2 2 2 2
1 1 . 1
= imp2 + imp2¢2 + imwgp2
2 2
Lo Ph L P pews | muhe? | made’

T 2m 2mp? 2 8 2

Now we obtain the four first-order differential equations from Hamilton’s equations:

. oH Po
p = ai = —
Po M
. O0H P(Qb mwip 9
Pe =50 T omps 2 P

oH  py wg
opy mp? 2

P = 0 (From Lagrangian case previously)

1.2 Special Relativity

1.2.1 Time Dilation And Length Contraction

As a consequence of the Lorentz transformation, we have time dilation and length contraction effects.

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)

This

suggests the notion of a proper time of an object, which is the time coordinate in an inertial frame where the

object is stationary.
Recall the Lorentz transformation for a boost in the x-direction:
v
ct s y(ct — EX) =ct’

v
X 5 y(x — ~ct) = x’
c

The length measured in a frame S is the distance between the endpoints as measured at equal times in S.

We’ll derive the length contraction effect observed when measuring the length of a moving rod.

Our frame is S, so we are measuring the length of the rod at equal times ct; = cty. The transformation to

the primed frame gives us the proper length of the rod.



Ax' = LIAX] = y(xs — %ct) v — Ect)

v v
=y(x2 —x1) —y(Zet— —ct)
Ax' =vyAx
1 !/ I
Ax = ;Ax < Ax (1.10)

So to us, the rod appears shorter than its proper length Ax’.
To derive time dilation, we want to assume a clock is stationary in its own rest frame S’, so x| = x4, where
we are in another frame S moving at velocity v relative to S’. Thus, ct) — ct{ is the proper time cT.

v v
Act =L tct) —ct]] =y(ct) + EX/) —vy(ct] + EX/)
=vy(cty —cty)

Act =yct (1.11)

The following example illustrates that it is impossible to have a single synchronized time for clocks on a rotating
disk.

Question 2: Rotating Clocks

Consider a rapidly rotating disk of radius R with angular velocity w. Find:

(a) The infinitesimal length units ds; and dsg in a frame where a small piece of the disk is at rest.

(b) The ratio between radius and circumference as measured in a frame rotating with the disk.

(c) The time dilation effect at different radii on the disk.

(d) The discrepancy between times at 8 = 0 and 8 = 27 if we suppose the clocks can be synchronized
around the entire disk.

. J

Solution: (a) The length units in the unprimed frame (lab frame) are rd® and dr. So, the angular and radial
components in the primed frame (proper length) are dsg = y,rd0 and ds, = dr, where dr remains unchanged
between frames as it is perpendicular to the direction of motion.

w?2r2
1— @i

Here, v=wr,soy, =1/

(b) The radius in the rest frame S’ of the disk remains unchanged, and we find the circumference by
integrating the length unit dse from 0 to 27t

27 27T
J dsg = J vY,1do
0 0

27

=v,10

0
= 271y,

So, the ratio is 27try, /r = 27y,

(c) Assume clocks are attached to the disk at distances v and angle 8 = 0 at lab time t = 0, each
synchronized at times t, = 0. Then, at later time t = tg, equation (1.11) tells us that yto, = to, so the clock at
radius r on the disk will display the local time to, = %to.

(d) Suppose we can place clocks around the edge of the rotating disk with distance dsg between them, and
synchronize them in sequence so that neighboring clocks display the same time for simultaneous events in the rest
frames of the clocks. Calculating from the lab frame, there should be an infinitesimal discrepancy between two
adjacent clocks, following the inverse Lorentz transformation from the rest frame of the clocks to the lab frame.



Vdse) _ Yrvdsg  y(wr)(ygrd0)
c ' ¢ c

cdt:yR(Q:;—k

Set the constant K = y3wr?/c. Now, we integrate with respect to 8 from 0 to 27 to find the total time
discrepancy around the entire disk:

on 27 2 2
2Tygwr
Act:J Kdo =Ko| = 2nk = —YRET
0 0 ¢
Converting this to the proper time (rotating frame), we have Act = M7 which is nonzero.

1.2.2 Tensors

When we index by 1, the sum runs from 1 to 3. When we index by u, it instead runs from 0 to 3.
We have a set of orthogonal basis vectors {e,} in spacetime. Then we write

x =x"e (1.12)

n

In Einstein summation, we can write the following products:

a-b:aibi

(a X b) cC = eijkaibjck

Definition 1.2.1: Metric Tensor

The metric tensor is given by

-1 0 0 O
B o 100
0 0 0 1

Recall the Lorentz invariant line element dx? = ds? = dx? + dy? + dz? — c¢2dt?. It can instead be written
as:
ds® = g,vdxHdx” (1.13)

Considering this spacetime interval as a generalized scalar product (Minkowski inner product), we can see

that the basis vectors are orthogonal, from (e, e,) = g,v. That is, 0 when p and v differ, 1 when they are the

same and nonzero, and —1 when they are both 0.

Definition 1.2.2: Upper and Lower Indices

The precise definition of subscript coordinates is

X = guvX’, Xy = guvx¥
This is essentially matrix multiplication. It gives us the relations:

X0 = —XO,Xl = Xl,Xg = X27X3 = X3

This will be useful to simplify relativistic equations later. The upper indices are called contravariant
components, and lower indices covariant components. From example 1.2.3, it immediately follows that

ds® = dx, dx" (1.14)

The metric tensor is its own inverse, as it squares to the identity. Thus we can also raise indices, via
guv = g*Y, and x* = g*Vx,, x¥ = gHVx,.



We will be using the metric signature (—,+,+,+) which describes the eigenvalues of g. In particle physics,
(4+,—, —,—) is more common.

Definition 1.2.3: Lorentz Transformation

A Lorentz transformation from frames S to S’ with relative velocity v in component form can be written
x'* = TL*,xV. Note that the first index of L is the row, and the second index is the column. Then x" = Lx,
where L is given by

Yy —By 0 0
| By v 00
0 0 10
0 0 0 1

In which f =v/c and vy =1/4/1 — 32

We derive a condition on the Lorentz transformation via the invariance of the spacetime interval.
It must be the case that

guvdxtdx" = gy L*pLY dxPdx® = gpedxPdx” (1.15)

The outer two expressions are equal by invariance of the spacetime interval, and the middle is the left
expression written in coordinates from the unprimed frame. Thus, guvL*,LYs = gps as our choice of dx was
arbitrary.

Then in matrix form, where the transpose is due to the repeated p in the leftmost index which corresponds
to rows,

L'gL=g. (1.16)

Definition 1.2.4: Four-vector

A general four-vector is a spacetime vector A which has four components A" and transforms as A" +—
LuvAv — AIV

We can decompose a four-vector in any set of basis vectors:
— AHe — A'Hg!
A =Ale, =A"e,

Thus a Lorentz transformation of a four-vector is a change of basis.

Definition 1.2.5: Minkowski inner product

The Minkowski inner product or Lorentz invariant scalar product, denoted (A, B) or A - B, is defined as

A-B= gp.vAHBV =A"B,

The square norm is not always positive.

Timelike vectors satisfy A2 > 0, lightlike A% = 0, and spcaelike A2 < 0

Note that orthogonality in the sense of A - B = 0 does not necessarily appear orthogonal on a Minkowski
diagram. For example, a lightlike vector is perpendicular to itself. Two orthogonal four-vectors have equal angles
with the light cone in opposite directions, which is why a lightlike vector is perpendicular to itself (0 both ways)

Example 1.2.1 (Lorentz transformation on lower indices)

Recall that x, = gpuvx", Xy = x*guv, x* = g*¥x,, and x¥ = x,,g"*". Consider a lower-indexed four-vector



Au = guvAY. Then we have:

Al = gAY
= guvL¥pA?
=gl 99" As
=L1p9°7Ac
— L YA

When the entries of L are L*,, the components L, represent the matrix L= glg™! = (LT)~!, since
L'glg ' =gg ' =L

Thus, four-vectors transform as A — (LT)"1A

[Insert tensor notes here... will condense that section later]

Question 3: Spacelike and timelike vectors are orthogonal.

Consider two four-vectors A and B such that (A, B) = 0, where the brackets denote the Minkowski inner
product.. Assume that A is timeline, that is, A? = AFA, <.

Solution: We decompose into space and time components:

A2=—(A"°+A-A<0 (1.17)
(A%)? > |A]2 (1.18)
(A,B)=—A"B’ +A-B=0 (1.19)
A-B
BO = 20 (1.20)
This gives the following chain of equalities and inequalities:
B = —(B%)" + B[
(A-B? ., .
= ————— + |BJ*, by equation 1.16
(A)? v
_ —(A-B)*+ (A%)’BP
(A2)
—|A 2 B 2 AO 2 B 2
> [AF] |(A—|‘;)(2 V1Bl , by the Cauchy-Schwarz inequality.
—|A?B? + |A?|B?
> AP +2| FIBl =0, by equation 1.14
(A9)
Therefore B is a spacelike vector. O

Question 4: Raising and lowering indices practice

From g,vL*oLY s = gpo, show that L,PLH*, = 8§.

Solution:
guvLl*oL o = goo
LVpI—VO' = Yoo
g"°LyvoLYs = 9" gpo
LyHLY, =0k
L.PL¥s = 88, by relabeling p — p and v — p
8



Example 1.2.2 (Tensor field derivative identities)

The following identities are useful for computing derivatives of tensor fields:

oxH

oxY
9uv5g = Gup
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