Laplace’s equation: qualitative properties

Consider the Laplace’s equation in a disk with radius a
10 ou 1 0%u
Viu=>-—|r— — - =0 1
Y= or <T87“>+7“2892 (1)

where u = u(r, ) is the temperature, and (r, ) are the polar coordinates 0 < r < a,—7 < 0 < 7. Assume
that the temperature is prescribed over the boundary and it is time independent

u(a,d) = f(6) (2)
Using separation of variables, the general solution in the open disk 0 <r < a,—7 <0 <7 is
u(r,0) = Z Apr™ cosnf + Z B,r"sinnf (3)
n=0 n=1

where the coefficients are given by the formulae

Ay = % _7; (0)d0 (4)
A, = % j F(0) cosnbdd, n > 1 (5)
B, = % j £(0)sinnfdd, n > 1 (6)
From (3) we notice that the temperature at the origin of the circle r = 0 is given by
w(0,0) = Ag = % " Ho)as (7)

—T

This property is called the mean value property of the Laplace’s equation. Relation (7) may be used to
deduce an important property of the Laplace’s equation V2u = 0 in an arbitrary bounded region Q: the
maximum-minimum principle.

The maximum-minimum principle: Let €2 be a bounded region with boundary .S, and u the solution of
the Laplace’s equation V2u = 0 in Q. If M and m are respectively, the maximum and minimum values of
u(z) for z on S, then

m<u(z) <M forallz in QU S (8)

More precisely,

either m < u(x) < M for all z in

or else m =u(x) =M foral xin QUS
The maximum-minimum principle may be used to show that the Laplace’s equation
Viu=0 inQ (9)

with specified values on the boundary

u= f(z) onS (10)

is well posed. To show that there is an unique solution, notice that if v and @ satisfy (9-10) then the difference
u — @ must satisfy the homogeneous problem, and therefore must be identically zero.



To show continuous dependence on data f(x), consider the problem

V=0 inQ (11)

with specified values on the boundary
v=f(z)+ex) onS (12)

where €(z) is a small quantity for every « on S. The difference w = v — u is then the solution of the
problem

Viw =0 inQ (13)

with specified values on the boundary
w=-¢€(x) onS (14)

The maximum-minimum principle tells us that we must have

i < < 15
min e(zr) < w < maxe(z) (15)

Therefore, if € approaches 0 for every x in S, then w = v — u approaches zero for every x in €.

Solvability condition (Neumann boundary conditions)

Consider the Laplace’s equation
Vu =0 (16)
in a domain €2 with specified heat flow on the boundary S

—KoVu-n=9% (17)

where K is a positive constant. Integrating (16) in £ we have

O:Av%:/gv.(vu)dv (18)

Using the divergence theorem we have

/ V- (Vu)dV = / Vu - nds (19)
Q s
Therefore, we must have

/ Vu-nds =0 (20)
S

which implies
/ ®dS =0 (21)
s

Equation (21) (or (20)) is called the solvability condition or compatibility condition for Laplace’s equation
with specified flow on the boundary.

Q: Show that the solution to (16-17) is unique up to an additive constant.



FEzample: For what value of the constant « there is a solution to the problem

Uy +Uyy = 0, O<z <], O<y<l1
uz(0,y) = sin(my), 0<y<1
uz(l,y) = sin(my), 0<y<1
uy(z,0) = azx(l—2z), 0<z<1
uy(z,1) = sin(rz), 0<z<1

Chapter 3: Fourier Series

The Fourier series of a function f(x) over the interval —L < 2z < L is defined to be the infinite series

= nrTr nw
Fouri ies = n —_— by, sin —— 22
ourier series = ag +;a cos — +; sin — (22)
where the coefficients are given by the formulae
1 L
ag = By /_L f(z)dx (23)
1 L
an = 7 -KL f(x) cos ?dw (24)
1 L
by, = 7 [L f(z)sin ?dm (25)

There are a couple of questions to ask
e does the Fourier series exists for any function f 7
o if the Fourier series (22) converges, does it converge to f(z) ?

The answer to the first question is :”No”. For example, notice that the coefficient ag exists only if

L
[ Hada| < o (26)
—L
An example of a function that does not satisfy (26) is f(z) = 1/22.
To answer the second question, first we need to recall some mathematical concepts.

A function f defined on the interval I is continuous at the point xg € I if the limit lim,_,,, f(x) exists,
is finite, and is equal to f(xg).
We say that f has a jump discontinuity at z¢ if the left and respectively, right limits f(xy), f(zg) both
exist and f(zy) # f(zd).

A function f is piecewise smooth in an interval I of finite length if we can find a finite partition Iy, Io, ... I}
of I, UL U...UI; = I such that f(x) and its derivative df/dx are continuous in each subinterval
I;,;i=1,2,...,k. A function f is piecewise smooth in (—oo, 00) if is piecewise smooth in any interval of finite
length.



Notice that a piecewise smooth function in I is not necessary continuous at every point in I, but it is
only allowed to have a finite number of jump discontinuities.

An example of the function that is not piecewise smooth on any interval I = (—a,a) is f(z) = /3 since
the derivative df /dz = 1/3272/3 is 0o at x = 0.

A function f is periodic with the period T' > 0 if f(z +T) = f(x) for all .

The Fourier series (22) is periodic with period 2L.
R If f is a function defined in —AL <x <L, ‘ghen the periodic extension of f is a function f such that
fl@) = f(z),-L < x < L, and f(x +2L) = f(z), for all z. Notice that the periodic extension of f is
continuous if and only if f continuous and periodic: f(—L) = f(L).

The following property holds:

Convergence theorem for Fourier series

If f(x) is piecewise smooth on the interval —L < z < L, then the Fourier series (22) of f(x) converges
1. to the periodic extension of f(x), where the periodic extension is continuous

2. to the average of the left- and right-hand limits

Sl + )]

at the points x where the periodic extension has a jump discontinuity.

Mathematically, for —L < x < L we have

flz+) + f(z—) > Y S — . nTx
f:ao+;ancosT+;bnsmT (27)

If f is continuous at z, —L < x < L, then f(z+) = f(x—) and (27) becomes

oo oo
f(.%‘):ao—i—zanCOS?—l-anSin? (28)

n=1 n=1
At the end points x = L or x = —L the infinite series converges to the average of the two values of the

periodic extension.

Fourier sine series

Consider a function f(z) over the interval 0 < z < L. The series (29) with the coefficients (30) is called
the Fourier sine series of f(x) on the interval 0 < z < L.

flx) ~ Z B, sin ?dm (29)
n=1
where
9 (L
B, = E/o f(z)sin nZ—xda: (30)



FEzample of Fourier sine series

The Fourier sine series of f(x) =2,0 <z < L is
x:ZBnSin?, O<az<lL (31)

where the Fourier coefficients are

2 [ nmx 2L
B,== in —— = ——(=1)*t!
L/o @sin — n7r( )

Fourier cosine series

Consider a function f(z) over the interval 0 <z < L. The series (32) with the coefficients (33) is called the
Fourier cosine series of f(z) on the interval 0 < z < L.

x) ~ Z ay, Cos ?dz (32)
n=0
where
I 2 [*
ap = Z/o f(z)dz, an = Z/o f(z) cos ?dw, n=12,... (33)

Continuous Fourier Series

The following properties hold:

1. For piecewise smooth functions f(z), the Fourier series of f(x) is continuous for —L < z < L if and
only if f(x) is continuous and f(—L) = f(L).

2. For piecewise smooth functions f(x), the Fourier sine series of f(x) is continuous for 0 < x < L if and
only if f(x) is continuous and both f(0) =0 and f(L) =

3. For piecewise smooth functions f(x), the Fourier cosine series of f(x) is continuous for 0 < z < L if
and only if f(z) is continuous.

Term by term differentiation of Fourier series

The interchange of operations of differentiation and infinite summation is not always justified such that
term by term differentiation is not always valid. It is not always true that

oo

d & B duy,
Tp D Cntin =D et
n=1 n=1
Counterexample: Consider the Fourier sine series of f(x) = 2,0 <z < L

> L nwT
- n+l ne < L 4
z::n sin 7 0<z< (34)



Term by term differentiation leads to

= ) N
Z =+l T (35)

which is not true! (notice that the right hand side series is not even convergent since the n‘* term does
not approach zero).

For Fourier series the following properties hold:

1. A Fourier series that is continuous can be differentiated term by term if f'(x) is piecewise smooth.

2. If f'(x) is piecewise smooth then the Fourier sine series of a continuous function f(z) can be differen-
tiated term by term only if f(0) =0 and f(L) =

3. If f'(x) is piecewise smooth then the Fourier cosine series of a continuous function f(z) can be
differentiated term by term.

In this case it follows that if

nwE
= g A, cos —, <z<L 36
fx) 2 cos — 0<z (36)
then -
, nw . nTx
~— § — — <z<
f(z) 2 ( 7 ) A, sin 7 0<z<L (37)

b

Q: Why we used ~ in (37) which means ” f'(z) has the Fourier sine series ...” and not ”="?

Term by term differentiation with respect to the parameters

Consider a continuous function u(z,t). We may view u(z, t) as a function of z depending on the parameter
t. The Fourier series (in z) of u(x,t) is written

u(x,t) = ag(t +Z{ cos—+b ()Sm@ (38)
n=1

with coefficients depending on t. If us(x,t) is piecewise smooth, then the series (38) can be differentiated
term by term with respect to the parameter ¢t to obtain

nmx

u(z,t) = ag(t —i—Z[ cos——l—b’()sinT} (39)



CHAPTER 4 (HYPERBOLIC EQUATIONS): ONE DIMENSIONAL WAVE EQUATION

To derive the wave equation we consider vertical vibrations of a string with fixed ends. Let wu(x,t) repre-
sent the vertical displacement of the string from the equilibrium position and assume that the horizontal
displacement can be neglected.

If p(x) denotes the density of the string, then the total mass of a small portion of the string from = to x + Az
is approximately
m =~ p(z)Ax (40)

The displacement of the string is determined by the action of various forces such as
1. body forces, e.g., gravity mg
2. tangential (tension) forces T'(z, 1)
3. friction

Let §(z,t) denote the angle of the string with the horizontal at location x and time ¢. The vertical component
of the tension force is expressed as

Tension vertical component = T'(z + Ax, t) sin0(xz + Az, t) — T(x,t) sin 0(x, t) (41)

The equation of the vertical motion is determined by Newton’s law of motion F = ma. We have (neglecting
friction)

p(x)Azugy(z,t) = T(x + Az, t)sinf(z + Az, t) — T(z,t) sin0(z, t) — (p(x)Ax)g (42)

Letting Az — 0 in the equation above, we get

p(@)uge(z,t) = [T(x,t)sinb(z,1)], — p(x)g (43)
The relationship between the angle §(z,t) and the displacement u(x,t) is
Uy (x,t) = tan (zx, t) (44)
For small vibrations the angle 6 is small and we may approximate
sinf ~ tan 0 = u, (45)
in (43) to obtain

puy = [Tuz], — pg (46)

If we assume that the density and tension are constant and neglect gravitation, we obtain the standard form
of the one dimensional wave equation
U = gy (47)

where ¢ = T'/p. Equation (47) is a second order linear hyperbolic PDE.
Remark: If friction is considered, then we obtain the damped 1-D wave equation

Upp = gy — kuy (48)
As initial conditions to the PDE (47) we must specify the initial configuration (position) of the string

u(z,0) = f(z) (49)

and the initial velocity



ui(r,0) = g(x) (50)

In addition boundary conditions must be specified. We assume that the string has length L and that both
ends of the string are fixed, such that there is no displacement at x = 0,x = L. This corresponds to the
boundary conditions

u(0,t) =0 (51)

u(L,t) =0 (52)
Q: Show that the problem (47), (49-50), (51-52) has at most one solution.

We have to solve a linear and homogeneous problem and attempt to find a solution using the method of
separation of variables. We seek for product solutions of the form

u(z,t) = &(z)h(t) (53)
After replacing (53) in (47) the variables may be separated to obtain

1 1d*h  1d*®

il — - = 4
2 hdt2 P da? A (54)
The differential equation for A is
d*h 9

whereas for ® we obtain from (54) and (51), (52) the boundary value problem

d*®

— =-\0 56
$(0) =0 (57)
®(L)=0 (58)
We already know that for this problem the eigenvalues are all positive,
nm\ 2
A_(z) L n=1,2,... (59)

and the corresponding eigenfunctions are

®(z) =sin nre (60)
L
Since A > 0, the general solution of the equation (55) is
h(t) = ¢1 cos eV At + ¢ sin eVt (61)
Therefore, we obtain product solutions,
1 t
up(x,t) = sin ? (An cos m;c + B, sin m;c ) , n=12 .. (62)

which are also known as standing waves. To solve the initial value problem, we use the principle of superpo-
sition and consider the solution of the general form

- t t
u(z,t) = Z sin % (An cos % + B, sin mzc ) (63)
n=1

From (49) we obtain



nmwx

flx) = Z A, sin < (64)
n=1
whereas from (50) we obtain

oo

nmwe . nmT

g(x) = Z B"T sin —— (65)
n=1

sing the orthogonality properties of sin 7% in [0, L], we determine the coefficients as
Using the orthogonalit; ties of sin #7% in [0, L determine th fficient

9 L
A=7 f(x)sin—nzxd:v (66)
nmwe 2 L . nnrx 2 L . nTx
BniL = z/O g(x) sin < dx = B, = pl) g(x) sin < dx (67)

The solution of the problem (47-50) is therefore given by (63) where the coefficients are evaluated ac-
cording to (66), (67).

Remark: The n** term of the solution (63) is given by (62) and is called the n** mode of vibration or the
n" harmonic. The period of the n'" mode is 2L/(nc) and its frequency (rad/sec) is w, = (nmc)/L. For
n = 1 we obtain the fundamental frequency wy = m¢/L and notice that w,, = nwy: all frequencies are a

multiple of the fundamental frequency.

Boundary conditions associated to the wave equation

For simplicity, in the discussion above we considered homogeneous boundary conditions (51-52). In practice
various types of boundary conditions may be specified as follows:

1. Controlled end points (first kind, Dirichlet)

w(0,t) = g1(t), u(L,t) = g2(t) (68)

2. Force specified on the boundaries (second kind, Neumann)
ur(0,8) = g1(t),  uax(L,t) = ga(t) (69)

3. Ellastic attachment on the boundaries (third kind, Robin)
uz(0,8) — au(0,t) = g1(t),  ux(L,t) — fu(L,t) = ga(t) (70)
Q: Show that the wave equation (47) with initial conditions (49-50) and boundary conditions (69) has

at most one solution. Then solve using separation of variables.

Q: Show that the wave equation (47) with initial conditions (49-50) and boundary conditions (70) has
at most one solution. Then solve using separation of variables.



