A PRIMER ON BOX-COX ESTIMATION

John I.

[. Introduction

HE power transformation introduced by
Box and Cox (1964) and given by

o — (v — 11/a A0
¥ T n ¥ A=9

has been extensively used in recent years. Trans-
formed variables can be included in a “lingar™
function so that gpeneralized models of the form

YA = B+ B+ L+ BX e (2)

(1)

can be specified and estimeted. On occasion,
neither a priori reasoning nor theory clearly dic-
tate the correct functional form (transformation)
which an additive model should assume. With
the Box-Cox transformation, the functional form
is dictated by the parameters, A;, which are
themselves estimated. Note that if A, = 1 in {2),
then v enters the egquation lineany; also, ¥
enters {2} as In y, and ¥~ enters (2} as the
reciprocal of y. Thus the estimation procedure
itself chooses the transformations whick best fit
the data. Furthermore, hypothesis tests can be
made on the sstimated A; in arder to determine if
alternative functional farms (transformations} are
also consistent with the data, {See the appendix
for a note on discriminating between functional
forms.) '

Estimation of (2} requires the maximization of
a nonlinear likelihood function which can be ex-
tremely complicated. Since computer programs
for maximizing such complex functions may not
be readily available, the estimation of gener-
alized functional forms such as {2) may be im-
poded.

It may not be generally recognized that estima-
tion of the paremeters of {2) can be accomplished
in at least four different ways. This paper will
look at four alternative ways of estimating the
parameters S, & and o%. Each approach can be
made to yield identical parameter estimates, and
identical estirhales of the covariance matrix of
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the parameter estimates. [n section 1, the gen-
eral protlem will be addressed and the likelihood
function derived. Section 1EI will look at each
estimation approach. Section 1V will conclude
the paper.

Problems of estimation only are dealt with in
this paper. Furthermore, the approximate nor-
mality of the error terms is assumed throughout.
For a discussion of estimation methodology
when the arror terms are fruncaled normal, see
Poirier (1978). For a discussicn of the interpreta-
fion of estimated coefficients in Box-Cox madels,
see Poirier and Melino (1978) or Huang -and
Kelingrs {1979).

Il. The Likelikood Function

A. Deriving the Likelihood Function and
Covariance Matriz

In this section the likelihood function of the
sample and an estimator of the vanance-
covariance matrix of the estimators will be de-
rived. Initially, it will be assumed that {2} is the
mode] to be sstimated. Subsequent parts of ehe
paper will use a simpler mendel for heurnistic pur-
pases,

Uinder the assumption that thare exists some h
for which ¢ in {2) is approximately normally dis-
tributed with mean zero and variance, of, the
density function of the & observation of ¢ is
given by

Rey = (Zma®)d exp(—e?/207), {3
The likelihood function is then
T
L*{JBHM-UE:X-}‘] = ]_I ﬂil]}'.!lrl {4}
=1

where the last term is the Jacobian of the trans-
formation from e to y. The logarithm of (4) is
given by

L=Inf*=k -~ T/2Ino’

T

—(2e77 Y (1 - B, — BaXe

fm]

— e ™ EgX*_-uk.)z + [-}'ll - ]} i]-“}‘i
(1] {5}
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where k, is a constant. Since (%) is a monotonic
tcensformation of (4}, both functions will be
maximized for the. same parameter values,
Maximization of {5) under the assumption of ap-
proximate normality of the € obtains estimators
A, » and o which are Best Asymptotically
Kormal (BAN) under general regularity cendi-
tions. Furthermore, the asymptotic covariance
matrix of the parameter esfimates is given by

~E(3*L/apa0’y (6}

where ° = {#, .. . B A, . . . ki 0%}, This matrix is
the Cramer-Rao lower bound. Trrespective of the
approach taken to estimaton of the parameters
of (2], a consistent estimate of the covariances of
the paramater estimates from (6} may be ob-
tained. In practice, the expectad value of the
second derivative matrix cannot be evaluated for
functions which contain the Box-Cox transfor-
mation; the expectations in {6) are too complex
to evaluate. Instead, the observed {computed)
matrix

{(—od*Lfagag" ) (D

is used. Goldfeld and Quandt (1972, pp. 63-64)
indicate that {6) is consistently estimated by (7) if
the estimators are sufficient. Thus, vse of (7) is
an acceptable practice.

B. Ezamining Simpler Models

Several different versions of {(2) are possible,
Each representation places certain restrictions
on some of the A making the estimation problem
samewhat simpler. For example,

Y =B+ A8+ B+ e {8
W= BN BN e )
=8+ BXGP L + B AN e (I0)
YH =8+ BX L+ BXA e (D)

are all possible combinations. In (8), only the v
values are power transformed. In (9), all X's and
the ¥ value are transformed by the same valug of
. In {10}, all X5 are transformed in the same
way, but the ¥ value is subject to a different
transformation. Lastly, {11}, which is the most
peneral case, allows for different Box-Cox trans-
formations on all the variables in the model.
Equation {11) is identical ko (2).

In section III, discussion will be focused an
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estimating the parameters in the simpler model
represented by (8). The only power transforma-
tion is on the dependent variable y. This spec-
ification makes presentation of the estimation
problem simpler, but, as will be shown, does nat
change any of the essential conclusions. Whether
(®) or (2] is estimated will basically change only
the dimension of the problem; neither the general
appraach nor the derivation of the covarance
makrix is changed. _

Using the more compact notation of matrix
algebra, squation {B) is

M = XB + ¢ (12)

where y* is a T % 1 vector of transformed obser-
vations on the dependent variable: XYis a T x X
matrix of observations on the independent vari-
ables, where the first column is a vector of ones.
Unless this vector is included, the log-likelihood
function is not scale invariant (Schlesselman,
1971). The vector 8 is a X x 1 coefficient vector
of the X's, and £is a T x 1 vector of disturbances,
assumed to be approximately normally <distrib-
uted. The likelihood funciicn to be maXimized
for model (8) is given by

LB o% Xy =k- T/2lna®+ (A= 1)i'Iny

= (0 - XB) OV~ XB)/ 2.
{13)

wherei'=[1111t...1]. The third term on the
right-hand side of (t3) is the log of the Jacobian.

Itl. FEstimation Approaches

Four approaches te the estimation of (B) are
presented below, Each is“equivalent to maximum
likelihcod (ML) estimation.

1. Maximizing the foll log-likelihood func-
tion—{13}.

2. Maximizing the concenirated log-likelihood
function.

3. Maximizing a function of the transformed
sum of squares function. This method 1s
identical to nonlinear least squares
(NL5Q).

4., Minimizing the transformed sum of squares
function by repeated use of ordinary least
squares (iterated ordinary least squares—
I0LS).
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A. Maximizing the Full Log-Likelithood
Function

Equation {13) is to be maximized with respect
to 8, » and o%. Let ¢, = 3¢/3A and €, = 8%/8%.
The first order conditions for a maximum reguire
that

E’ =g Xe=10

B (14)

— =g tee, +i'lny =90 (15)

al

e
The secend order conditions for a local maxi-
mbom require that the matrix of second deriva-
tives be negative definite. Let 8 = [@" & &%].
Then the second derivative matrix is a (K + 2)
x{K + 2) matrix given by

= ={T/Do* + '/ 20% = 0. {16)

' R
agag
XX —-X'g, 1]
x e, + € —i'"Iny
symmetnic e/ {t) —T/{2c%)

{17)

XX
aLfagnd’ = —d¢7*

Use has been made of the first order computa-
tions it the derivation of {17). For example, the
(K x 1) vector of zeros in {17) results from the
vactor

SLiagdat = — (o7 X'e = —0~* 22 = 0.

ag -

The substitution of #1n ¥ in (17) is obtained from
the first order condition given in {15). The inverse
af the negative of (I7), evaluated at L. is the
estimated covariance matrix of the parameter e3-
timates. The maximization problem can be sim-
plified, as will be shown in the next section,

B. Concentrating the Log-Likelthood Function

The parameter o can be solved for directly
from equation (16) in terms of the other param-
eters and the data. Thus, let
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gt = Tl¢'e = T (M — XBY (™ — X@).

{18}
It is then nat necessary to estimate o simulta-
neausly with & and k. The parameter o is a
“nuisance’ variable which can be eliminated or
“concentrated out’’ of the likelihood function,
thus reducing the dimension of the sstimation
problem by one parameter. Substituting (18} into
(13}, the concentrated log-likelihood function be-
comes

LigaXy) =l -T2IngE 4+ (- 1i'lny
(19)

gince the last term of {13) iz now a constant equal
to —T/2 and is included in &,. First order condi-
tions for a maximum of (19 require that

ALjag = -T{[:&*}aa—c;i = tXe=0 (20)
aL/aN = —TH{26%) ‘;T +i'lny=0 (2

= -G, +i"lny =40
Second order conditions require the matrix

& Ey

{22}
— WX e ey + € 2T In )%

it be negative definive. The inverse of the nega-
tive of (22} ia the estimated covariance malrix of
& = [A" Al It may be easily shown that the
covariance matrix obtained from {22} is identical
to the covariance maltrix for # and A obtained
from {17). Write (17) in partitioned form as

A PR
7 =
BC
where 4 isa (K + 1) % (K + 1) matrix; Fis s

(K + 1) % t vector, and C is (1 » 1). The full
covariance matrix is, of course,

AR [ vy
B C V' W ] )

The covariance matrix for the fs and X is
= —-{4 — BE/CY But (A — BB'/C) is
exactly {22).

e
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‘C. Tranasforming the Problem to Nonlinear
Least Squares

The estimation problem may be further sim-
plified by applying a scaling trick originally noted
by Zarembka {1968, nate 8). Let

¥ o= X8 + & (p-£]]
be multiplied through by 3 *, where y is the
geomettic mean of the sample y's. That is,
3= ([ = ew By,
(2.1

This obtains
[/ = y "I/ = X8y~ + eyt
[p/3)* =1]/h = A715~% — 1) + XBy*

+ e {24)

The original equation has heen sransformed into
yH = A% + &* {25)

where y* =y /v and 8* = 38 — ¥ By B . . .
B:]'. The log-likelihood function js merely
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to be negative definite. The negative of the in-
verse of (29) is the estimated covariance matrix
of {8*,x). Obtaining the covariance matnix of
{A,x) it a simple process which can be shawn
ustng an argument of Bard {1974, p. 205). Let the
vector of coefficients from the original mode] be
&' = {#'A} and the vector of coefficients from the
scaled model be

¢ = {8*" A} = g (8). (30)
Equation (30) is reversible; i.e.,
=g () = h(p*) = {F*5*
(31)

+ M BRh L BN AT
Expanding # in {31} around # in a Taylor's
Series approXimation gives

B = Ai0*) + h(6*) (p* — &%) (32)
where 6* is the vector of estisnated coefficients in
the scaled modet, and h{#*} = J is the vector of
estimated coefficients in the original model ob-
tained from (31). Let A'(6") = J, a (K + 1} x
(& + 1} upper triangle matrix given by

000, .. glny+ it {Inmy— 3*)
P00, .. s In 3
J= RO L. : (33)
oo Beylny
' 1

LiG* A X.y%) = ky - T/2 In &%*
+ (A= 13§ Iny*

=k, —T/2 In ¥ {26)
since /' Iny* = 0. Maximizing L js cleatly equiva-
lent to minimizing &*%; the problem is now a
nontinear least squares problem. Initially, let s
focus on maximizing (26). First order conditions
require

LAY = g% T X' * = 0 (27)
JL/GA = — Bt e¥rek, = () (28)
and second order conditions require
xrX

BRL/P* AP = — G+t

Then from (32}, (9 — &) = J i#* — &) and

(8 — B) (8 — 8) = J g% — &) et — Gry
: = SV (34

Equation (34} provides an estimate of the
covarniance matrix of the coefficient vector of the
original madel ir terms of the covariance matrix
estimated from the scaled mode). V{§*) is esti-
mated by the negative of the inverse of (29).

It should be fuither noted that this procedure
for obtaining the correct covariance matrix esti-
males does net increase in complexity for mod-
¢ls more general than (8). The 8* are functions
only of the 8 and the power transformation on ¥
and are not functions of any other power trans-
formation; the mairix J will merely have an addi-

~ X' €%,
(29)

— X [+ e e ]
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tional column and row for more complex models.
The additional column {row} will have & one on
the main diagonal and zeros elsewhers.

In sum, estimation of (B) using the scaled vari-
ables can be accomplished in four steps: (1) scale
each y, by ¥, (2) find the parameter estimates,
(&#*), which maximize (26}: (3) substitute the
values of & into {31) to obtain parameter esti-
mates of § for the ariginal model, and (4) esti-
mate the covariance matrix of the parameter es-
timates from the criginal model. This lzst step is
carried out by premultiplying the inverse of the
negative of (29} by J and then postmuttiplying
that result by J'. This approach simplifies the
estimaticn preblem by eliminating the Jacobian
term from the function to be maximized.

0. fterated Ordinary Least Squares (TOLS)

Since maximizing (26} is equivalent to mini-
mizing ¢*%, the maximum ikelihnod sotution for
the 8%, conditional on A, is £* = (X’ X)) 3" y*™,
An ordinary least squares computer program
may be simply modified or controlied to re-
peatedly estimate g% for different . The error
sum of squares, T4*2, is computed in each case,
and the value of k for which this is minimized will
be the zame, piven the same daca, as for any of
the preceding three approaches. A systematic
gtid search can be done, ssarching say from A =
—2to ik = +2, in steps of 0. 1. If additional aceu-
racy is required, the search can bhe repeated in
smaller steps. Far either model (8) or (9) the grid
search is the same, se both of these models can
be easily estimated by iterated OLS. Models
given by (10) or (11} can be estimated by [OLS
but the grid search must be at least two dimen-
sional; the number of QLS regressions which
must be performed becomes very large.

Estimates of the covariances of the parameter
estimates can be obtained as well. The marrix
X'X used in estimation must be augmented by a
single column and row to form the matrix (29).
Step (4) from section II] C can then be im-
plemenied.

IOLS estimation does not provide correct ML
covariance estimates directly, Clearly some addi-
tional work must be done to get these estimates.
However, considering the amount of computer
“work’™ required to obtain the parameter esti-

maltes, the additional computation required to .

obtain correct covariance estimates is trivial by

3

comparison. Failure to obtain ML covariance
matrix estimates makes any hypothesis testing
on the coefficient vector incorrect, even
asymptotically. The proof of this is straight-
forward.

Let the negative of (22) be partitioned into

T = g2 A B}

= BC {35)

where A = XX is (K % K), Bisa (K % 1) vecior
and € is {1 x 1). OLS incorrectly computes
aA™! a8 the covariance matrix of §. The cor-
reclly estimated covasiance matrix of 8 and A is

0‘2“‘*0”[5;] (36)
und the cofrect covariance matrnix of 8 is
o'l = oA - BR'/CT |
= o![A~1 + (JAl/|ZNABB AL (3T)

Thus, the ML covariance matrix is bigger by

oA/ | ZDABR A, (38)
a positive semidefinite matrix. OLS clearly
underestimates the coefficient variance esti-
Makces,

Emphasis is being. placed on the correct com-
putation of the variances and cevariances of the
parameter estimates because several published
papers have included standard errors on g ob-
tained not from the informatien matrix, but di-
rectly from OLS estimates. It has been shown
that these estimates are biased downward and
their use for hypnthem testing is therefore inap-
prepriate. While it is true that none of the authors
of these papers performed hypothesis tests, the
inclusion of biased statistics is itself a grossly
misleading practice.

E. Ascertaining the Size of GLS Covariance
Bias

Some general conclusions about the size of the
OLS covariance bias may be obtained by manip-
ulatior of the partitionad matrices in section III
D. First note that {|A)/|2} = W, a scalar, if the
model being estimated is either {3} or {9). Thus
ot {|A}/|Z]) = o*W = Var (X). Second, —g?4-
WER = —Var {h)A-'E which are the covariances
of & and the gs. Thus, the OLS biases {% the
varances of the lingar parameters in (38) are
equal o the d:agnnal elements of Cov (A,8)2/Var
{Ada.
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These observations lead to the following gen-
eral conclusions about the bias in the OLS varni-
ANCes;

{a) Not surprisingly. the bias increases with

Var ().

{h) The bias increases the larger the covar-

ance of A with the gs.

Thess resnlts ars not very helpful in a practical
sense, since the size of g depends on the scaling
of the data and the power transformation parom-
efer. Practical experience dictates that using
OLY varance estimates is a poor policy. It is not
nmisual te find that QLS variance estimates un-
derestimate the ML vanance estimates by sev-
eral thousand percent! That is, the bias is several
hundred times larger than the OLS variance es-
timates themselves.

IV. Concluding Observations

1. There are several approaches to the estima-
tion of the parameters in models which contain
the Box-Cox transiermation. All methods, given
the same data, can be made to obtain the same
parameter estimates and the same covarance
matrix estimates.

2. The full maximum likelihood methed re-
quires the solution of a (K + 2) dimensional
problem. Since at each iteration a simultaneous
equations system of (K + 2) equations must be
solved, the amount of work per iteration required
for the full ML method will be larger than for any
of the other methods. It is not clear, and one¢
should not mistakenly conclude, that the full ML
method is slower t¢ converge than the other ap-
proaches. The speed of cenvergence will depend
o the conditioning of the system of simulta-
neous equations. For the same problem, and the
same initial guesses, ful) ML may converge faster
(require less computer time) than any of the
other methods. This occurs becanse the system
of equations for matrix (17) may be better con-
ditioned than that of (22) or {29), Thus whiie
inverting the larger matrix (17) requires more
work per iteration, it is quite possible that fewer
jterations may be needed.

3. The same conclusion hoids for NLL3Q
versus the concentrated log-likelihood approach;
i.e., the speed with which each converges wiil
depend upon the data of a particular problem.
Sometimes gne will converge much faster than
the other; other times, the reverse may hold.

4. TOLS is a viable approach to the problem,
particutarly for medels {8) and (9) where only
one transformation parametet is specified. There
are two advantages to this approach: {1) existing
OLS programs may be easily used, and {2)
“convergence'” is guaranteed, since all realigtic
values of A are evaluated. Disadvantages of using
LOLS include: (1) the manipulation at the con-
clusion of estimation to obtain the correct
covariance matrix estimaie, and (2) the amount
of computer time reguired for estimation may
casily exceed that required for the nonlinear es-
timation methods., With good initial guesses, the
nonlingar approaches may converge in relatively
few iterations. To obtain accurate, say 4 decimal
place, estimates of A by IOLS, over 100 “'regres-
sions”’ may be required.

5. For the nonlinear methods, second detiva-
tives are jmportand, and rapid convergence
necessitates their accurate computation. Failure
to use second derivatives will slow convergence
and may give larger estimated variances.

6. It is probably a good idea to use double
precision arithmetic on alt Box-Cox estimation
problems. The matrices (17), (22) and (29) are all
generatly very ill-conditioned. Spectral condition
numbers in excess of 10® are not unusoal.

7. Where one approzach to the eztimation preb-
lem fails after a large number of iterations, try
another method.
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APPENDIX

Dipcrimiunadion between Linear and Logarithmic Fomms

In a recent note in thia REview, Mallels (1986} proposed
that the Box-Cox mransformation shonld nol be wazd to distin-
guish between different functional forms. Mall=la sargued that
Zarembka's (1968) generalization of the Box-Cox tranaforma-
tion cannot be used o st 5, = 0. We quastion the validity
of Mallela™s argumenl.,

Mailela crilicized Zarembka's derivation of Lhe money de-
mand function as foliows. The gencralized functional form is
given by

¥ = Hg + _ﬂutj‘ + ﬂli{ll~ ‘:-&'I]

If (&) vnity is subtracted from bath sides of (4.1}, (b} §, and
B, are added and subtractied from the right-hamd side, und (&)
both sides of (A1) are divided by A, anc obtains

313
(P = 1= {8+ 8 + 8 — Lifa
+ A - LA+ B - 1 (A1)
Furthermore,
Imig + 8+ iy — 1} = = (A7)
A—l
unic3s
Bt p+a=1 (A}

Lastly, Malkela argued that Zerembka's trapsformation of
{A.1) inte

In¥= ﬁ*. + ﬂl In X. + ﬂ| In Xg {ﬁ.j}

(a} ix of limited use since (A.4) cEnnot in gemeral be assumed
to held, and (k) is not estimable becanse if (4 .4) docs hold,
{A.2) is o loager scale invariant {sec Schiesselman {1971}),

Mallela's critique is in ermor. With complete generality, let

Ho ™ b — 8, — 8, + 1. (A-&)

Enquation (A.3) ig pow finite at b = 0 since, subatitting {A 6]
into {A.d), the limit in (A4} is now & # = ZFarembka's.
derivation is thus both legitimate and estimable. Hypothesis
1ests for H: & = O arc asympiotically valid 3o long as the crror
terms are approximately normally distributed.



