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ESTIMATING REGRESSION MODELS WITH
MULTIPLICATIVE HETEROSCEDASTICITY

By A. C. HARVEY!'

A regression model in which the disturbances exhibit 5 cerlain type of beteroscedasticity
is considerad. Maximum likelihoed methods of sstimation are developed and compared -
with the two-step estimation procedure. A likelhood ratio test for heteroscedasticity is
sugpested. . :

. INTRODHICTION

HETEROSCEDASTIC REGRESSION MODELS in which the variance of the disturbance
term is assumed to be proportional to one of the regressors raised to a certain
power have been considered by a number of writers, including Geary [2], Goldfeld
and Quandt [4], Kmenta [8, pp. 256-264], Lancasier [9], and Pask [11] The
variance of the ith disturbance term in such cases may be written

{1} ol = e? X}

When 4 is unknown Park [11] bas proposed a two-step estimation procedure,
The first step consists of taking the {natural} logarithms of the squares of the
residuals resulting from the application of ordinary least squares (OLS) to the
criginal equation. These are then regressed on log X, thereby yielding estimates
of A and log o* which can be used to construct feasible generalized east squares
{GLS) estimates of the coefficients in the original regression equation.

In this note the twa-step procedure is examined in detail for a more general
modet than that implied by (1). Maximum likelihood methods are also considered
and the properties of estimators obtained by various procedures are compared.
Details of the application of similar procedures to other classes of heteroscedastic
regression models may be found in [3, §, and 12).

2. THE TWO-SFTEP PROCEDURE

- A general formulation of a regression mode] with multiplicative heteroscedasticity

@ we=xbrtw | e,
@) of = EH ' ' Cfi=1,...,m),

" where x; is a kx I vector ‘of observations on the independent variables, g is a

k x 1 vector of parameters, 2, is & p x 1 vector of observations on a set of variables
which are usually, though not necessarily, related to the regressors in {2}, and «
it a p x 1 vector of parameters. The u,’s are disturbance terms which are indepen-
dently and normally distributed with zero means. The first element in z; will always
be assumed to be a constant term. One of the conditions for estimators to exist
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is that all the elements in z; be bounded from below for all i from 1 to 2. In model

(1), which is a special case of (3) with &’ = [loge® Ajand zj = [1 log X}, fulfil- )

ment of this condition requires that X, be positive jor all i
~ The two-step estimator of «,

. n - =1 n
4 2= }: z;z{] Y zloghf,
’ =] i=1
is based on the equation
(5) log#? = Z + w, ; =1,..,n),

_ where B, is the ith residual resulting from the applmatmn of OLS to (2) and

= log {i}/ai).

Fnr & regression model of the form {2) in which the disturbances have constant
variance and plim »~* Zf.,, x,x] is equal to a fixed pomtwe definite matrix, it may
be: shown [13, p. 379] that the OLS residuals converge in distribution to the true
disturbances. This result may be extended to the heteroscedastic case by observing.

that

i=1 ]

Vil — u) = n~'o?x} [n-l i xlxi]ntn*l i ;2 X%} I:n_l i X f:l-lxl
: i=1

The additional assumption that plim /= * Z]_, a7 ?x,x; is a fixed positive definite
matrix is then sufficient to ensure that the variance of #, — u; converges to zero as
n — co. Since Efl, — 1) = 0, it follows from Chebyshev's inequality that &; — u;
converges in probability to zero, Hence, &, converges in disteibution to u, {(which
is normally distributed), and so w; converges in distribution to a variable, w,
which is distributed as the logarithm of a ¥* variate with one degree of freedom
(see Mann and Wald {10]).

From [1, p. 943] we find that the expected value of a variable distributed as the
logarithm of & x* divided by its degrees of freedom,? v, is ¥{v/2) — log (v/2), where
W(s) is the psi (digamma) function defined as d log I'{syd(s) = I(s){T'(s), I'(s) being

the Gamma function. The second, third, and fourth moments about the mean are

W2), ¢'3v2), and wONw/2) + 3N v2)%, respectively; ¥'™(s) denotes the
mth derivative of ¥(s). Evaluatihg these expressions [1, p. 260] for v = | gives

6  Ewf =@ —log} = —1.2704,
M Vwp = yiid) = 49348,
Ew! — WY _ Q)

® gy pEE - L ad

(g.i_ . E(w! — E“’ﬁ‘ v )
. owir AP

" A That is, log{x*/¥).

+.3 7.0000 fi=1,...,n).
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Let &;' denote the Grst element in & Expression (6) then implies that this is an

inconsistent estimator of «, (the first element in a) since plim &, = «, — 1.2704.

However, the other p — 1 elements in & are, subject to the usual conditions [13,
Ch. 8], consistent estimators of the corresponding parameters in o Sincé o,
merely introduces a factor of proportionality into (3), the feasible GLS estimator
of § constructed from & will, in general, be asymptotically efficient. _

1t will be seen from (7) that the asymptotic variance-covariance matrix of & 15

=]

” -1
{10y Vi = 4.9343[2 z,.z;] .

Finally, note that exi:-ressinns (8) and (9] yield interesting information r.-mm:ﬂrning
the skewness and kurtosis of the disturbance term in (3). '

3. MAXIMUM LIKFLTHOOD ESTIMATION

Since the disturbances in the model presented in (2} and (3} are independently
and identically distributed, the log-likelihood function is . -

Zo — 4 3 e "y — Xy
1 i=1

an lugL:'—ztlogln —3
. . i

The inverse of the information matrix, which is equal to the asymptotic variance-
covariance matrix of the maximum likelihood (ML) estimators, is therefore:

FlogL ¢ dloglL -t n P Skl
‘E‘gaﬂ" af o’ l'zl o] 2-"1-"1] 0

{12 El-.c-ciisn TEPTY S .
dlogl : dlogl R LIRS
Bxof | Badd |- 0 5_2 2 z'z')

Comparison of (12) with (10) shows immediately that the two-step estimator of
x is (asymptotically) inefficient. The standard deviations of the clements in & will
exceed the standard deviations of corresponding ML estimators by almost 60

per cent. _
The “method of scoting™ (see, for example, [12]), provides & fairly straight-

forward means of obtaining ML estimators ins this case.” The iterative equations

for estimating § and a may, in view of (12), be written scparately as

pet = B+ {E[%]g:f:ﬂ}_l[a 1;; L]f-ﬁn

= p 4 (i é"““'x.x:) R i x, 7y, — xif)
= . i=1 .

3

3CL I(mr.nﬁ [8, p. 264] who suggests a trial and m'r.ur {scarch) procedure to estimate A in equation (1)
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St — 0 {El:'a2 [OE.L] : }_1 I:a log L]
dadel Jy-ter o2 lpapm

L -1 n
= &% + Z z,z; E zl[e-zﬁm{}?r _ x:ﬁ{i]}! ~ 1],
jmy

and

14)

.where & and " are the estimates of « and §, respectively, obtained at the tth
iteration. As regards starting values, §* may be set equal to b, the OLS estimate .
of B in (2). Following Rutemilier and Bowers [12, p. 555, o™ may be set equal to
Jog %, where s? = EI., (y; — xib)%/n, all the other clements.in the vector a'™ being
zero. Alternatively we may have o® = & the two-step estimator defined in {4).
If a consistent estimator of a is vsed to give starting values for (14), only one
jteration will be needed to produce an estimator with the same asymptotic distri-
' bution as the ML estimator [6, p. 240), Provided, therefore, that =, is estimated
by.& + 1.2704, the two-step procedure produces.a consistent estimator of ¢ and
(14) yields the expression - '

) [l =1 n
(t5) a*=d+¢+ ﬁ.za{}?[z z,z;] ¥ el
i=1 =1 N

whete ¢ is a p x 1 vector in which the first eiement is 0.2704, and the remaining
elements are zero. This modified three-step estimator of « (cf. [S]) is asymptotically
efficient. If it is used to form a feasible GLS estimator it seems reasonable to
suppose that such an estimator will have better small sample properties than the
corresponding two-step estimator. :

For all the estimators of @ described in this section (large sample) test of signifi-
capce may be carried out using {12) and these tests will, of course, be more powerful
than corresponding tests based on & In fact, if we are considering a {two-sided)
test on one of the elements in the vector , the asymptotic relative efficiency of the
test based on the two-step estimator. will be equal to the ratio of the appropriate
variances in (10) and (12) (see [7, Ch. 25]) For any element in x this i§ simply
2/4.9348 = 0.41. _ o

A likelihood ratio test may be used to test the hypothesis that the disturbances
in the model are homoscedastic; i.c, &, = a3 = ..., = 0. This is based on the
statistic :

{16) _2log {L(b, AL, &)} = nlogs* +n — T z& — Z ey, — ;PP

f=1 =]

However, when the first element in the vector & log L/dz is evaluated for a = &
and # = B and set equal to zero, it will be observed that the second and fourth
terms in (16) cancel out. Therefore the test statistic is simply

{17 nlogs® — ¥,z
. i=1
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and this is asymptotically distributed as x* with p — 1 degrees of freedom under
the null hypathesis. :

4, CONCLUSION

By making the assumption that the disturbances in the regression model (2)
are normally distributed it is possibie-to obtain estimates of the heteroscedasticity
parameters, &, which are considerably more efficient than those obtained by a
two-step procedure. This means that more powerful tests can be carried out on

the estimates of @ and, in addition, the small sample properties of the estimator of
§ are likely to be improved.

From the point of view of estimation, the multiplicative heteroscedasticity
model considered here appears to be rather more attractive than the “additive”
model in which either the variance or standard deviation of the ith disturbance
term s assumed {0 be related to a linear combination of known variables 3. 5
" and 12]. There are three reasons for this. Firstly, the likelihood function 3 bounded
and no problems arise due to estimated variances being negative or zero, Secondly,
the error terms in the two-step equation (5) are (asymptotically) homoscedastic
and so the estimated covariance matrix of the two-step estimator, &, is consistent.
Finally, the likelihood ratio test has a much simpler form in the multiplicative
modei.

University of Kent ar Canterbury

-Manuscript received January, 1975; revizsion received April, 1975,

REFERENCES

(1) Aneamowrrz, M., anp I A Stecum (eds.): Hondbook of Mathematical Functions. New York:
Dover Publications, [ne., 1965,
[2] Geamy, R. C.: “A Note on Residusl Heterovariance and Estimation Efficiency in Regression,™
American Stalistician, 20 {1966), 33-31.
[3 Gueiser, H.: A Mew Test for Heteroscedasticity,” Jowrnal of the American Statistival Association,
64 (19653, 316-323. _
[4] Goiprere, 8. M., avp R. E. QuanoT: Nowlinear Meihods in Economerrics. Amsiedam: Norih-
BHolland, 1972, :
(%} Haavev, A. C.: “Estimation of Paraineiers in a Heleroscedastic Regression Model ' Paper
presented at the European Meeting of the Econometric Sociery, Grenoble, September, 1974,
[#) JorcEwsor, D. W.: “Multiple Regression Analysis of 2 Poisson Process,” Journal of the Ametican
Statistieal Associgtion, 56 (1961Y, 235-245, .
(7] KenpaLL, M. G, AN A. STUART: The Advanced Theory of Statistics, ¥al 2, 3d ed. London:
Charles Griffin and Company, Limited, 1973,
[8] EsemTa, L Elements of Economeiries. New York : Macmillan, 1971.
(¥ Lamcaster, T.: “Grouping Estimators on Heteroscedastic Diata,” Journal of the Americon
Statistival Arsaciation, 83 (1968), 182-191, .
(1) Mawnx, H. B, aM0 A, WaLp: “On Stochastic Eimil and Ocder Relationships,”™ Annals of Marhe-
matical Statistics, 14 (1947}, 217-226. .
(11] Park, R. E.: “Estimation with Heteroscedastic Exror Terms," Economietrica, 3 {1966), 888.
17 RBoreeies, H. C., aND D. A, Bowses: “Estitalion in a Heteroxcedastic Regressiom Model,™
Journal of the American Stotistical Association, 63 (1968), 552-557.
(V3] THew., H.: Principles of Evonometrics. Amsterdam: Nerth-Holland, 1971,



