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Abstract. We study the rational coefficients that arise when the Eisenstein series Gk is
expressed as a polynomial in G4 and G6, proving a conjecture that gives an exact formula
for their minimal 2-adic valuation in terms of the binary expansion of the weight. The proof
uses lacunary recurrences for Eisenstein series and yields refined information about the first
valuation levels. As an application, we prove irreducibility results for Faber polynomials
associated to dyadic linear combinations of powers of Eisenstein series.

1. Introduction

The location of the zeros of Eisenstein series, and their algebraic complexity, has long been
a topic of interest. A classical theorem of Rankin and Swinnerton-Dyer [RSD70] states that
all the zeros of the Eisenstein series

Ek =
1

2

∑
(a,b)=1

1

(az + b)k

lie on the unit arc forming part of the boundary of the standard fundamental domain for
SL2(Z). Subsequent work has studied not only the location of these zeros, but also the
algebraic degree of their images under the j-invariant. This problem is naturally approached
via the Faber polynomial associated to Ek. Indeed, writing ∆ = (E3

4 −E2
6)/1728, j = E3

4/∆,
and k = 12D + k′ with k′ ∈ {0, 4, 6, 8, 10, 14}, the quotient

Ek

∆DEk′

is a polynomial in j, and its roots are precisely the j-values of the non-elliptic zeros of Ek.
Thus, questions about the algebraic complexity of the zeros lead to the arithmetic of the
coefficients w(a, k) ∈ Q appearing when the normalized Eisenstein series Gk = 2ζ(k)Ek is
expanded in terms of the generators G4 and G6, that is

Gk =
∑

4a+6b=k

w(a, k)Ga
4G

b
6.

In this paper, we determine the minimal 2-adic valuation v2 among the coefficients w(a, k).
More precisely, if s(n) is the number of ones in the binary expansion of n, we prove the
following theorem.

Theorem 1. For every even k ≥ 4 we have

min
a

v2 (w(a, k)) =

{
0 if k is a power of 2,

s(k)− 2 if k is not a power of 2.

Key words and phrases. Eisenstein series, Lacunary recurrences, Faber polynomials.
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The formula above was originally conjectured by González [Gon22, Conj. 8], who verified it
for all weights k ≤ 3500. Using a recurrence due to Popa [Pop11], González also established
the universal lower bound

min
a

v2 (w(a, k)) ≥ 0.

While that non-negativity result served as a critical technical component in [Gon22], the
exact minimum and its precise dependence on the binary expansion of the weight remained
elusive. Our proof of the theorem relies on a combinatorial identity first discovered by Romik
[Rom17], alongside subsequent generalizations by Mertens and Rolen [MR15]. Interestingly,
Mertens and Rolen describe these recurrences as being lacunary because they relate higher-
weight Eisenstein series to sparse products of lower-weight series. Such inherent sparsity,
combined with a high degree of coefficient symmetry, allows us to identify terms achieving
the minimum and ensure a predictable valuation behavior.

Beyond the exact determination of the minimum valuation, our argument also yields finer
information about the coefficients lying at the first few valuation levels for some weights.
These sharper estimates have arithmetic consequences for the Faber polynomials introduced
above. As a first application, we treat the modular form E2

k + E2k. Its zeros were shown
in [Kla19] to lie on the arc of the unit circle, so they satisfy an analogue of the Rankin–
Swinnerton-Dyer phenomenon. The irreducibility of its Faber polynomial provides informa-
tion about the algebraic complexity of the associated j-values.

Theorem 2. Let k = 12D with D a power of 2. Then the Faber polynomial associated to
E2

k + E2k is irreducible over Q.

It is worth pointing out that, under the same assumption on k, González [Gon22, Thm.
1] showed that the Faber polynomial associated to Ek is irreducible; the key input is that
w(0, k) is the unique coefficient of minimal 2-adic valuation for such k. In our setting,
however, uniqueness of the minimal valuation is not sufficient; the square E2

k introduces
convolution terms, and controlling the intermediate coefficients requires information about
the second valuation level. The stronger coefficient estimates developed in Section 4 provide
precisely the needed extra divisibility.

In fact, Theorem 2 is the first nontrivial instance of a more general dyadic behavior. The
same second-valuation estimates that handle the convolution in E2

k also apply to higher
dyadic powers and certain integral linear combinations of them. This leads to the following
generalization.

Theorem 3. Let k = 12D where D is a power of 2. Suppose

0 ≤ a1 < a2 < · · · < at ≤ ℓ

and m1, . . . ,mt are integers such that m1 and 1
2

∑t
j=1mj are odd integers. Then the Faber

polynomial associated to the weight 2ℓk modular form

t∑
j=1

mjE
2ℓ−aj

2aj k

is irreducible over Q
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2. Powers of two

We begin by addressing the case where the weight k is a power of 2. By González’s non-
negativity result [Gon22, Theorem 7], we are guaranteed that v2(w(a, k)) ≥ 0 for all k ≥ 4.
Thus, it is enough to show that a valuation of 0 can be achieved. In fact, we will show that
only one coefficient has this property.

Proposition 4. For every integer m ≥ 0 and k = 2m+2, we have v2(w(2
m, k)) = 0 and

v2(w(a, k)) > 0 whenever a ̸= 2m.

Proof. For any x, y ∈ Q, we write x ≡ y (mod 2) to mean v2(x − y) ≥ 1. We extend this
notation coefficient-wise to polynomials in G4 and G6.

We prove the statement by induction on m; the base m = 0 is clear. Assume the claim
holds for some m − 1 ≥ 0, i.e., v2(w(2

m−1, 2m+1)) = 0, and all other coefficients w(a, 2m+1)
have a strictly positive 2-adic valuation.

Recall the classical recurrence relation (see, for example, [Rad73, (59.6)])

(1) (n− 3)(2n− 1)(2n+ 1)G2n = 3
∑

p+q=n
p,q≥2

(2p− 1)(2q − 1)G2pG2q.

Applied to n = 2m+1 it yields

G2m+2 ≡
∑

p+q=2m+1

p,q≥2

G2pG2q ≡ G2
2m+1 +

∑
p+q=2m+1

2≤p<q

2G2pG2q ≡ G2
2m+1 (mod 2).

To extract the coefficient w(a, 2m+2) of Ga
4G

b
6 we see that

w(a, 2m+2) ≡
∑

a1+a2=a
b1+b2=b

w(a1, 2
m+1)w(a2, 2

m+1) (mod 2),

where 4ai + 6bi = 2m+1. Every off-diagonal pair (a1, b1) ̸= (a2, b2) occurs twice, so only
a diagonal contribution can survive modulo 2. If a is odd, no such diagonal contribution
exists, so w(a, 2m+2) ≡ 0 (mod 2). If a is even then b is also even, and the only diagonal
contribution is (a1, b1) = (a2, b2) = (a/2, b/2). In that case

w(a, 2m+2) ≡ w(a/2, 2m+1)2 (mod 2),

and the conclusion follows from the inductive hypothesis.
□

Although the recurrence (1) efficiently isolates the pure G4 coefficient when k is a power
of 2, extending this approach to general weights does not seem feasible. First, the presence
of (n− 3) on the left-hand side makes it difficult to control the 2-adic valuation, particularly
when n is odd. More importantly, for general weights, the recurrence is prohibitively dense;
because of the sheer number of terms in the summation, there is no clear mechanism to
identify a specific w-coefficient that achieves the minimal valuation.
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3. Proving the lower bound

Having established the theorem for powers of 2, we now assume that k ≥ 6 is not a power
of 2. In this section, we prove the lower bound v2(w(a, k)) ≥ s(k) − 2 by induction on k.
Thus, we assume that for every weight k′ < k the corresponding bound is known; namely

v2(w(a, k
′)) ≥

{
0 if k′ is a power of 2,

s(k′)− 2 otherwise.

We consider three cases.

3.1. Case 1: k ≡ 2 (mod 6). Let k = 6n + 2. We make use of Romik’s identity [Rom17,
Theorem 1.6] (see also [MR15, Theorem 1])

(6n+ 1)((2n)!)2G6n+2 = (4n+ 1)!
n∑

j=1

(
2n

2j−1

)(
6n

2n+2j−1

)G2n+2jG4n−2j+2.

Setting

cj =
(4n+ 1)!

(6n+ 1)!

1

(2n)!

(2n+ 2j − 1)!(4n− 2j + 1)!

(2j − 1)!(2n− 2j + 1)!
,

we can write

G6n+2 =
n∑

j=1

cjG2n+2jG4n−2j+2.

Since v2(m!) = m− s(m), we see that v2(cj) is equal to

s(6n+ 1) + s(2n) + s(2j − 1) + s(2n− 2j + 1)− s(4n+ 1)− s(2n+ 2j − 1)− s(4n− 2j + 1)

= s(6n+ 2)− 2 + v2(6n+ 2) + s(2j − 1) + s(2n− 2j + 1)− s(2n+ 2j − 1)− s(4n− 2j + 1),

where we also used the fact that s(m)− s(m− 1) = 1− v2(m) and s(4m) = s(2m).

Middle Term. When n is odd, a middle term arises for j = (n+ 1)/2, and

v2(c(n+1)/2) = s(6n+ 2)− 2 + v2(6n+ 2) + 2s(n)− 2s(3n) = 2s(n)− s(3n).

By the inductive hypothesis, the contribution from c(n+1)/2G
2
3n+1 is at least

2s(n)− s(3n) + 2(s(3n+ 1)− 2) ≥ s(k)− 2,

because 2s(n) − s(3n) = s(n) + s(2n) − s(n + 2n) is precisely the number of carries when
adding n and 2n in binary, and s(3n+1) = s(k) ≥ 2 as k is not a power of 2 by assumption.

In fact, a closer inspection reveals that the inequality is strict. To see that, assume by
contradiction that equality takes place. Then 2s(n) = 1 + v2(3n+ 1), and so t = v2(3n+ 1)

must be odd. Also, 3n ≡ −1 (mod 2t) implies that n (mod 2t) is congruent to 2t+1−1
3

=
1010 . . . 012 with t bits alternating 1 and 0; in particular, s(n) ≥ (t + 1)/2. The condition

2s(n) = 1 + t forces n to be equal to 2t+1−1
3

, which contradicts the fact that t = v2(3n+ 1).

Since cj = cn−j+1, we can pair symmetric summands. The pairs take the form

2cjG2n+2jG4n−2j+2.
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Because both indices are between 2n+2 and 4n, they cannot be distinct powers of 2. If they
were the same power of 2, their sum (2n+ 2j) + (4n− 2j + 2) = k would also be a power of
2, which contradicts our initial assumption.

One power of 2. Assume that for some j we have that 2n + 2j = 2r and 4n − 2j + 2 is
not a power of 2. Observe that s(2n + 2j − 1) = r and 2(2j − 1) + (2n− 2j + 1) = 2r − 1,
which has r ones in binary. It follows that

r = s(2(2j − 1)) + s(2n− 2j + 1) = s(2j − 1) + s(2n− 2j + 1).

This yields

v2(cj) = s(6n+ 2)− 2 + v2(6n+ 2)− s(4n− 2j + 1).

Moreover, because 4n− 2j + 2 < 2r+1 and is not a power of 2, it must be true that v2(4n−
2j + 2) < r. Thus

v2(6n+ 2) = min (v2(2n+ 2j), v2(4n− 2j + 2)) = v2(4n− 2j + 2).

Substituting this, we obtain

v2(cj) = s(6n+ 2)− 1− s(4n− 2j + 2).

By the inductive hypothesis, the minimum 2-adic valuation of the w-coefficients occurring
in the representation of G2n+2j is 0, while for 4n− 2j+2 this minimum is s(4n− 2j+2)− 2.
In conclusion, all w-coefficients occurring in the decomposition for 2cjG2n+2jG4n−2j+2 have
2-adic valuation at least

1 + (s(6n+ 2)− 1− s(4n− 2j + 2)) + (s(4n− 2j + 2)− 2) = s(k)− 2.

No powers of 2. Suppose that neither 2n + 2j nor 4n − 2j + 2 is a power of 2. By
the inductive hypothesis, the least 2-adic valuation among the coefficients appearing in the
decomposition of G2n+2j is s(2n+2j)− 2, while the corresponding minimum for G4n−2j+2 is
s(4n− 2j + 2)− 2. Hence, every coefficient arising from 2cjG2n+2jG4n−2j+2 has valuation at
least

1 + v2(cj) + (s(2n+ 2j)− 2) + (s(4n− 2j + 2)− 2).

= s(k)− 3 + v2(6n+ 2)− v2(2n+ 2j)− v2(4n− 2j + 2) + s(2j − 1) + s(2n− 2j + 1).

Note that s(x) + s(y) ≥ 1 + v2(N) whenever N = 2x + y + 1 is not a power of 2; indeed,
s(x) + s(y) = s(2x) + s(y) ≥ s(2x+ y) = s(N) + v2(N)− 1 ≥ 1 + v2(N). This implies that

s(2j − 1) + s(2n− 2j + 1) ≥ 1 + max (v2(2n+ 2j), v2(4n− 2j + 2)) .

Thus, the combined valuation from above is at least

s(k)− 2 + [v2(6n+ 2)−min (v2(2n+ 2j), v2(4n− 2j + 2))] ≥ s(k)− 2.

In particular, if the lower-bound is not strict then we must have

v2(k) = min (v2(2n+ 2j), v2(4n− 2j + 2)) .
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3.2. Case 2: k ≡ 0 (mod 6). Let k = 6n. This time we appeal to [MR15, Theorem 2](
6n+ 1

2n

)
G6n =

n∑
j=1

[(
2n+ 2j − 1

2n

)(
4n− 2j − 1

2n

)
+ 2

(
2n+ 2j − 1

2n

)(
4n− 2j − 1

2n− 2

)]
G2n+2jG4n−2j.

Letting

aj =

(
2n+2j−1

2n

)(
4n−2j−1

2n

)(
6n+1
2n

) , bj =
2
(
2n+2j−1

2n

)(
4n−2j−1
2n−2

)(
6n+1
2n

) ,

we can write

G6n =
n∑

j=1

(aj + bj)G2n+2jG4n−2j.

As before, we find that for 1 ≤ j < n

v2(aj) = s(6n) + s(2j − 1) + s(2n− 2j − 1)− s(2n+ 2j − 1)− s(4n− 2j − 1),

and similarly,

v2(bj) = s(6n) + v2(n) + s(2j − 1) + s(2n− 2j + 1)− s(2n+ 2j − 1)− s(4n− 2j − 1).

Note that v2(bj)− v2(2aj) = v2(n)− v2(n− j) and v2(bn−j)− v2(2aj) = v2(n)− v2(j).

Middle term. When n is even the term corresponding to j = n/2 is (an/2+ bn/2)G
2
3n. Then

v2(an/2 + bn/2) = v2(an/2) = 2s(n)− s(3n) ≥ 0,

and by the inductive hypothesis the contribution from this middle term has valuation at
least

2s(n)− s(3n) + 2(s(3n)− 2) = s(3n) + 2s(n)− 4 ≥ s(6n)− 2 = s(k)− 2,

with equality when n is a power of 2.

Boundary term. The term corresponding to j = n is bnG4nG2n, and v2(bn) = s(6n)−s(n).
If n is a power of 2 then s(6n)− s(n) > s(k)− 2, whereas if n is not a power of 2 then

(s(6n)− s(n)) + (s(4n)− 2) + (s(2n)− 2) = s(6n) + s(n)− 4 ≥ s(k)− 2.

Either way, the necessary lower bound is satisfied by the induction hypothesis. Note that
this is the only case when both 2n+ 2j and 4n− 2j can simultaneously be powers of 2.

Excluding the indices j ∈ {n/2, n}, we can pair equal summand, and the pairs take the form

(2aj + bj + bn−j)G2n+2jG4n−2j.

One power of 2. When 2n+ 2j = 2r and 4n− 2j is not a power of 2, we find that

v2(2aj + bj + bn−j) = v2(bj) = s(6n) + v2(n)− s(4n− 2j − 1).

With the contribution from the inductive hypothesis, the minimal 2-adic valuation of the
w-coefficients coming from (2aj + bj + bn−j)G2n+2jG4n−2j is

s(6n) + v2(n)− v2(4n− 2j)− 1 = s(k)− 2.

It is important to note that such an index j exists if and only if n is not a power of 2.
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No powers of 2. When neither 2n + 2j nor 4n − 2j is a power of 2, we distinguish three
possibilities depending on how v2(n) and v2(j) relate. More precisely,

v2(2aj + bj + bn−j) =


v2(2aj) if v2(n) > v2(j),

v2(bj) if v2(n) = v2(j),

v2(bn−j) if v2(n) < v2(j).

If v2(n) > v2(j), the minimal valuation coming from (2aj + bj + bn−j)G2n+2jG4n−2j is

1 + s(6n) + s(2j − 1) + s(2n− 2j − 1)− v2(n+ j)− v2(2n− j)− 4

= s(6n) + s(2j − 1) + s(2n− 2j − 1)− 2v2(j)− 3

= s(k) + s(j) + s(n− j)− 3 > s(k)− 2.

Similarly, the total lower bound simplifies to

s(k) + s(2j − 1) + s(2n− 2j + 1)− v2(n+ j)− 4,

if v2(n) = v2(j), and to

s(k) + s(2n− 2j − 1) + s(2j + 1)− v2(2n− j)− 4,

if v2(n) < v2(j). In each of these possibilities we use the inequality: s(x) + s(y) ≥ 1+ v2(N)
whenever N = 2x+y+1 is not a power of 2. It yields, in both cases, that the total valuation
is again at least s(k)− 2.

Finally, note that once the strict case v2(n) > v2(j) is excluded, we necessarily have

v2(k) = min (v2(2n+ 2j), v2(4n− 2j)) .

3.3. Case 3: k ≡ 4 (mod 6). Let k = 6n+ 4. We now apply [MR15, Theorem 3][(
6n+ 3

2n+ 2

)
+ 2

(
6n+ 3

2n

)]
G6n+4 =

n+1∑
j=1

[(
2n+ 2j − 1

2n

)(
4n− 2j + 3

2n

)
+ 2

(
2n+ 2j − 1

2n

)(
4n− 2j + 3

2n+ 2

)]
G2n+2jG4n−2j+4.

The coefficient on the left-hand side simplifies to L =
(
6n+3
2n

)
6n+5
n+1

, which has valuation

v2(L) = s(n) + s(n+ 1) + 2− s(6n+ 4)− v2(6n+ 4).

On the right-hand side, we define

aj =

(
2n+ 2j − 1

2n

)(
4n− 2j + 3

2n

)
and bj = 2

(
2n+ 2j − 1

2n

)(
4n− 2j + 3

2n+ 2

)
.

Middle term. A middle term exists when n is even, and it is of the form (an/2+1 +
bn/2+1)G

2
3n+2 with

v2(an/2+1 + bn/2+1) = v2(an/2+1) = 2 (s(n) + s(n+ 1)− s(3n+ 1)) .

Combining this with the inductive hypothesis for G2
3n+2 and subtracting v2(L) yields

(s(k)− 2) + (s(n) + s(n+ 1)− v2(3n+ 2)− 1).
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Writing n = 2m, the second term above becomes 2s(m)−v2(3m+1)−1. Since k = 4(3m+1) is
not a power of 2, the alternating-binary argument used in the middle-term case for k = 6n+2
gives v2(3m+ 1) ≤ 2s(m)− 2. Hence, the middle-term contribution is > s(k)− 2.

For j ̸= n/2 + 1, pairing the symmetric terms yields a similar tripartite framework:

(2aj + bj + bn+2−j)G2n+2jG4n−2j+4,

and it can be checked that

v2(2aj + bj + bn+2−j) = v2(aj) + 1− v2(n+ 1).

One power of 2. When 2n+ 2j is a power of 2, we find that

v2(aj) + 1− v2(n+ 1) = 1 + s(n+ 1) + s(2n− 2j + 1)− s(4n− 2j + 3),

which combined with the contributions from the inductive hypothesis gives

V := s(n+ 1) + s(2n− 2j + 1)− v2(4n− 2j + 4).

Subtracting the valuation of L yields

V − v2(L) = s(6n+ 4)− 2 + [s(2n− 2j + 1)− s(n)]− [v2(4n− 2j + 4)− v2(6n+ 4)] .

It is not hard to see that both of these brackets evaluate to 0, showing that V − v2(L) =
s(k)− 2 and also that v2(k) = min (v2(2n+ 2j), v2(4n− 2j + 4)) .

No powers of 2. Suppose that neither 2n+ 2j nor 4n− 2j + 4 is a power of 2. The lower
bound for the contribution arising from (2aj + bj + bn+2−j)G2n+2jG4n−2j+4 after subtracting
v2(L) is

V ′ := s(k)− 4 + v2(k) + s(2j − 1) + s(2n− 2j + 3)− v2(2n+ 2j)− v2(4n− 2j + 4).

Clearly s(2j− 1)+ s(2n− 2j +3) = 2+ s(j− 1)+ s(n− j +1). As in the previous cases, we
use that s(x)+ s(y) ≥ 1+ v2(N) when N = 2x+ y+1 is not a power of 2. Setting x = j− 1
and y = n− j + 1 (and vice versa) yields

s(j − 1) + s(n− j + 1) ≥ max(v2(2n+ 2j), v2(4n− 2j + 4)).

Hence s(2j − 1) + s(2n− 2j + 3) ≥ 2 + max(v2(2n+ 2j), v2(4n− 2j + 4)), and so

V ′ ≥ s(k)− 2 + v2(k)−min(v2(2n+ 2j), v2(4n− 2j + 4)).

In conclusion V ′ ≥ s(k)− 2, and if this lower bound is not strict then necessarily

v2(k) = min(v2(2n+ 2j), v2(4n− 2j + 4)).
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4. Attaining the lower bound

We now prove that the lower bounds established above can be attained. Set

λ(k) =

{
0, k is a power of 2,

s(k)− 2, k is not a power of 2,
µ(k) =

{
0, k is a power of 2,

2v2(k)−1, k is not a power of 2.

Whenever 4 | k − 6b, we shall denote by Wk,b the coefficient of G
(k−6b)/4
4 Gb

6 in Gk, i.e.,

Wk,b := w

(
k − 6b

4
, k

)
.

In particular, v2(Wk,b) ≥ λ(k) by the preceding sections.

Proposition 5. Let k ≥ 6 be even and not a power of 2.

(a) Suppose k is not of the form 6n with n a power of 2. Then v2(Wk,µ(k)) = λ(k), and
if b < µ(k) then v2(Wk,b) > λ(k).

(b) Suppose k = 6n, where n is a power of 2. Then v2(Wk,n) = 0, v2(Wk,0) = 1, and for
b /∈ {0, n} we have v2(Wk,b) > 1.

Proof. We argue by induction on k.
(a) After pairing symmetric terms, there is a distinguished summand of the form dGPGQ,

where P is a power of 2 Q = k − P , and v2(k) < v2(P ). Therefore v2(Q) = v2(k) and
µ(Q) = µ(k). Moreover, the scalar d satisfies v2(d) + λ(Q) = λ(k).

For every other summand d′GAGB, with A+B = k, the lower-bound analysis gives either

v2(d
′) + λ(A) + λ(B) > λ(k),

or else equality holds and µ(A) + µ(B) > µ(k).
Expanding

dGPGQ = d

(∑
u

WP,uG
(P−6u)/4
4 Gu

6

)(∑
v

WQ,vG
(Q−6v)/4
4 Gv

6

)
,

we see that its contribution to Wk,µ(k) is d
∑

u+v=µ(k) WP,uWQ,v. The term with u = 0 and

v = µ(k) = µ(Q) is dWP,0WQ,µ(Q). Since P is a power of 2, WP,0 is a 2-adic unit. By
the induction hypothesis, v2(WQ,µ(Q)) = λ(Q). Therefore this term has valuation v2(d) +
v2(WP,0) + v2(WQ,µ(Q)) = v2(d) + λ(Q) = λ(k). Every other way to obtain total G6-degree
µ(k) has u > 0 and v = µ(k)− u < µ(k) = µ(Q). Since P is a power of 2, WP,u has positive
valuation for u > 0. Also, by induction, v2(WQ,v) > λ(Q) whenever v < µ(Q). Hence every
term with u > 0 contributes with valuation strictly larger than v2(d) + λ(Q) = λ(k). Thus
the total contribution of the distinguished summand to Wk,µ(k) has valuation exactly λ(k).

Now, consider a non-distinguished summand d′GAGB, with A + B = k. Its contribution
to Wk,µ(k) is d

′∑
u+v=µ(k) WA,uWB,v. If v2(d

′) + λ(A) + λ(B) > λ(k), then every individual

term d′WA,uWB,v has valuation > λ(k), because v2(WA,u) ≥ λ(A), and v2(WB,v) ≥ λ(B).
Therefore this whole summand contributes toWk,µ(k) with valuation strictly larger than λ(k).
The remaining possibility is v2(d

′) + λ(A) + λ(B) = λ(k). By the equality analysis from
the preceding sections: µ(A) + µ(B) > µ(k). For every pair u, v with u + v = µ(k), we
must have either u < µ(A) or v < µ(B). By the induction hypothesis, this implies either
v2(WA,u) > λ(A) or v2(WB,v) > λ(B). Thus v2(WA,uWB,v) > λ(A) + λ(B), and hence
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v2(d
′WA,uWB,v) > λ(k). So this non-distinguished summand also contributes to Wk,µ(k) with

valuation strictly larger than λ(k). Therefore the only contribution to Wk,µ(k) with valuation
exactly λ(k) comes from the distinguished summand, and so v2(Wk,µ(k)) = λ(k).

The same argument proves the second assertion. Indeed, if b < µ(k), then in the dis-
tinguished summand every decomposition u + v = b either has u > 0, or has u = 0
and v = b < µ(Q). In both cases the contribution has valuation strictly larger than
λ(k). For every non-distinguished summand, the same argument as above applies, since
b < µ(k) < µ(A) + µ(B) in the equality case. Hence v2(Wk,b) > λ(k) for all b < µ(k).

(b) The case k = 6 is immediate, so assume n ≥ 2. We use the notation from the k = 6n
identity. This time, the distinguished summand is the middle term dG2

3n, with d = an/2+bn/2,
and v2(d) = 2s(n)− s(3n) = 0. Also, note that µ(3n) = n/2 and λ(3n) = 0.

By induction, the coefficient W3n,n/2 has valuation 0, while every coefficient W3n,u with
u < n/2 has positive valuation. The contribution of the middle term to W6n,n contains the
term dW 2

3n,n/2, which has valuation 0. All other decompositions u+ v = n have at least one

of u, v smaller than n/2, and hence contribute with positive valuation. Thus v2(W6n,n) = 0.
Next consider W6n,0. The middle term contributes dW 2

3n,0, which has valuation at least 2,
since v2(W3n,0) > 0. The boundary term is bnG4nG2n, and, as computed in the k = 6n case,
v2(bn) = s(6n)− s(n) = 1. Both 4n and 2n are powers of 2, so their pure G4-coefficients are
2-adic units. Therefore the boundary term contributes to W6n,0 with valuation exactly 1.
For the remaining paired terms djG2n+2jG4n−2j, with dj = 2aj + bj + bn−j and j ̸= n/2, n,
the computations in the k = 6n section give v2(dj) = 1. Moreover, the two lower weights
cannot both have λ = 0. Indeed, this would force both j and n− j to be powers of 2; hence
j = n/2, the excluded middle case. Therefore every coefficient coming from G2n+2jG4n−2j

has positive valuation, and so these paired terms contribute to W6n,0 with valuation at least
2. Hence v2(W6n,0) = 1.

Finally, suppose b /∈ {0, n}. The boundary term contributes with valuation > 1, since
producing positive G6-degree requires a positive G6-degree coefficient from G4n or G2n, and
all such coefficients have positive valuation. The remaining paired terms again have valuation
1 and product contribution of positive valuation, hence contribute with valuation > 1.

It remains to consider the middle term dG2
3n. By induction applied to 3n = 6(n/2), we

have v2(W3n,n/2) = 0, v2(W3n,0) = 1, and v2(W3n,u) > 1 for every admissible u /∈ {0, n/2}.
Thus, for 0 < b < n, every decomposition u + v = b gives valuation > 1, except possibly
when b = n/2. In that case, the two borderline terms occur symmetrically and combine as
2dW3n,0W3n,n/2, which has valuation at least 2. Therefore, the middle term also contributes
with valuation > 1. Hence v2(W6n,b) > 1 whenever 0 < b < n.

□

5. An application to Faber polynomials

Let Mk be the space of modular forms of even weight k ≥ 4 and level one. Write

k = 12D + k′

for unique D ≥ 0 and

k′ ∈ {0, 4, 6, 8, 10, 14}.
10



For every f ∈ Mk, we have that the quotient

f

∆DE ′
k

is a polynomial in j; we refer to this polynomial as the Faber polynomial associated to f .
Numerical evidence (see [Gek01]) suggests that the Faber polynomial associated to each Ek

is irreducible, and González confirmed that observation when k = 12D and D is a power
of 2. The technical idea behind González’s proof is that the 2-adic valuation of w(0, k) is
exactly 0, while all other coefficients have strictly positive valuation.

In this section we prove a similar phenomenon for the form E2
k+E2k, whose zeros were stud-

ied in [Kla19]. After squaring Ek, the coefficients of the resulting Faber polynomial involve
convolutions of the coefficients coming from Ek, and González’s bound alone is insufficient.
Instead, we make use of of the sharper information provided by Proposition 5.

We now recall the first irreducibility result stated in the introduction.

Theorem 2. Let k = 12D with D a power of 2. Then the Faber polynomial associated to
E2

k + E2k is irreducible over Q.

Proof. Substituting

G4 = 2ζ(4)E4 =
π4

45
E4

and

G6 = 2ζ(6)E6 =
2π6

945
E6

in the expression

Ek =
1

2ζ(k)

D∑
a=0

w(3a, k)G3a
4 G

2(D−a)
6

yields

Ek =
πk

2ζ(k)

D∑
a=0

w(3a, k)
22(D−a)

453a 9452(D−a)
E3a

4 E
2(D−a)
6 .

Next, we note that

E3a
4 E

2(D−a)
6

∆D
= ja(j − 1728)D−a =

D∑
r=a

(
D − a

D − r

)
(−1728)D−rjr.

It follows that, for 0 ≤ r < D, the coefficient of jr in Ek/∆
D is

tk,r :=
πk

ζ(k)
(−1)D−r

r∑
a=0

w(3a, k)
28D−6r−2a−1

33D+3r52D+a72D−2a

(
D − a

D − r

)
.

Since the Faber polynomial associated to Ek is monic, we also set tk,D = 1.
Recall that

2ζ(k) = −(2πi)k

k!
Bk,

where Bk is the k-th Bernoulli number. Since k = 12D with D a power of 2, we have
that s(k) = 2, and hence v2(k!) = k − s(k) = k − 2. Moreover v2(Bk) = −1, by the von
Staudt–Clausen Theorem. Therefore v2(π

k/ζ(k)) = 0.
11



From Proposition 5, we know that v2(w(0, k)) = 0, v2(w(3D, k)) = 1 and for all a /∈
{0, 3D} we have v2(w(a, k)) ≥ 2. This implies that

v2(tk,0) = 8D − 1.

Let 0 < r < D. The a = 0 summand has valuation at least

8D − 6r − 1 ≥ 8(D − r) + 1.

For a > 0, using v2(w(3a, k)) ≥ 2 and a ≤ r, the corresponding summand has valuation at
least

2 + 8D − 6r − 2a− 1 ≥ 8(D − r) + 1.

Consequently, for all 0 < r < D we have

v2(tk,r) ≥ 8(D − r) + 1.

The Faber polynomial associated to the modular form E2
k + E2k ∈ M2k has degree

d :=
2k

12
= 2D,

and leading coefficient 2. For convenience, we normalize it so that it becomes monic, and let

1

2

E2
k + E2k

∆d
= jd +

d−1∑
r=0

ck,rj
r,

Since ck,0 =
1
2

(
t2k,0 + t2k,0

)
, we find that

v2(ck,0) = 16D − 3 = 8d− 3.

Further, for 0 < r < d, we have

ck,r =
1

2

(
t2k,r +

∑
u+v=r

tk,utk,v

)
.

We consider three ranges.

(1) If 0 < r < D, the endpoints terms in the summation are tk,0tk,r + tk,rtk,0 = 2tk,0tk,r,
so they have valuation at least

1 + (8D − 1) + (8(D − r) + 1) = 8(d− r) + 1.

All other terms have valuation at least

(8(D − u) + 1) + (8(D − r + u) + 1) = 8(d− r) + 2.

Since also v2(t2k,r) ≥ 8(d− r) + 1, we infer that

v2(ck,r) ≥ 8(d− r).

(2) If r = D, the endpoint contribution is 2tk,0tk,D, which has valuation

1 + (8D − 1) + 0 = 4d.

The remaining terms have valuation at least 8D+2, and v2(t2k,D) ≥ 8D+1. Therefore

v2(ck,D) ≥ 4d− 1.
12



(3) If D < r < 2D, the endpoint terms are tk,Dtk,r−D + tk,r−Dtk,D = 2tk,Dtk,r−D. Since
0 < r −D < D, their valuation is at least

1 + 0 + (8(D − (r −D)) + 1) = 8(d− r) + 2.

Meanwhile, v2(t2k,r) ≥ 8(d− r) + 1 so

v2(ck,r) ≥ 8(d− r).

The above analysis shows that for all 0 < r < d we have

v2(ck,r)

d− r
>

v2(ck,0)

d
.

Moreover, since D is a power of 2, so is d, and hence v2(ck,0) = 8d − 3 is coprime to d.
By Dumas’s criterion [JK17, Corollary 1.3], the Faber polynomial associated to E2

k +E2k is
irreducible over Q. □

It is useful to reinterpret the last part of the proof in terms of Newton polygons. Let

P (x) = xd +
d−1∑
r=0

crx
r ∈ Q[x],

and put h = v2(c0). Suppose that for 0 < r < d we have

v2(cr) ≥
h(d− r)

d

and that gcd(h, d) = 1. Then the 2-adic Newton polygon of P consists of a single segment
joining (0, h) to (d, 0). Indeed, since h and d are coprime, this segment contains no lattice
points other than its endpoints, so the above inequalities force all intermediate points to lie
strictly above the segment. Dumas’s criterion then implies that P is irreducible over Q2,
and hence over Q.

A similar Newton polygon argument applies to a broader class of integral linear combina-
tions of Eisenstein forms. The hypotheses below ensure two things: first, that the resulting
Faber polynomial can be normalized by dividing by a number of 2-adic valuation exactly 1,
and second, that its constant coefficient has a unique term of minimal valuation.

Theorem 3. Let k = 12D where D is a power of 2. Suppose

0 ≤ a1 < a2 < · · · < at ≤ ℓ

and m1, . . . ,mt are integers such that m1 and 1
2

∑t
j=1mj are odd integers. Then the Faber

polynomial associated to the weight 2ℓk modular form

t∑
j=1

mjE
2ℓ−aj

2aj k

is irreducible over Q.
13



Proof. Let

Dj = 2ajD, Nj = 2ℓ−aj , d = 2ℓD,

so that NjDj = d. Let

Tj(x) =
E2aj k

∆Dj
=

Dj∑
u=0

t2aj k,ux
u.

Then the Faber polynomial of

f =
1

M

t∑
j=1

mjE
Nj

2aj k
, M =

t∑
j=1

mj,

is

Ff (x) =
1

M

t∑
j=1

mjTj(x)
Nj = xd +

d−1∑
r=0

crx
r.

By assumption M/2 is odd, so v2(M) = 1.
From the proof of Theorem 2, applied to the weight 2ajk = 12Dj, we have

v2(t2aj k,0) = 8Dj − 1,

v2(t2aj k,u) ≥ 8(Dj − u) + 1 (0 < u < Dj),

and

t2aj k,Dj
= 1.

We first compute the constant coefficient. We have

c0 =
1

M

t∑
j=1

mjt
Nj

2aj k,0
.

For each j,

v2

(
mjt

Nj

2aj k,0

)
≥ Nj(8Dj − 1) = 8d−Nj.

Since m1 is odd, the j = 1 term has valuation exactly

8d−N1 = 8d− 2ℓ−a1 ,

while all other terms have strictly larger valuation. Hence

v2(c0) = 8d−N1 − v2(M) = 8d−N1 − 1.

Set

h := 8d−N1 − 1.

Clearly gcd(h, d) = 1, so it remains to prove that all intermediate coefficients lie on or above
the line joining (0, h) and (d, 0). Equivalently, we need for 0 < r < d

v2(cr) ≥
h(d− r)

d
.

Fix j, and let Sj,r be the coefficient of xr in Tj(x)
Nj . It suffices to prove

v2(Sj,r)− 1 ≥ h(d− r)

d
.
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Write N = Nj = 2m and D′ = Dj, so that ND′ = d. Consider a contribution to Sj,r

coming from a multiset of indices u1, . . . , uN , 0 ≤ ui ≤ D′, with

u1 + · · ·+ uN = r.

Let A be the number of indices equal to 0, let B be the number equal to D′, and let
C = N − A − B be the number of remaining indices. Denote the remaining indices by
v1, . . . , vC , where 0 < vi < D′.
Using the valuation estimates for the coefficients t2aj k,u, such a grouped contribution has

valuation at least

v2

((
N

A,B,C

))
+ A(8D′ − 1) +

C∑
i=1

(
8(D′ − vi) + 1

)
.

Since

r = BD′ + v1 + · · ·+ vC

and d = ND′, this lower bound becomes

v2

((
N

A,B,C

))
+ 8(d− r)− A+ C.

We claim that

v2

((
N

A,B,C

))
+ C ≥ B + C

N
.

Indeed, the right-hand side is at most 1. If C > 0, then the left-hand side is at least 1. If
C = 0, then the left-hand side is v2

((
N
A

))
. Since N is a power of 2, this is positive unless

A = 0 or A = N . The case A = N gives r = 0, while the case A = 0 gives r = d, both
excluded. Therefore the claim holds for 0 < r < d.

Now

r ≤ (B + C)D′,

so
r

d
≤ B + C

N
.

Using the previous claim, we get

v2

((
N

A,B,C

))
+ 8(d− r)− A+ C ≥ 8(d− r)−N + (N + 1)

r

d
.

Thus

v2(Sj,r) ≥ 8(d− r)−Nj + (Nj + 1)
r

d
≥ 8(d− r)−N1 + (N1 + 1)

r

d
.

After subtracting v2(M) = 1, this gives

v2(cr) ≥ 8(d− r)−N1 − 1 + (N1 + 1)
r

d
.

But the right-hand side is exactly

(8d−N1 − 1)(d− r)

d
=

h(d− r)

d
.

Thus every point (r, v2(cr)), 0 < r < d, lies above the line segment joining (0, h) and (d, 0),
and by Dumas’s criterion, Ff is irreducible over Q. □
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