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Part One:

An Exploration of the Concept of Infinity

The infinite! No other question has ever movegsdoundly the spirit of man;
no other idea has so fruitfully stimulated his lietet; yet no other concept stands
in greater need of clarification than that of thénite.

- David Hilbert (Maor, p. 7)

Infinity is where things happen that don't.

- anonymous schoolboy (Maor, p. 67)



Chapter 1: Introduction — Why Infinity?

The idea of infinity has been a sourcentdrest, fascination, and occasionally
frustration for me as long as | can remember.nltyfiseemed to pop up everywhere; it

came up not just in mathematics, but also in seear, and religion.

When | was about six, | wanted to know what trghbst number was. My
mother explained to me that there was no highestoen, that whatever number someone
came up with, you could always add one. Althoughderstood that she was right, it
still bothered me. Then a relative gave me a lwadled something like “The Big Book
of Answers” which had questions that children as# their answers. One of the
guestions was “What is the largest number?” Theklsaid it was a googol, written as a
1 with 100 zeros after it. Triumphantly, | showed to my mother who explained that a
googol was the largest number with a new namethaita-googol-and-one was also a
number. | knew, even before | showed her the btiak,that was what she was going to

say. | knew she was right, but it still annoyed me

The fitting room in the clothing store where mytimer would take me had
mirrors on all four sides of the cubicles. Youwlblook in the mirror in front of you and
see your back. If I looked at the right angle lldosee my back, the reflection of my
front reflected in the mirror in back of me, andmso | would wiggle my arms to see all
the reflected arms do a perfectly synchronized dafide idea of my reflection bouncing

back and forth forever, giving me infinitely manybs, intrigued me. A few times |



tried counting to see how many arms or shoes Idcmogntify, but my mother got
impatient waiting for me.

My grandparents had a set of babushkas, or Russs&ting dolls. I'd open the
first doll and take out the second doll, inside $keond doll was the third doll, and so on.
There were mostly about seven dolls, and the lastdid not open. Although | realized
that these could not go on forever, | was alwagagphointed when | came to the last

doll.

I don’t remember what brand of cookies we bougdarg ago, but the box had a
picture of itself on the package. The pictureteélf included the picture of itself, which
included the picture of itself. At some point iretcenter it just became some gray spots,
but | liked to imagine the pictures going on fore\ecoming infinitely small. This is
called the “Droste Effect”, named for a brand oft@ucocoa whose box had a picture of
itself on it. Other food packages did this as w@link Floyd’s record “Ummagumma”

had an album cover like this.

Shiveely
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(Droste photograph from Wikipedia, Droste Effect,
http://en.wikipedia.org/wiki/Droste_effect. Land Cakes photograph from Wikipedia,
Land O’ Lakes, http://en.wikipedia.org/wiki/Land_Q%d _akes. Pink Floyd Album
photograph from Wikipedia, Ummagumma, http://enipeklia.org/wiki/Ummagumma)

| read about a woman who liked to have her pictaken with celebrities. The
first time she had her picture taken with one, she=d the picture. The second time, she
held up the first picture while the second pictwes being taken. She held up the second
picture while the third one was taken. | imagimdtht the pictures would look like, as
the image from the first picture got smaller exparadly.

Stephen Colbert, host of The Daily Show,
has a portrait of himself standing by his fireplace
drawn every year. He then puts the painting on the

fireplace mantle, and it gets drawn into the next

year’s portrait. (“Second Year Portrait” from
MSNBC website, http://www.msnbc.msn.com/id/1597666bhird Year Picture from
Smithsonian National Picture Gallery,
http://www.npg.si.edu/exhibit/colbert.htm.)

Norman Rockwell painted a picture he called
“Triple Self-Portrait”. (Photo from The Artchives,
http://www.artchive.com/artchive/R/rockwell/rockwed
elf.jpg.html) It is a picture of himself looking the
mirror as he draws himself. The picture showsrhiage

three times: once is himself, one is his reflectiothe




mirror, and one is the picture he is drawing. inkithat it would have been nice if
someone had taken a photograph of Rockwell pairhiisgpicture, giving us four images
in the picture. Years ago, | thought this coulctbatinued for many iterations, but then |
realized that someone else would have had to heldamera to take the picture,
breaking the chain of Rockwell images. (Even iused a camera with a timer, he could
not be at the camera and at the easel at the same t

| have always loved the

artwork by M.C. Escher, an artist
who used the concept of infinity in
many of his drawings. His picture
“Development” shows a mass of

lizards, getting larger as they come

out from the center. (Picture from

website M.C. Escher, http://www.cord.edu/facultyfarsod/escher.html) | can imagine
the lizards getting infinitely small as get int@tbenter of the picture. Other pictures,
like “Fish” have the largest animals in the middlad it looks like they get infinitely
small as we go towards the outside. (picture frosbsite MC Escher: Infinity,

http://pirate.shu.edu/~wachsmut/Workshops/Eschearitgfinfinity.html)

Escher’s picture “Drawing Hands” gave me a ddfer
type of feeling of infinity. (drawing from Drawingands on
Wikipedia, http://en.wikipedia.org/wiki/Drawing_Heds .) The

left hand is drawing the right hand, as the rigimidhis drawing




the left hand. The left hand can not draw thetrigind until the right hand finishes
drawing the drawing the left hand, but the rightidch@annot draw the left hand until it is

drawn. And so on.

Is space infinite? My brother and | wanted townd had trouble with the idea
of an infinite universe. We learned that therestaes everywhere in the universe. So if
the universe is infinite, there must be infiniteiany stars. But | felt like the number of
stars had to be finite, no matter how large itNdoreover, if the universe is finite, what is
the edge? Could I travel to the edge of the usand not be able to go any farther?
My mother told us that Einstein said that spaceesiaround on itself, but she didn’t
really understand how. This also frustrated me;ghmuore so than the fact that there is
no largest number.

Years later, | learned about the Big Bang thedrgt the universe is expanding
and everything is getting farther away from eadteotike raisins in raisin bread as the
bread rises. However, parts of the universe coalg move at a finite speed. If the Big
Bang occurred fourteen billion years ago, objeotda only be fourteen billion light-
years from the center of the universe. Thatlstitime with the question of what I'd find
if | went to the edge of the universe. (This igggthe fact that | could not go faster than
the speed of light so | would never catch up whth ¢dge.)

| have felt somewhat less frustrated ever sineadlThe Boy Who Reversed
Himself” by William Sleator. Omar, a boy in theddq guards the two dimensional
universe that exists on the surface of a three niémeal sphere. The two dimensional

universe is finite, limited to the surface aredh# sphere, but their space curves around



on itself, and if someone began travelling, theyld@o in a straight line around the
sphere and end up where they began. Althoughratapicture it, | think we live on the
surface of a four dimensional hypersphere. If iagdlled long enough and fast enough
in a straight line, we would circle around in tleaifth physical dimension. The

expansion of the universe means the hyperspheedtiag larger.

Is time infinite? If the universe began with thig Bang, did time exist before
that? Will time exist after the Big Crunch, assaogithere will be one? And if there is no
Big Crunch, will time continue forever? | don’téw the answers to these questions.
I’'m also not sure whether the idea of time passinglves science or philosophy. Many
scientists say that someday all the energy in tineeuse will have broken down as far as
it can, and the universe will no longer be ablsustain life. If there is no life, does time
pass? If all the energy has broken down, willtetets continue to orbit the atom’s

nucleus, the only way to really keep time?

As | child, I did not encounter much work with initiy in math classes. The
closest | came was when my teacher told us we awtldivide by zero. This did not
bother me. | found that division and fractions meadnse if | looked at them as splitting
a number of cakes among a number of people. 8adeghs that if you split eight cakes
evenly among four people, each person would getcakes. 8+0 is meaningless; it asks
how many cakes each person would get if you sjgjittecakes among zero people.

Since there are no people to get any cake, there aswer. | did not feel that the



answer should be zero or infinity, as there waanitone getting zero cakes or infinite
cakes.

We did look at repeating infinite decimals. | thinwas in fourth or fifth grade
when we learned how to do long division for decirthiat would repeat and never end. |

was in eighth grade when | learned how to takepaatng decimal and turn it into a

fraction. | remember my teacher showing us §:8tis equal to 1.

We covered compound interest briefly in high schaale found that the more
often interest is compounded, the more interestggiu In class we looked at interest
compounded yearly, quarterly, monthly, and dailfnat evening | jokingly said to my
mother that on my bank account, | wanted my intezesipounded infinitely many
times. | was surprised when she told me thatvwiis possible to calculate, and that |
would learn how when | learned calculus.

When we studied the circumference of a circle, veeewust told the value of pi.
| think it would have been interesting to try tdiste it first by inscribing and
circumscribing polygons with a circle, and increasihe number of sides of the polygons
to get closer to the circle.

The first class | took that really used infinityadt was high school calculus. We
learned limits in the first semester. Our teadtemwed us that, if we divide a constant
by a variable, as the variable approaches zerdaition approaches infinity (or
negative infinity). If the variable approachesnitiy, the fraction approaches zero. We
also learned to look at what other functions walddas the variables approaches infinity.

In later calculus classes, we learned how to cateuhe area under a curve using

infinitely many inscribed or circumscribed rectaegl We saw shapes that were



infinitely long, yet had finite area. We addediofnitely many positive numbers and
got a finite sum. What at first seems like a cadiction is possible. | was sucked into a
lifetime of loving math.

It was not until after | received my BS in matheitmtind was taking some math
education classes at a different university thaatned that there are different sizes of
infinity. This is very counter-intuitive at firshut the professor made it make sense. At
least | left the class understanding the differdmet@veen the infinite which is countable
and that which is not.

Years later | took a writing class called “writiagout ideas”. | thought it would
be a class about persuasive writing. The clagsved writing about scientific ideas
and making them understandable to non-science @eér my term paper, | decided |
should write about different sizes of infinity.did some reading on my own and listened
to some explanations from some of the math tutorthe third floor of Neuberger Hall

(at a third university) to understand why we negfigbnt levels of uncountable infinity.

For two years, while | taught math at Benson Highdl in Portland, | was the
faculty advisor for the math club. | then spegear teaching middle school and high
school math at Deering School, in Deering, Alaskal was in charge of a once-a-day
math elective. For both the math club and the ralgttive, | was free to work on
whatever | wanted with the students. | includeghsavork that involved infinity,
including looking at Zeno’s paradoxes, the Hildddtel, and different sizes of infinity.

This gave me a chance to work with students ag¢wifft levels with varying

degrees of interest in math. The math club at 8emscluded a wide variety of students:



some students just showed up because their tegatierthem extra credit points for it,
some were mildly interested, and one boy loved mathwanted to learn all I could
teach him at as high a level as | could. At Degfchool, the math elective was set up
so students could get another credit in math i tieeded it, was a combination of high
school and middle school students, and was notb@sability or interest. In both
groups, | found that topics involving infinity weaenong those that interested the
students the most. I'm sure it is because infilstgomewhat incomprehensible that it is
So interesting.

At Deering School and at Bartlett High School incAorage, AK, the classes |
taught included geometry. |included some topie®iving infinity in the curriculum,
including finding the shaded area in a shape witménite shading pattern, finding the
area of a shape with a given circumference asuh#er of sides increases, and the
angle measure of a regular polygon as the numb&des$ increases.

Currently, | teach college algebra and statistidh@ University of Alaska,
Anchorage, as well as college algebra and trigotignad: the ElImendorf branch of
Embry Riddle Aeronautical University. The curriauf these classes all involve
infinity: what happens to rational functions asppeaches infinity, calculating the
circumference of a circle using inscribed and emsaribed polygons with increasing
number of sides, interest compounded continuopsbhability distributions with

infinitely many different outcomes, etc.

When | was in school, we were taught that all nmati@s made up of molecules,

molecules were made up of atoms, and atoms were oyadf protons, neutrons, and

10



electrons. The end. Protons, neutrons, and electrould not be divided further. Now
scientists are splitting atoms and we have quéeksons, and gluons. They remind me
of the Russian nesting dolls when I think the sestlbne cannot open, and suddenly it
does. Can matter be split up infinitely? Or isrthsome point where it really cannot be

subdivided anymore? I'm not sure which seems rnmm@mprehensible to me.

The most incomprehensible subject involving infmg G-d. But | will just have
to accept that G-d is not understandable to theamumind. I'm sure I’'m not the only

one.

| am doing my thesis on infinity because | findhé most interesting area of

mathematics. It is involved in almost every arémath, as well as other subjects.

Infinity is somewhat, well, infinite.

11



Chapter 2: Exploration — A History of Infinity

REVISIONS PENDING...

People have wondered about the infinite ever dimeg were able to think about
the world they lived in. Did the world come inteibg suddenly or had it always
existed? Would it continue to exist infinitely &ver? Was space infinite? If one
traveled through space in a straight line, cousy tbontinue forever? Suppose one cut a
piece of wood in half and then cut one of the haimehalf and continued doing this.

Could they continue forever?

The ancient Greeks were among the first peoplemsider the infinite. They
considered the idea of dividing an object in hatever. The Atomists believed that
matter was made up of tiny indivisibles. Othesadreed, and felt that things could be
broken down smaller continuously. The Eleatic $tlod Philosophers discussed many
mathematical issues, including the infinite.

Pythagoras felt that there was a finite amountadfiral numbers. Aristotle
argued against anything actually being infinitet, lbelieved in a potential infinity. While
he did not believe in the infinite, he believedtttta any finite group, there is a larger
finite group. Only a finite number of natural nuend has ever been written down or
conceived. If L is the largest number conceivee ,can move on to L+1 orLbut there
are still only a finite amount have been used.stftie wrote

Our account does not rob the mathematicians of thei
science, by disproving the actual existence ofrifirite in

the direction of increase, in the sense of the

12



untransversable. In point of fact they do not ntbed
infinite and do not use it. They postulate onlyttie finite
straight line may be produced as far as they Wish.
Aristotle believed in a finite universe, consigtiof nine celestial spheres centered

around the earth. For centuries, many acceptechbdel.

The most well known of the ancient Greek writingsifinity are by the
philosopher Zeno of Elea (495-435 B.C.E.) Zeno thadeading spokesman for the
Eleatic School of Philosophers. He felt that sceeoould not grapple with reality unless
it took into account the ways infinity seems to e@peverywhere in nature. He was
known for paradoxes like how can something moveugh infinitely many points in a
finite period of time.

One of his paradoxes discusses a race betweeneés;hile mythical runner, and
a tortoise, where the tortoise is given a head.s#&eno said that it would be impossible
for Achilles to ever catch up to the tortoise. fdasoned that by the time Achilles began
running, the tortoise was already a distance ahBgdhe time Achilles reached the
point where the tortoise had been when Achillesabegnning, the tortoise had already
moved further on. When Achilles gets to this neinp the tortoise has again moved on.
This will continue forever, preventing Achilles froever catching up. This paradox, and
Zeno's others like it, are among the first menwdthe idea of something continuing

forever.

O’Connor, J.J and Robertson, E.F.; “Infinityttg//www-

groups.dcs.stand.ac.uk/~history/HistT opics/Infirtitynl#s75
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The Eleatic School of Philosophers was one of itise Known to estimate the area
of a circle by cutting it into triangles and measgrthe area of each triangle. As the
number of triangles increased and the size of dachased, the estimation became closer
to the actual area. To get the actual area, @peavsuld have to take infinitely many
infinitely small triangles. They asked how an itie number of nothings add up to
something like a circle?

Euclid, like Aristotle, also did not consider adtudinity. He is credited for
proving, around 300 B.C.E. that there are infigitelany prime numbers. His actual
statement, however, was, “Prime numbers are maredhy assigned magnitude of

prime numbers? This is in line with Aristotle’s belief in poteat infinity.

In the first century B.C.E., Lucretius considerkd tdea of an infinite universe.
In his poenDe Rerum Naturde argues for in favor of an infinite universéthie
universe was finite, he argued, there would havseta boundary. If someone
approached the boundary and threw something laiie tcould be nothing to stop the
object. If there was anything to stop the objeatduld have to lie outside the universe
and nothing can be outside the universe. For reanfuries this argument was accepted
as proof that the universe had to be infinite. &yganany scientists believe in an infinite

universe without a boundary.

2 O’Connor, J.J and Robertson, E.F.; “Infinity”; gniffwww-

groups.dcs.stand.ac.uk/~history/HistTopics/Infiritynl#s75
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The Babylonians were the first to introduce a nungystem with place value.
This enabled people to write larger and larger rensilvithout being limited by the

methods of writing numbers.

Judaism and, later, Christianity believed in amité G-d. G-d is omnipotent,
omniscient, and omnipresent. G-d always was andya will be.
Saint Augustine, in the fifth century B.C.E., wrday of G-dwhere he said
Such as say that things infinite are past G-d'swedge
may just as well leap headlong into this pit of ietp, and
say that G-d knows not all numbers. ... What madman
would say so? ... What are we mean wretches that da
presume to limit his knowledde.
Maimonides compiled thirteen principles of Jewisith. The fourth principle
was
| Believe With Perfect Faith thétte Creator is without

beginning and without end; He precedes all exigténc

The Kabbalah, writings of Jewish mysticism writedyout 1280, was the first

source to suggest different types of infinity, bathan endless collection of discrete

3 O’Connor, J.J and Robertson, E.F.; “Infinityttg//www-

groups.dcs.stand.ac.uk/~history/HistT opics/Infirtitynl#s75

4 Jewish America; “The Thirteen Principles of the Jewish Faith, Compiled By

Maimonides”; http://www.jewishamerica.com/ja/timeline/thirteen.cfm
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items as well as a continuum. This idea was nosicered again until Georg Cantor,
approximately 700 years later.

In the Kabbalah, G-d is considered infinite. Témt “Ain-Sof meaning
“Without End” refers to G-d. This phrase is alsed to refer to the “Infinite Light” and
for the infinite in general.

Explaining that G-d it infinite in volume, the Kadlah says

G-d is boundless. This means that there is notbinygical
that can hinder His presence. He fills every eletnoé
space in all universes that He created, on all$esed
there is no place devoid of hitn.

In a passage referring to the names of G-d, it says
It is from the name Ehyeh [Will Be] that all kindé
sustenance emanate coming from the Source, whttle is
Infinite.®

Elsewhere it explains that because G-d is infirie,can not be understood.
It is necessary to realize that the Infinite Beitig, Blessed
King of Kings cannot be encompassed by any name or
word. Itis not correct to speak of any attributethis
Essence since it does not change, and cannot behser

While this phrase means that G-d has no end ei$ dot refer to any beginning or

lack of one. The Kabbalah explains,

> Rabbi Aryeh Kaplan; Meditation and Kabbalah; Jason Aronson Inc.; Northvale, NJ; 1982; p.302
6 Rabbi Aryeh Kaplan; Meditation and Kabbalah; Jason Aronson Inc.; Northvale, NJ; 1982; p.131
7 Rabbi Aryeh Kaplan; Meditation and Kabbalah; Jason Aronson Inc.; Northvale, NJ; 1982; p.184
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The Endless One and not the Beginningless Onie Ivas
called the Beginningless One, it would be impossibl
even begin to speak about Him. But to some exitieist,
possible to comprehend Him through His creatiohisTs

a beginning but it has no efid.

Thomas Aquinas, a Christian theologian and philbsofelt that that actual
infinity was not possible. He wrote, in the™@&ntury,
The existence of an actual infinite multitude igomssible.
For any set of things one considers must be afapset.
And sets of things are specified by the numbehipigs in
them. Now no number is infinite, for number resditsn
counting through a set of units. So no set of thican
actually be inherently unlimited, nor can it happere

unlimited?

Beginning with Brahmagupta in th& entury, Indian mathematicians added
zero to their number system over a period of 5@¥se They had trouble working with
zero as they worked to make zero follow their radearithmetic. Their biggest problem

was dividing by zero. Bhaskara Il wrote

8 Rabbi Aryeh Kaplan; Meditation and Kabbalah; Jason Aronson Inc.; Northvale, NJ; 1982; p. 303

O’Connor, J.J and Robertson, E.F.; “Infinity”; http://www-
groups.dcs.stand.ac.uk/~history/HistTopics/Infinity.html#s75

9
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A quantity divided by zero becomes a fraction the
denominator of which is zero. This fraction is tedran
infinite quantity. In this quantity consisting dfat which
has zero for its divisor, there is no alteratitrough many
may be inserted or extracted; as no change takes pi
the infinite and immutable God when worlds are t@éar
destroyed, though numerous orders of beings ai ladxs
or put forth®®
This was the first attempt to bring infinity as wa$ zero into the number system.
Bhaskara Il also said that zero times infinity e equal to every number so all

numbers were equal.

Nicholas of Cusa, in the middle of the”‘]ﬁentury, believed that the universe was
infinite. He also said that the stars were dissamis. At the time, the Catholic Church
was trying to eliminate all heresy that did notwithe earth as the center of the universe.
Nicholas was brought before the Inquisition. Heswatured for nine years in an attempt
to make him say that the universe was finite. éfased, and was burned at the stake in

1600.

Human understanding of infinity was advanced gydaylthe writings of Galileo
Galilei (1564-1642). He might have had a lot mreay, but, aware of Nicholas’s fate,

was careful about what he said.

10 O’Connor, J.J and Robertson, E.F. “Infinity”, http://www-

groups.dcs.stand.ac.uk/~history/HistTopics/Infinity.html#s75
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In his essay “On Two New Sciences” (1638) he disedsnathematical ideas as a
dialogue between Salviati, the intelligent persaomg Simplicius, the simpleton. Salviati
explains many aspects of infinity to Simplicius.

Infinity and indivisibles transcend our finite umd@anding,
the former on account of their magnitude, the tdiscause
of their smallness. Imagine what they are when
combined:!

Galileo differentiated between “potential infinitghd “actual infinity”.

He set up a one-to-one correspondence between wholbers and their squares.
Since he could, he reasoned, there must be as peafect squares as there are whole
numbers. In the essay he tried to reason the pamaich set being equal to a proper
subset of itself. To make it more confusing, hetey if you take the set of counting
numbers, subtract the equally sized set of pesigaares, you are still left with an infinite
set of numbers that are not perfect squares.

... the totality of all numbers is infinite, andatithe number
of squares is infinite.; neither is the numberaiares less
than the totality of all numbers, nor the lattezager than
the former; and, finally, the attributes "equaljréater”,
and "less" are not applicable to the infinite, baly to

finite quantities:?

1 Eli Maor; To Infinity and Beyond: A Cultural History of the Infinite, Boston, MA; Birkhauser

Boston Inc.; 1987; p. 179
12 O’Connor, J.J and Robertson, E.F.; “Infinity”; http://www-
groups.dcs.stand.ac.uk/~history/HistTopics/Infinity.html#s75
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John Wallid® (1616-1703) introduced the symboffor infinity
in 1655. He chose this symbol because it is aectivat can be traced

out infinitely many times. It first appeared irstpapefract on Conic

Sections He used it again several months later in hisenraftuential

work Arithmetica infinitorum

Calculus was developed
independently by two different men. In
1665, Isaac Newtdf (1643-1727) began to
| develop calculus. He never had any of hi

developments published at that time.

Gottfried Wilhelm von Leibni? (1646-

1716) published a very similar version of calclilud 684,
prompting Newton to publish his in 1704.

Calculus is divided into two parts, differentiatiand integration, and they are the
reverses of each other. Both involve dividingraté amount into infinitely many
infinitely small parts.

Differentiation is calculating the rate at whicheovariable in a situation is
changing in relation to another variable, eithes gtven point in space or at a given point
in time. In differentiation, we divide a small ¢igee in one variable by a small change in
another, then let both of these changes shrink tinety approach zero, then find the

value of the ratio between them approaches ashibeyme infinitely small. This value is

B picture from http://www-groups.dcs.st-and.ac.uk/history/Mathematicians/Wallis.html

picture from http://www-groups.dcs.st-and.ac.uk/~history/PictDisplay/Newton.html
picture from http://www-groups.dcs.st-and.ac.uk/~history/PictDisplay/Leibniz.html
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called a “limit”, and is the answer sought by diéfetiation- the rate of change at a given
point in space or in time.
To work out the rules, Newton imagined two pointsaograph sliding towards
each other. The average slope between them rautihber of vertical units separating
the two points divided by the number of horizontaits. As the points approach each
other, both of these smaller and become infinisehall as the points merge. The fraction
itself, however, does not suddenly become mearsa@s the numerator and
denominator both approach zero. As the pointsagmbr each other, the fraction may be
1/3,000 divided by 1/2,000 and then 1/3,000,000di0i@led by 1/2,000,000,000 but the
ratio between them is still 1.5. This limit is timstantaneous slope at the point where the
points merge — the rate of change of the vert{gal with respect to the horizontal, (x).
Integration works in the other direction. It tal@sequation dealing with rate of

change and converts it back into an equation mgesf the variables that change.

Galileo’s paradox, where infinity is equal to a setof itself, is the basis for the
story of Hotel Infinity, told by David Hilbert (1861943) There is a hotel with infinitely
many rooms. On one particular night all the ro@resoccupied. A traveler comes
looking for a room. The clerk would like to helprh) but explains that all the rooms are
filled. After thinking for a moment, the clerk has idea. He tells the person in room 1
to move to room 2, the person in room 2 to moveton 3, and so on. Every person
moves to the next room, leaving room 1 empty fog tiew guest. When a group needing
five rooms comes, he has everyone move to the fa@igher. He has a new problem

when infinitely many people come. After thinkirgg has everyone move to the room
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whose number is twice that of the room they areTihis frees up infinitely many rooms
for new guests. (Had he wanted to free up moresofaster, he could have had
everyone move to the room whose number is the saqpfahe one he is in. Infinitely
many people would still have kept coming howeverit sloesn’t really matter.) Hotel

Infinity is one example of an infinite set beinguafito a subset of itself.

Georg Ferdinand Ludwig Philipp Cantor (1945-1918%\the first to do ant
major work with different sizes of infinity. To tig most of our ideas in this area are

from him.

The biggest question about infinity still remairis.the universe infinite, either in
time or space?

Scientists have been trying to find out the sizéhefuniverse. Einstein said that
space curves around on itself. Some scientists thie universe as the three dimensional
surface of a four dimensional hypersphere. To pelgple understand, we can take it
down a dimension. Imagine a two dimensional usigeamn the outside surface of a three
dimensional sphere. The space of this univerfgits, yet a two dimensional inhabitant
of this universe could travel forever in a strailjhé. Because their space curves around
on itself, if someone traveled long enough, theyld@nd up back where they began. If
we move it a dimension (not counting time as a disien), we are three dimensional in a
universe that curves around in a fourth dimensibspace did curve around on itself, the
light from other galaxies would have two differeatites to earth and the galaxy would

appear in two different parts of the sky.
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NASA launched a Wilkinson Microwave Anisotropy PedVMAP) in 2001 and
IS measuring temperature ripples in the "cosmiaomave background”, the afterglow
radiation from the big bang. They feel that if theverse was infinite, the ripples should
come in all sizes. The small ripples follow thedliction, but the large scale ripples that
scientists expect can not be found. This couldjaschance; when scientists run
computer models of what ripples they would expecin infinite universe, once every
few hundred models they have no large scale rippgtesvever, it could be because the
universe if finite and not large enough to accomatedhe larger ripples. Mathematician
Jeffrey Weeks explains, “Just as the vibrationa béll cannot be larger than the bell
itself, any fluctuations in space cannot be latgen space itself*®
Weeks and his colleagues are working togethettwotfigure out the shape of
the universe. Weeks explains
Whether space is finite is something people haea be
asking since ancient times, and probably before thae
resolved this and confirmed that space is finfies would
be an enormous step forward in our understanding of
nature®’

David Spergel of Princeton University agrees.

16 Hazel Miur; “Tantalizing Evidence Hints UniveriseFinite”; NewScientist.com; October 8,

2003; http://www.newscientist.com/article.ns?id=25@

Hazel Miur; “Tantalizing Evidence Hints UniverseFinite”; NewScientist.com; October 8,
2003; http://www.newscientist.com/article.ns?id=2i6@d
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If we could prove that the Universe was finite a@nagll,

that would be earth-shattering. It would really mipa our

view of the Universé®
This team of astrophysicists believe that the WMASUults indicate that the universe is
small, about 70 billion light years across. Thiereo edge to space; the results show that
space curves back on itself in a bizarre way. Thgygest that the universe might be a
dodecahedron, a round shape with a surface ofeiftichl pentagons. If someone left
the dodecahedron through one pentagon, they weeliter through the opposite side

and go through the same galaxies over again.

return
‘/#

Weeks feels that the data strongly matches thdtseseiwould expect from a universe
with this shape. “l was just blown away, the resare far better than | could have
imagined.*®

Other groups of scientists disagree. They arlgaeit space was shaped like this,

they would expect to see certain repeating pattertitee temperature ripples. Spergel

18 Hazel Miur; “Tantalizing Evidence Hints UniveriseFinite”; NewScientist.com; October 8,

2003; http://www.newscientist.com/article.ns?id=25@
9 Hazel Miur; “Tantalizing Evidence Hints Universe is Finite”; NewScientist.com; October 8, 2003;
http://www.newscientist.com/article.ns?id=dn4250
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and his colleagues argue that we do not see therpsive would expect to see.
“Weeks's team has a very powerful model that's besmuse it makes a very specific
prediction about the pattern we should see onkig says Spergel. "However, we've
looked for it, and we don't see f£"Spergel's team and Week’s team are working
together looking through the WMAP data to look &ory possible patterns that might
exist. “We're burning up a lot of supercomputezley on this** says Spergel's
colleague Neil Cornish of Montana State University.

They are also testing other possible shapes éoutiverse. Cormish says that his
team believes it has already rules out almostdfalie possible shapes for the universe,
including football and doughnut shapes. He suspéeit this work will probably yield
nothing, meaning that the universe is either itdimr very large. “We're disappointed
because we favored the small-Universe idea, buésg you've just got to take the

Universe you're given?

Is the universe infinite in time? If not, whemdi begin? How did it begin?
When will it end?
Religious Jews, Christians, and Moslems feel ity can answer the first part.

Genesis 1:1 states, “In the beginning G-d creaézvén and eartH™

20 Hazel Miur; “Tantalizing Evidence Hints Universe is Finite”; NewScientist.com; October 8, 2003;

http://www.newscientist.com/article.ns?id=dn4250

2 Hazel Miur; “Tantalizing Evidence Hints Universe is Finite”; NewScientist.com; October 8, 2003;
http://www.newscientist.com/article.ns?id=dn4250

2 Hazel Miur; “Tantalizing Evidence Hints Universe is Finite”; NewScientist.com; October 8, 2003;
http://www.newscientist.com/article.ns?id=dn4250

2 Rabbi Aryeh Kaplan; The Living Torah: The Five Books of Moses and Haftarot; Maznaim
Publishing Corporation; New York, NY; 1981; p. 3
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Not all scientists agree with the Big Bang theorannes Alfven, winner of the

1970 Nobel Prize, is a proponent of a universeithatinite in both time and space. Itis
not a steady-state model like some other infinitelats. The universe used to be a
uniform hydrogen plasma that had always existetisofne point it began to develop
vortices and gravitational instabilities, a proctes took trillions of years. Over more
trillions of years the universe formed galaxiearstnd planets. The radiation that most
scientists attribute to the Big Bang, Alfven atiities to distant galaxies. While most feel
that the universe is running down, he feels thatuhiverse is constantly being wound
up. He ends his book

Do we live in an finite universe doomed to decakiere

humans are insignificant transitory specks onw pianet?

Or are we instead the furthest advance of an tefini

progress in a universe that has neither beginnangend?

Will our actions today have no meaning in the ehdllo

things, and are we now being swept into that iadNe

decay? Or does what we do here and now permanently

change the cosmos, a change that will echo thraugh

limitless future?*

Infinity has caught many imaginations. Peomeenimagined infinite time,

infinite space, infinite life, infinite series.

24 Martin Gardner; Weird Water and Fuzzy Logic: More Notes of a Fringe Watcher; Prometheus

Books; Amhurst, NY; 1996; p. 27
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If the universe is infinite, and filled with statsroughout, there must be infinitely
many livable planets. Even if only a small peregetof them do have intelligent life,
that would still make infinitely many planets witfe. If the planets with life are infinite,
must every possibility exist somewhere? Does erexryhave alter egos out there

somewhere? Is there a world just like ours extiegdtthey have found a cure for cancer?

A somewhat common drawing is a picture that inetud picture of itself,
including a picture of itself, including a pictusgéitself,... an example is this dubious
work of art of a picture of a woman holding a pretof herself holding a picture of

herself, etc.

Amy W
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Artist Maurits Cornelis Escher (1898-1972) wrot&hé [artist] may want to
penetrate all the way into the deepest infinitytign the plane of a simple piece of

drawing paper by means of immovable and visualseotable images’®

> M. C. Escher; Escher on Escher: Exploring the Infinite; Harry N. Abrams, Inc.; 1986; translated

from the Dutch by Karin Ford; p. 123
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Chapter 3: Exploration — Zeno and Infinity

Under Revision
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Chapter 4: Exploration — Cantor and the Continuum

If | wanted to list all the whole numbers, assumiingll live forever, could I?
Yes: 1, 2, 3, 4,5, 6, and so on. Because theinfinte, | would never finish. But |
would, at some point, reach any whole number tbatwould name, | would get to at
some point. 10 would be the tenth number, 1,0@y@6uld be the one millionth
number, etc. We say that these numbers are “colgfitaGeorg Cantor named this size
of infinity ¥a, pronounced aleph-null.

One question | have had students ask me: Are thersame number of even
integers as there are integers? Before | ansviiaye another question — If
you could not count, would you be able to tell wiegtor not you have the
same number of fingers on each hand? How? Younzdoh up your

fingers and see that each finger of the left hardle matched with a

finger on the right hand and vice-versa. This wdde number too.
We can list all the whole numbers and all the ewbnle numbers, and match
them up in order.

Whole numbers: 1 2 3 4 5 6 7 8 9

PEETTTTTT

Even whole numbers: 2 4 6 8 10 12 14 16 18
When we pair up the numbers between the two s&tb, mumber in the set of whole

numbers gets mapped to the number twice as ldtgeh number in the set of even

whole numbers gets mapped to the number halfaes dEvery number in the top group
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gets mapped to exactly one number in the bottomamrd&very number in the bottom
group gets mapped to exactly one number in thg@topp. So there must be the same
amount of numbers in each group.

Any infinite set of numbers is “countable” if wartlist it so every number in the
set is on the list. The numbers do not have tiisbed in size order. An example is the
set of integers. We cannot list them in order beedhere is no lowest integer. We
cannot start at 0 and go up, because then theivegatgers would never be on the list.
But we can list them: 0, 1, -1, 2, -2, 3, -3, 4,54. We can map them to the whole
numbers by mapping the first number in the listvable numbers to the first number in
the list of integers. Map the second numbers @h é&st together, then the third, and so
on.

Whole numbers: 1 2 3 4 5 6 7 8 9

R R A P R A

Integers: 0 1 -1 2 -2 3 -3 4 -4

What is®a + 1?7 There aré®a whole numbers. If we add O to the set, we still
haveRa, since we can still match them up.

Whole numbers: 1 2 3 4 5 6 7 8 9

PITTTTT010

Whole numbers and 0 1 2 3 4 5 6 7 8

0:
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We could keep adding another element, and therzdity of the set would still
be®a. So¥. plus any finite number is st¥a.

What if we doublefs ? We can take the set of whole numbers and datite
adding in the additive inverse for each whole numbd3ut we saw earlier that it still

gives us jus®s. ®p times any finite number is st&a.

Are there any sets of numbers that cannot be likisdvay, that are not
countable? Yes. One example is the real numbEmsther set is the set of all real
numbers between 0 and 1.

To show that we cannot list all the numbers betw@and 1, we can do a proof
by contradiction. Let’s start by listing all theambers between zero and 1 in their

decimal form, in any order.
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0

9

9

4

4

7 4 4 8
4 2 8 5
6 5 4 8
0O 0 O O
1 4 4 2
7 9 6 2
4 4 4 4
O 0 0 O
1 1 1 2



If we kept going, would every number be on th&lifNNo. We can generate a
number between 0 and 1 that is not on the liskeThe digits on the diagonal — the first
place after the decimal point of the first numlblee, second place after the decimal point
for the second number, the third place after theenaal point for the third number, etc.
(They have been bolded in the above table.) Tstcoct our new number, we use the
numbers on the diagonal. For the first place dfterdecimal point, look at the first
number on the diagonal. If it is not a 3, thetfamgit of our new number will be 3. If the
number is a 3, we will use a 7 in the new numidar the second digit, go to the second
number on the diagonal. If we lined up the numberdave here on the diagonal, we
geth5,3,5,7,0,0,4,9,4,0,0, 3, 7, 6, 0.08" new number will start with
0.373333333337333. Could our new number alreadynitbe list? No. It cannot be the
same as the first number, because the tenthsgligjiferent. It cannot be the same as
the second number because the hundredths digffasetht. It cannot be the same as any
of the infinitely many numbers on our list. We abaldd it to the top of our list, but then
we can repeat this process for another numbeidimait on the list. So there is no way to

list all the numbers between 0 and 1.

If we cannot list all the real numbers betweem@ &, we certainly cannot list all
the real numbers. But are there as many real niatiedween zero and 1 as there are on
the whole number line?

First, let's compare the interval between 0 and the interval of the same length

between 5 and 6. Do they have the same amouninobers? Yes. We can map any
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number n in the first interval to n+5 in the secordhe location of the interval on the
number line does not affect its cardinality.

Compare the interval between 0 and 1 to the iatdve@tween 0 and 2. We can
map every number n in the first interval to 2nhe second interval. Every number in the
first interval has a number in the second inteteddle mapped to, and every number in
the second interval has a number from the firgrual mapped to it. So the two groups
have the same cardinality. The finite length @&f ititerval does not affect this.

So the points in any finite length can be mappettie points in any other finite
length. But what about the points on a infinitegth to the points on an finite length?

To show it can be done, we can map the points @emtimber line to the numbers on the

interval from -1 to 1.

1
Starting with the number line, map the intervahiro to 1 onto the interval from 0 .

1 3
Map the numbers from the interval 1 to 2 onto titerival from2 to 4. The numbers

3

7
from 2 to 3 are mapped to the interval framtos.

Continue, matching each unit length
on the number line to half of what is left on tmelef the segment from -1 to 1. Reflect

the mappings on the negative side.

Another way to map the entire number line ontoitiverval from -1 to 1 is the

2
.y =—tan *(x) . .
equatiom =« , done in radians.
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Another imaginative mapping involves a semi-cittiat goes from -1 to 1, along with a

point in the center.

On this mapping we can map any point on the irdinimber line on the bottom to the
finite line on the top. Take a point on the inf@line (for example, 2), draw a line from
that point on the number line to the point in tkater of the semicircle, and where this
drawn line crosses the curve draw another linectlireipwards to the finite line (here
mapping 2 to 0.8)
This maps 0O to O
1 to 0.55470020
2 to 0.8

3 to 0.89442719 etc.
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Since the real numbers cannot be counted, theyot&emmatched up with the integers.
There must be more real numbers than there amgeirste Cantor first labeled the
cardinality of the set of real numbers c, for contim. Then as they followed the
cardinality for the set of integeka , the cardinality of the set of real number#is
aleph-one.

What is the relationship betwe#s and®.? First, let’'s consider how many
subsets there are of the integers. If | were lygipizza from a shop that offered 10
toppings, how many different groups of toppings ldduhave to choose from? For each

topping, | would have two choices — to includeritmnot include it — so | would have a

choice of2*® or 1024 different groups, representing all thesgth of the toppings. The
same goes for the number of subsets of the sategjers. For each of tifa integers,
we have two choices — to include it in the subseb mot include it. This means there
are2®™ subsets of real numbers. The set of subsetseffia the “power set” of any set.
We already know there afa real numbers between 0 and 1. Take any one of
them, in binary. There are 2 possibilities for tingt digit after the decimal point, O or 1.
There are 2 possibilities for the second digitratte decimal point, also 0 and 1. Thisis
true for every place after the decimal point. 8itieere aréte places after the decimal
point, there ar@™ real numbers between 0 and 1. Earlier we sawttisats equal to
how many real numbers there are. ¥a¢= 2%,
We know that the set of integers is countable,thrdset of real numbers is not
countable. What about the rational numbers? eltnsdike they should not be countable.
It is pretty easy to see that the integers shoeldduntable. They come in order, one

right after the other, one unit apart. Real nurepleowever, are infinitely dense; between
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every two real numbers there are infinitely mor@ reimbers. The same is true for
rational numbers; between any two rational numbieee are infinitely many rational
numbers. Cantor felt that rational numbers wetecoantable until he found a way to
list them. We had a table of all the positiveaa#il numbers, with each numerator going

across a row and each denominator going down edamao.

1 1 1 1
1 2 3 4
2 2 2 2
1 2 3 4
3 3 3 3
1 2 3 4
4 4 4 4
1 2 3 4

We cannot go across the rows because if we begharhe first row we would
never get to the second row. We cannot go dowrdhenns because we would never
get to the second column. What we can do is gk aad forth along diagonals. Since

each fraction is in the table many times, we jugt sver any that we already had.
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Putting the rational numbers in an order (NOT idewrof size, which could not be done)

we get 1(“"5%), % 2, 3, (then skié because it is equal to a number we already had and
1123 11231%53
goto)s, 4,3, 2,

If we had two sets, each containi%y members, and combined them, we would
still have just® members. If each group is countable, the comioinatould still be
countable by going back and forth between them.eXample is combining th& odd
whole numbers and tH& even whole numbers to get the sefafwhole numbers.

The set of real numbers is a combination of ratiomabers and irrational

numbers. Since the real numbers are not countaibldhe rational numbers are that
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means the set of irrational numbers must not betatle. There are more irrational

numbers than there are rational numbers.

How many points are there in the three dimensianalerse? Cantor realized
that the number of points in the universe is etmu#he number of points on the number
line, ®1. To prove this, we need a way to map all the {gaimthe universe to another set
of points that we know has a cardinality¥af.

Here is a way we can map all the points in the ensi® to a point on the number
line between 0 and 1. Pick one point to be théereaf the universe. Any other point
has to have a certain distance from that pointgalominfinite north-south line, a distance
east-west, and a distance up-down. Using anyeoifritthods, map each of these
distances to a point between 0 and 1. List eadeaimal form. Make a new number
between 0 and 1 by getting the places after themdépoint: take, in order, the first
place after the decimal point from the north-sauimber, the first place after the
decimal from the east-west number, the first pkfter the decimal from the up-down
number, the second number after the decimal pont the north-south number, the
second number after the decimal point from the-east number, the second place after
the decimal point from the up-down number, thectiplace after the decimal point from
the north-south number, etc.

For example, | can consider the end of my left xnfileger to be the center of the
universe. | can use this to map a point seveght lyears away to a point on a one inch
number line. | extend an imaginary set of x, yd araxes from my fingertip, using light

years as the unit. The point I'll work with is 2552 on the x axis, -666,777,888 on the
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y axis, and?:3 on the z axis. | have to map each of these tanaber between 0 and 1.
The mapping I'll use is

1 i =
¥ = = tan~1(x) Ifaisz 0
™

f(a)= {

1 .
y=—tan {—-x)+ 05 Ifais <0
w

(If a is positive, this maps it to a number betw8eand %2, while if a is negative, this

maps it to a number between ¥ and 1.) The nun#¥drs.52, -666777888;3 get
mapped to 0.49988278124.0.99999999952.,0.10241638235. respectively. To find
the single point, | take the tenths digit from finst number, the tenths digit from the
second, the tenths digit from the third, the hudthre digit from the first, the hundredths
digit from the second, etc. The number betweendlais
0.491990992894891296793898192253425...

Cantor was very surprised when he realized tlehtimber of dimensions did not
make any difference on the size of infinity. H@vament was “l see it, but | don’t

believe it.” (Aczel, p. 119)

Are there any higher sizes of infinity? Let’s koat the subsets of the real
numbers. There a@¥* subsets. For any group there must be more subiséts group
than there are elements in the group. A groupitdrh has 2 subsets, one with the item
and one empty subset. A group of 2 items has detab A group of 5 items has 32

subsets. And so on. But must this still be trith wfinite groups?
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Suppose it is not. Let's say that there are e ehsin a group, whether e is finite
or infinite. There ar@® subsets of the group. We know that there musit beast as
many subsets as there are elements in the growge, sach element is a subset of 1.
(There has to be at least 1 more subset, sincentipéy group is also a subset. So there
must be at least e+1 subsets. But if you addahyosize of infinity, it stays the same.)
Suppose&® = e . That means that each of the e elements can twhathup with a
subset of the e elements. Elemenwill be matched wittFubset, , elementz will be
matched withsubset: | and so on. Take any match, let's say eleraerdnd its match
with subset, | |s elemenen in subsetn ? [f yes, fine. If not, include eleme#t in
subset, . Subset, cannot be empty since some element must haverbapped to the
empty set, and that element would have tewesety . Isex in subsety 2 |t could not
be, sincesubset. is only for elements not in the subset they arpped to, so i€x is in
subsety it should not be isubsety . But if ex is not insubsety it should be in
subset... This leads to an impossible contradiction. ®hiy way out of the
contradiction is that our original assumption i®ng. So there must be more subsets of
a set than there are elements in the set, evhar# @are infinitely many elements in the
set. SE™" =n , even if n is infinite.

How many different subsets are there of the set@fnumbers? If there a¥a
real numbers, there must 2& subsets. So there must be a cardinality greladentt ,
which is designate®z. How many subsets of subsets of the real nundrerthere?Xs .

And so on.
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Cantor believed that, once you have any size afityf &, the next size i2*"
which would befx+1. There is nothing between the cardinality of dmite set and the
cardinality of its power set. He could not proyeout was certain of it. He named it the

“Continuum Hypothesis”.

Cantor chose, the Hebrew letter taf, to refer to the set otladl alephs. He

chose the last letter of the aleph-bet to indifiagdity, to say there is nothing above the

alephs.
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Part Two:

Teaching Aspects of Infinity to Students
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Overview of the Curriculum

Under Revision
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Activity 1 — Making infinity understandable to yogistudents
Activity 2 — Dividing by zero, part |

Activity 3 — Dividing by zero, part Il

Activity 4 — Repeating decimals

Activity 5 — Making infinity with 4 fours

Activity 6 — Infinity and squares

Activity 7 — Angles of shapes with different numberf sides
Activity 8 — Rational functions

Activity 9 — Compound interest

Activity 10 — Half Life

Activity 11 — Estimating pi

Activity 12 — Markov chains

Activity 13 — Areas under curves

Activity 14 — Infinitely long solids of rotation

Activity 15 — Infinity minus infinity, part |

Activity 16 — Infinity minus infinity, part Il

Activity 17 — Discussions about infinity

Activity 18 — Infinity in art

Activity 19 — Writing about infinity



Activity 1: Making infinity understandable to younqg students

Making infinity more understandable for youngerdsnts

Lesson Plan:
I think | would start with something they can sather than start with concepts. First I'd
have them go outside during the day and look upspace. | would like to then take
them outside that night. First just have thendben and look up. Then have them look
through a telescope. Talk to them about distamt®wy far out does space go? If we
kept going forever, would we ever reach the end?
Next | would try talking about numbers. What is thighest number? One billion? How
about one billion and one? One billion and twogodgol? How about a googol and

one? A googol and two? Do the numbers ever end?

Show them the symbol for infinity. Can they guesy it was

chosen? Can we just follow the curve around ferev(Contrary

to what some people suggest, it was not intended ig

look like a Moebius Strip.)

At a science museum: Show them the “infinite
lights” setup, where two mirrors face each othehwi

lights between them that are reflected back arth fors




(photo by Amy Whinston, taken in the Hall of Sciepm Queens, NY.) Ask the students
how many times the light goes back
and forth if the exhibit is kept up.

Have them move the front panel so the
angle changes and they can see the
path of the lights. Something similar
can be done many other places there
are mirrors facing each other. (photo

“Elevator” at Deviant Art,

http://www.deviantart.com)

One method could be using infinite cat picturebofps from “Infinite Cat”
http://www.infinitecat.com/) It starts with agbure of a cat. The next picture is
another cat watching the first cat on a monitohe third picture is of a third cat

watching the second cat watch the first cat. Amdrs
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Frankie watches Another Frankie

Frankie B on a Poozy watches  \atches Poozy watch

The first cat is monitor. Frankie watch Frankie the other Frankie who

B.

Frankie B. is watching Frankie

Zoot watches Abby

watch Frankie who is

Copper is watching

watching Poozy ...

Fritz is watching Zoot ~ Fritz watch Zoot
Abby watches Frankie watch Abby watch watch Abby...

watch Poozy... Frankie ...

Talk to the students - How many cats could the® ould we keep going? If we do,

how big would the original cat be in the picture?
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Amy W

A somewhat common drawing is a picture

Hjinit

that includes a picture of itself, including a
picture of itself, including a picture of itself, .an example is this dubious work of art of
a picture of a woman holding a picture of herselfling a picture of herself, etc.
(drawing “Framed Drawing” by Amy Whinston, 2008)ei¢ is another picture, by a
somewhat more professional artist, where the roaiudes a picture of the room.
(“Infinity” by Imaginary Creature, http://www.devmart.com)

Experience with this lesson plan:
| have not had a chance to teach this.
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Activity 2: Dividing by zero, part |

Lesson:

Several of the students were having trouble undedstg why you cannot divide
by zero. To help, | gave a demonstration.

| took 12 disks of colored translucent plastic aatithem on the screen of the
overhead projector. “Okay, let's start with 12ided by 3.” On the board | wrote
“12+3=". "How many times can | take away threekdibefore I run out? Count with
me.” | took away three disks and counted “one”chitthe class echoed. |took away
another three disks and counted “two”. | took awagther group and counted “three”. |
took away the last three and counted “four”. “®bat is twelve divided by three?” |
asked. “Four,” they answered and | completed thuaton on the board. “12+3=4".

| put the disks back on the projector and usedémee procedure to show
12+2=6.

| put the disks back again. “Let’s try 12 divideg 0.” On the board | wrote
“12+0". “How many times can | take away zero disie$ore | run out? Count with me.”
| reached down to the overheard made a large gestymicking up zero disks. “One.” |
repeated the gesture. “Two.” And again. “Thre@.few of the students giggled.
“Four.” | paused. “How many times can | do thefdre running out of disks?”
“Forever,” one student answered. “You can keegang,” said another. “So can |

divide by zero?” “No,” the class answered.
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My experience with this lesson:

| used this at Mt. Tabor Middle School, Portlande@bn, &' grade class

Reflection
| did not plan to do this, so | don’t have any @sglan for this. | was student teaching,
and the teacher was having a difficult time helgimg students to understand why you

can not divide by zero. This seemed to work reakyl.
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Activity 3: Dividing by zero, part |l

Worksheet:
You want a $300 go-cart, but you are not sure youafford to pay $300. You will
decide how much you can afford to spend, and tloenwill share the purchase with

other people who are each willing to pay that sameunt.

Cost of go-cart Amount you are Total number of

willing to pay people who will
share the purchase

300 300

300 150

300 100

300 1

300 0.5

300 0.01

300 0.005

300 0

Lesson plan:
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“You want to buy a go-cart for

total cost amount o can pay mimber of people Foing in on it

$300, but can't afford to pay the 00 - 300 _ |
full price. You decide that you 3o - 150 = 2

_ 300 - 100 = 3
would be OK sharing the go-cart if 00 - i _ 300
the others will share the cost oo - 0.5 = 600

200 + 0.01 = 30,000

equally. Once you figure out how g - 0.005 _ 60,000
much you can afford to pay, how o0 -+ 0 =

do you figure out how many people have to shareds¢?” (Divide 300 by the amount
you can pay.)

“If each person can pay $300, how many people tegd in together?” (Just
the one buying it.) “And if you can just pay $1502)

Continue this way for a few more dollar amounts/ihg the amounts get smaller.
The students should be able to see that as therdr@ach person could pay gets smaller,
the more people are needed to go in on it.

Ask: “And if | can afford zero?” The students slibbe able to see that there is

no way to have any number of people pay $0 and hawtal $300.

“As the amount you can pay goes down, what hapfmetiee number of people
who must share the purchase?” The students shealide that as the amount each
person pays goes down, the number of people mergase. “What happens as the
amount you can pay goes to zero?” There will pbbpbe some students who realize

that it goes towards infinity. “But is it infini® If you had infinitely many people each
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paying zero, would you get to $300?” (No). So gan't say it is infinity, just that it

goes towards infinity.

Experience with this lesson

Embry Riddle Aeronautical University, class in Bagng Algebra. | teach this class

about once a year.

Reflection

This seemed to help them more than the methodcrithesl in the previous lesson.
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Activity 4: Repeating decimals

55
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Activity 5: Making infinity with 4 fours

Used at: The original problem came up in a math electiassat Deering
School, Deering, Alaska. Most of the discussios wa the web.

The class was a math elective where | could ddypnetich whatever | chose;
there was no set curriculum. | had told the sttslémat | would give one point extra
credit to the first student who found a way to egsreach integer 0 through 256 using 4

4’s and no other numbers. (For example, 0 Was444l-4vas%', 2 W&S%+§, 13 was

4!—4744, 16 was 4+4+4+4, etc.)

One student asked if she could try to get infinitgaid yes. We had already
looked at dividing by 0 and how the quotient appheal infinity as the denominator

approached 0. she later came to me With% , saying that she knew it was not

really infinity, but this was the best she could bsaid it was fine and gave her credit.

| posted an entry on my blog (I number each emtng, this was number 100.)

—4
=T *sin T |- 4]
| have finally managed to express all the integers 0
- 100 using only 4 4s (and no other numbers). I’ve sort of been playing with this
off and on since 1976, when Mr. C., my math teacher, showed it to the class. |
also managed to get = and

Can anyone get e?

The following are comments this entry receiveadopied them exactly. (I am
“the northernmost jew”, since Deering is°86north so that is the name of the blog;
“PlanoTX” is someone | never met who lives in Plafiexas; sinceXn w7,
pronounced “ach shelach” is Hebrew for your brother, | assutweas my brother; and
“ariel haschnauzer” is, | think, my ex-husband.)

Before | type the comments, | will mention thatnokv this is not really infinity,
and that what | said in the comments was sortllgt SHowever, my brother gets very
upset when people do not follow the rules, anait be fun to annoy him.

PlanoTX said...
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Infinity is 44/(4-4), but what is pi?

NN W' said...
44/(4-4) is not infinity but undefined. It may seem logical to call it

infinity, but that would lead to contradictions. | would think that to get
infinity you'd need to use limits.

PlanoTX said...
That's true. The division of any number by zero is "undefined”. However,

| don't visualize a calculus expression using only four digits of '4' that
would be evaluated as infinity.

Ariel HaSchnauzer said...
Wow | didn't realize the cabin fever was THIS bad

The Northernmost Jew said...

Yes, for infinity | used 44/(4-4) which | say is undefined because it is
INFINITE! Using limits is not allowed because that would involve using
other numbers or i or x or something.

For pi, | used -sqrt(4)*(sin”(-4/4))(int(-.4)) which is a lot easier to follow
if you look at it in the original posting.

NN W' said...
It's not entirely accurate to say that 44/(4-4) is undefined because it is

infinite. Afterall, the limit as x approaches 4 of (44/|x-4]|)) is infinity.
No mathematician will say it is "undefined” simply because it is infinite.
So simply being infinite (in the sense that 44/(4-4) is infinite) isn't
sufficient grounds for calling an expression undefined.

If you take infinity as the value of a positive real divided by zero, then
you end up with contradictions. So while infinity works as the limit of
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the value of a fraction (with positive constant numerator) as the
denominator approaches zero from the right, it does not work as the
value of a fraction with the same positive real numerator and a zero
denominator.

NN W' said...
Oh, and by the way...

When | had Mr. C, and he gave my class the same kind of puzzle (it was
to create the numbers using the digits in whatever year it was -- though |
forget what year it was), he allowed me to use summations.

| bring that up because summations use a letter (typically i, though |
suppose you can use any symbol as long as you don't create ambiguities)
as the index of summation. So your reason for rejecting limits would
apply to summations as well.

Now | acknowledge the other reason for rejecting limits -- that it makes
it too easy to get to any integer (e.g., 5 would be the limit as x goes to
44/44 of x+x+x+x+X). And if you're asking the question, you can set

whatever restrictions you want on what can be included in the solutions.

But | still object to the use of 44/(4-4) as infinity, because it is not
mathematically correct.

PlanoTX said...
Ahhhh....the inverse sine function for pi! Very clever.

NN W' said...
One more thing about infinity...

The Northernmost Jew said...
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44/ (4-4) is infinity. If | wanted negative infinity, | would switch the two

4s in the denominator.

NN W' said...
| realize you are joking about just switching the 4s in the denominator.

But the humor doesn't get us by the fundamental fact that division by 0
doesn't give you infinity. One demonstration of this is that you don't even
get infinity in the limit, because the limit of a ratio (as the denominator
approaches 0) doesn't even exist, much less equal infinity. The right
limit and the left limit are not equal.

The Northernmost Jew said...
Fine, put the 44/(4-4) in absolute value bars!

Followup: | asked in the post if anyone can get posted a followup a few

months later, with the solution someone sent me.
4*in 4/ 44
e = 4
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Activity 6: Infinity and squares

Activity 1 — Making infinity understandable to yogistudents
Activity 2 — Dividing by zero, part |

Activity 3 — Dividing by zero, part Il

Activity 4 — Repeating decimals

Activity 5 — Making infinity with 4 fours

Activity 6 — Infinity and squares

Activity 7 — Angles of shapes with different numberf sides
Activity 8 — Rational functions

Activity 9 — Compound interest

Activity 10 — Half Life

Activity 11 — Estimating pi

Activity 12 — Markov chains

Activity 13 — Areas under curves

Activity 14 — Infinitely long solids of rotation

Activity 15 — Infinity minus infinity, part |

Activity 16 — Infinity minus infinity, part Il

Activity 17 — Discussions about infinity

Activity 18 — Infinity in art

Activity 19 — Writing about infinity
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Activity 7: Angles of shapes with different numbes of sides

Note:

The students already knew that the sum of the arufla triangle total 180°.

Worksheet:
degrees in
number formula to total each angle
number of find total degrees in of a regular

of sides triangles degrees polygon polygon

3

12

20

30

60

90

120

300
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600

1,200

1,800

3,000

5,000

8,000

12,000

20,000

30,000

60,000

120,000

600,000

5,000,000

Graph them below
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175

150

125

100

75

50

25
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25

50

75

Lesson Plan:
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Ask the class “What is the total of the angles gliadrilateral?” | will probably

have few of the students say 360, because a réetaag 4 right angles
which totals 360°, so if all quadrilateral mustaiadhe same amount, it must / : ’

be 360.

“When we draw a polygon with more than 3 sidescese divide it into triangles,
with every vertex fitting into a corner of the pgbn. Here is a quadrilateral. How many
triangles is it divided into?” (2) “How many degsein each of the triangles?”

(180.) “So the total of the degrees in a quadniédtes 2 times 180 which is
360°."

“Let’s try a pentagon. If we divide the pentagoto triangles, how
many do we get?” Show the students that you ¢&ve the diagonals cross, because
then not all the vertices of the triangle are ia éimgles of the polygon, so we can’t add
them. (3) “So how many degrees
total in the pentagon?” (540)

“Let’s divide up the hexagon
into triangles.” Draw a few
hexagons and have students divide them into tregngjfferent ways. “Whichever way
you divide them up, you get three triangles. Se htany degrees in the hexagon?”
(720)

“We can make a table with the number of sidesntitaber of triangles we can make,
and the number of degrees total.” Make the tabiliéhat do we notice about the number
of sides and the number of triangles?” The stuglshould notice that the number of

triangles is 2 fewer than the number of sides.nftloere, we can come up with the
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formula for the total degrees in an n-gon as 1&)(nFill in the triangle for some
polygons with more sides. Together, come up withrtumber of degrees in each angle

of a regular n-gon as 180(n-2)/n. To help withl#sson, write it asl = M.
n
“What happens to the individual angles as we adcemsides?” (They become
larger.) Have a transparency with different regplalygons to put up to show them the

angles. They can see that the shapes with mage kal/e larger angles.

If the number of sides doubles, does the measutteeaingles double? They can see
from the table that the answer is no. Also, thgl@sin a regular hexagon are each,20
but the angles of a regular dodecagon are certaotlR4C .

Calculate the angles of polygons with a lot of sidging into the ten-thousands. “If you
look at the measure of an angle, does it seem geetimg closer to something?” They

should be able to see that it is getting closercoskr to 180.
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degrees in

number formula to total each angle

number of find total degrees in of a regular
of sides triangles degrees polygon polygon

3 1 180 60

4 2 180*2 360 90

5 3 180*3 540 108

6 4 180*4 720 120

9 7 180*7 1,260 140

12 10 180*10 1,800 150

20 18 180*18 3,240 162

30 28 180*28 5,040 168

60 58 180*58 10,440 174

90 88 180*88 15,840 176

120 118 180*118 21,240 177

300 298 180*298 53,640 178.8

600 598 180*598 107,640 179.4

1,200 1,198 180*1,198 215,640 179.7

1,800 1,798 180*1,798 323,640 179.8

3,000 2,998 180*2,998 539,640 179.88

5,000 4,998 180*4,998 899,640 179.928

8,000 7,998 180*7,998| 1,439,640 179.955
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12,000 11,998 180*11,998| 2,159,640 179.970
20,000 19,998 180*19,998| 3,599,640 179.982
30,000 29,998 180*29,998| 5,399,640 179.988
60,000 59,998 180*59,998| 10,799,640 179.994
120,000 119,998 180*119,998 21,599,640 179.997
600,000{ 599,998 180*599,998 107,999,640 179.9994
5,000,000 4,999,998 180*4,999,998 899,999,640  179.9999

“Can it ever reach 180?” Many students shouldzedhat it can not, from a geometric

view. If the angles are 180 degrees, the wholpekauld be a straight line, and could

not be a polygon.

“Let’'s look at it another way. The formula for theeasure of each angle is

d

_180n-360

. As n gets larger and larger, the 360 becomeassiggificant. So as n

gets larger, this gets closerigriﬂ, which is 180. But it never actually reache8 18

because, while the 360 becomes less significacdmmparison to the n, it is still there.”
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200

180

160 * A4

140 +

120

100
80

40
20
0] . . . . . . 1

0] 20 40 60 80 100 120 140

number of degreesin each angle

number of sides

Experience with this lesson

Deering School, Deering, Alaska, high school Geoyngass; Bartlett high school,

Anchorage, Alaska, high school Geometry class

Reflection:
This lesson has always gone smoothly. Then staderterstand logically that the
angles of a polygon can not be greater than 186deg Most could see from the
equation that the measure of each angle will ambra80 degrees as the number of sides

increases.
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Activity 8: Rational functions

Rational Functions

Worksheet:
1. Joe spent $9 for a lawn mower, and mows lawns3que$ hour. What is his profit?

Graph the profit depending on the hours he works.
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2. _Joe spent $9 for a lawn mower, and mows lawns3que$ hour. What is his profit
PER HOUR WORKED? Graph the profit depending onhibers he works.
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Lesson plan

Put the first problem on the board:
Joe spent $9 for a lawn mower, and mows lawns3qre$ hour. What is his profit?
The students should realize that it depends onuh&bers of
hours he worked. Have them give me some pointk them
if they can give me the equation and then graph it. g

i

X y ‘]

0 -9 ‘]

1 -6 bl

3 0 N

4 3 2

10 21 i
y=3x-9 N T O A

Then give the class a new problem:

Joe spent $9 for a lawn mower, and mows lawns3que
hour. What is his average profit per hour?

Find the y value for several x values before comipgvith an
equation. Then give them some larger values of x.

Ask the class what happens to his average wageoperas the
number of hours increases. They should realizeaththe
number of hours he worked went up, the averaget grerf
hour approached $3. Show them that it would nes@ch $3, since he was changing $3
per hour, but we still had to take out the $9 he far the lawn mower. However, as he
worked more hours, the $9 was divided up among roues, so it got closer to $3. Use
the points make the graph, and have them come tingtieé function.

8

94
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X y
0
0.1| -87
0.5 -15
1 -6
3 0
41 0.75
10 2.1
20| 2.55
50| 2.82
100 2.91
200 2.955
500 2.982
1000 2.991
3x-9
y:
X

After finding the value for some very large numbetsow them that as x gets larger, the
3x

9 becomes less significant, and this gets closer tavhich is 3. So the graph will get
closer and closer to 3. Will it ever equal 3? BNecause he still did spend the $9 for the
lawnmower. The line y=3 is an asymptote, a lireg thur graph will get closer and closer
to, but will never touch.

Experience with this:

| use this College algebra classes at Universit4laska, Anchorage, Alaska and Embry
Riddle Aeronautical University, EImendorf, Alaska.
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Comments:
| used this as an introduction to graphing ratidonattions. The students were already
accustomed to graphing linear functions. Thisdessso introduced horizontal
asymptotes. It tends to go smoothly. The studssdsn to have an easier time
understanding this word problem than they do witfeaeric rational function. There has
always been at least one student who can expldhretcest of the class why this function

approaches 3 asymptotically.

Notes:
| took this lesson from the textbook College Algeby Gustafson and Frisk.
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Activity 9: Compound interest

Worksheet:
If we invest $1,000,000 in the bank at 6% annutrast, how much will we have in our
account years later?

Interest is compounded
annually 2x a year monthly daily every second icoratusly

1/365 XXXXX XXXXX XXXXX

1/12 XXXXX XXXXX

1/2 XXXXX

10

100

Lesson plan:

“If we put one million dollars in the bank at 6%enest, how much interest would
we get in the first year?” ($60,000) Most studestiould be able to answer this, even
though the class had never dealt with interestreefdf we leave it in another year, will
we get another 60,000?” (No, more than that.) y@/hMost students will probably
know that we should now be getting interest onitterest we received the first year.
“So how much interest will we get the second ye#$83,600)

Draw a table and calculate how much would be irbének at the end of different
years. Help they students see where the formdutaP(1+r)" comes from.

“Now suppose | decide that the second half of e y want to earn interest on
the interest | received the first half of the yeblow much interest do we get the first half

of the year?” ($30,000) “So we begin the secorfidiahe year with $1,030,000 and get
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6% interest on that for half the year. How muchagonow end the year with?”
($1,060,900) “So do we get more money this way®&s( $900 more.) Calculate how
much money we would have at the end of differemgitles of time.

“What about getting interest the second month enrterest we earned the first
month?” Go through the same process.

Explained the phrase ‘compound interest’ and weégeiherate the formula

rt
A= P(1+Lj .
n

“What happens if we compound the interest morenGft€We make more
money.) “So we would like to compound the inteasbften as possible, right? How
often can we compound it?” Students will probatlggested daily, hourly, or every
second. Calculate the amounts we’'d have if intavas compounded daily and every
second, and add the amounts to the table.

“As we increase the frequency of the compoundirtaivihappens to the amount
of money we have?” The students should realizeitlatreases. “But does it increase
very fast? Look at the amount of money we havieisfcompounded every month or
every second. The amount of times it is compounypes up a lot. Does the amount of
money we have go up as fast?” The students vabainly see that it is leveling off.

“How much more often could we compound the intéteskhere will probably
be a student who suggests continuously. “Whenamgound continuously, we would
need to make n infinity. Will that work in the foula?” Students will probably see that

the formula will not work. Explain that we will fia to use a different formula.
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“Start with (1+1j . Ifnis 1, what do we get?” (2) “If nis®hat do we get?”
n

“2.25.” “If nis 3?” (About 2.37) Start a tabléNow

we don’t want to do this for every integer, sodet’ [1 +1T
A

jump ahead. If nis 10?” (2.59) “If nis 100%2.70)

1|  2.0000000000

“If n is fifty thousand?” (About 2.7183) “What .
3| 2.3703703704

happens as n gets larger? “ The students should be 4]  2.4414062500
5|  2.4883200000

able to see that it gets larger. “But our n igiggt 10|  2.5937424601
20| 2.6532977051

larger very fast. What about the value for the 100  2.7048138294
1,000 2.7169239322

function?” Most students should see that it gatgdr, 50.000]  2.7182546461
. . y 1,000,000] 2.7182804692

but very slowly and is leveling off. “As n goes t 1,000,000,000,000]  2.7185234560
infinity, this gets closer and closer to...” Writeeth i S IB

number on the board 2.7182818285... and add itedable. “Just like pi goes on
forever after the decimal point without ever forgiia repeating pattern, so does this
number. Just like we represent pi with the Greddel pi, we represent this with a lower
case e.”

“The formula for the amount of money we would h#wee compounded the

interest continuously i\ = Pe" . How much money do we have in the bank after one
month if the interest is compounded continuousi@aiculate it together.
($1,000,164.40) “So after one month, we don't@eg difference between compounding
every second and compounding continuously if fbisnded to the nearest penny.” We
calculated it for the other amounts of time. “Afeeyear, we have one penny more.

After 100 years, we have about $144 more.”
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Interest is compounded

annually 2Xx a year monthly daily every second icratusly
0 1,000,000.0Q 1,000,000.00 1,000,000,00 1,0000000. 1,000,000.0( 1,000,000.00
1/365 1,000,164.38 1,000,164.40 1,000,164.40
1/12 1,005,000.00 1,005,012.11 1,005,012.52 051012.52
1/2 1,030,000.0(¢ 1,030,377.51 1,030,451.99 1432053 1,030,454.58

1 1,060,000.00 1,060,900.00 1,061,677,81 1,0613831. 1,061,836.54 1,061,836.%5
2 1,123,600.00 1,125,508.81 1,127,159,78 1,127/885. 1,127,496.84 1,127,496.85
5 1,338,225.5§ 1,343,916.38 1,348,850,15 1,34%325. 1,349,858.74 1,349,858.81
10 1,790,847.7( 1,806,111.23 1,819,396.73 1,8220628 1,822,118.74 1,822,118.80
100 | 339,302,083.51 369,355,81522 397,442,318.653,220,913.15 403,428,649.%8 403,428,793.49

Experience with this lesson:

| teach it at the University of Alaska, Anchoragellege algebra class. | teach this class

about three times a year.

Reflection:

The students seemed fine with this formula. | s@prised that no one asked
where it came from. | later mentioned that fornsudéten give us trouble when things
become zero or infinity. In this case, the lengfttime between compounding becomes
zero, and the number of times it is compounded inesanfinite. | told them that anyone
who takes calculus will learn how to come up witlnfulas like this one.

| would like to find a way to transition to compaling continuously so that the
students see where the formula comes from. Shecsttidents have not yet had calculus,
| cannot have them find the limit as the numbetiroks it is compounded approaches
infinity. 1 have not yet found a way to transitiohhave spoken to a few other

professors, but they also did not know how to de.th
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How | would do this differently for a calculus ctas

My first change is that | would assume the stud&ntav what e is. After

rt
calculating the formula for compound intereéts= P(1+ Lj we would find what
n

happens when n approaches infinity. (We don’t needclude the P. That does not get

affected, so we can multiply it later.) ris jastated like a constant.
r nt

lim (1+—j gives us(l+0)” =1 which is indeterminate. We can solve it using

no n

L’Hospital’'s Rule, if we can get it in the form 0f0 oroo/c.
r nt

We haveA= (1+—j . We can take the natural log of each side.

n

nt t[ﬂn(l"'rj
In(A) = (1+£j = ntDn(1+Lj -\ n

n

Sk

r r
tmn(“nj _tun(l-'-ooj tOn(+0) _t0n(1)_ 0
e 1 1 0 0 0
(00]

Let’s find the derivative of numerator and the damator.

der{t[ﬂn (1+%ﬂ = der[ t0n(1+ rn‘l)] = t[—lir -2 0n?0Or
1+
n

der(%) = der( n*) = (-1) On*

Divide the derivative of the numerator by the dative of the denominator
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e Q-)m2o
1+
n
(-1)m

The denominator cancels out. We cancel what weandrsimplify.

t Elir Q-)m2o

1+H ot

(-Dm* g,
n

Find the limit as n approaches infinity.

im rt to_to_
e | 147 | 140 140
n 00

nt nt
Now we can go back A= (1+%) so In(A)=In HH%) } o)

lim{In (A} =fim{in K +%)nt}} so limfin (A} =1t

In(A)=rt so A=€"'. Since we divided out the principal and did thizrk for a

principal of $1, the amount you would have in tlaakif you deposited P at rate r

compounded continuously for time t

A= P€'.
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Activity 10: Half Life

worksheet:

Carbon-14 has a half-life of 5,700 years. A ba®und and the amount of carbon is

compared to the amount it would have had when niveal died.

1. It has 90% of the carbon that it would have hadmithe animal died. How

old is the bone?

2. It has 50% of the original carbon. How old is it?

3. It has 25% of the original carbon. How old is it?

4. It has 10% of the original carbon. How old is it?

5. The bone is 20 years old. What proportion of riginal carbon does it have?

6. The bone is 7,500 years old. What proportionbiiginal carbon does it

have?

7. Write an equation to find t, the age of the objgoten the proportion of the

original carbon, P.

8. When will all the carbon be gone?
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9. Graph the fraction of the original carbon stilithe bone, by year. Show the

points we already found.
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Lesson plan:

Tell the class:

All radioactive elements have a half-life. ThefHdé is the amount of time it
takes for half the amount of the element to deddgdications also have a half life;
when you take medication, the half life is the amtaaf time it takes for the medication

in your body to decrease by half.

A= Anz'i
A = amount of the element or medication
As =the original amount
t =time

h = half life

Carbon-14 is an element in all living things. WIgeliving organism dies, the
carbon-14 starts to decay. It has a half-1if®,G00 years. When old bones are found,
archeologists can tell how old they are by meagutie carbon in the bone and

comparing it to the amount the bone would havewaen the animal died.
A bone is found, and the amount of Carbon-14 mpmared to the amount it had

originally. (Let the class work on each questiond bit before running through it with

them.)
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1. It has 90% of the carbon that it would have hadmithe animal died. How

old is the bone?

9 = 2 5700
——
log(.9) = 1gg(z 5?00)

—t
log(9) = (—) logl 2)

5700
logi i1 1.9 —t
log(2) 5700
—5700 - log(.9)
=t
log(2)

t = 866 years

2. It has 50% of the original carbon. How old is it?

For 50% , we just take the half life, 5700 years.

3. It has 25% of the original carbon. How old is it?

25% is half of half. This would be two half livek],400 years.

4. It has 10% of the original carbon. How old is it?

Same process as the first questidir; 18,935

5. The bone is 20 years old. What proportion of riginal carbon does it have?
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6. The bone is 7,500 years old. What proportionbiiginal carbon does it
have?

40.17%

7. Write an equation for t.

L
P=2h

()
log{P)=log l-Z ETDD,J
t
5700

log{P)= — log(2)

—5700 -log(F)
B log(2)

8. When will all the carbon be gone?

. —5700 -log(P)
 lez(2)

. —5700 -logl0)
~ log(2)

What does this give us? There is no log of 0.xAets closer and closer to 0
from the positive side, the log of x goes lower &owler towards negative
infinity. Since we have a negative in this, we sag the value of the time
goes towards positive infinity. So it will takefimitely long for all the carbon

to disappear. It will never be all gone.
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proportion of carbon left
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Show the students that the proportion of carbomaggies zero, but never reaches it.

The x axis is a horizontal asymptote.

Experience with this lesson:

| use this lesson when | teach college algebranatddsity of Alaska and at Embry

Riddle Aeronautical University.

Reflection:
Some of the students realize right away that iftmgportion of carbon keeps declining
by half every half-life, then it will never compédy go away. Some others realize it once
we work with the equation. Everyone has alwayseustdod it once we do the graph. A
few times | have had students argue that we camana a fraction of an atom. | have
responded that the number of atoms is extremely, Isig that idea is pretty much just

theoretical, since the universe is not expectddgbindefinitely.

Comment:
| took most of this lesson from the textbook | émethe UAA class. The textbook does

not ask about when there will be no carbon lefigded that in myself.

How | would change this for a calculus class:

10. What happens to the amount of carbon asniedpproaches infinity?

lim (75700)

==

86



Y
8
2=

So as the age of the item gets older, the amourdrbbn approaches 0.
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Activity 11: Estimating pi

Class this is intended for:

Trigonometry

Worksheet:

1. A circle has a diameter of 1.

a. Draw an equilateral triangle inscribed in the @rcWhat is the

perimeter of the triangle?

b. Draw an equilateral triangle circumscribed aroumal t

circle. What is the perimeter of the triangle?

2. Acircle has a diameter of 1.

a. Draw a square inscribed in the circle. What isgaemeter of the

square?

b. Draw a square circumscribed around the circle. Méthe perimeter / \
of the square?




89

3. Adcircle has a diameter of 1.
a. Draw a regular hexagon inscribed in the circle. &Mk the perimeter

of the hexagon?

@

b. Draw a regular hexagon circumscribed around thaecirWhat is

the perimeter of the hexagon?

4. A circle has a diameter of 1.
a. Draw aregular octagon inscribed in the circle. &Mk the perimeter

of the octagon?

b. Draw a regular octagon circumscribed around thgecirWhat is the

perimeter of the octagon?

5. Acircle has a diameter of 1.
a. Draw aregular dodecagon inscribed in the cirtMéhat is the

perimeter of the dodecagon?

O OO0



b. Draw a regular dodecagon circumscribed arounditbkec What is

the perimeter of the dodecagon?

. Write an equation that gives the perimeter of gshaith n sides inscribed in a

circle with a diameter of 1.

. Write an equation that gives the perimeter of gshaith n sides circumscribed

around a circle with a diameter of 1.
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8. Fill in the table:

Number of sides

Perimeter of inscribed

polygon

Perimeter of circumscribed

polygon

12

20

30

60
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9. Fill in the points and graph two curves, one fatiibed polygons and one for

circumscribed polygons,
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Lesson plan:

Draw a circle on the board and tell the studenita® a diameter of 1. Draw an
equilateral triangle inscribed in the circle andd#he students find the perimeter of the
triangle. Give them some time to work on their oand
then do it together with the class.

We can draw lines from the center of the circle to
two angles of the triangle. Each is a radius efdincle,
so their lengths are %. The angle between ther@°is 6
Draw an angle bisector between them to the sidieeof

triangle. We now have a 30-60-90 triangle, with a

V3
hypotenuse of %. The side opposite the 60° asgie.i

343
It is half a side of a triangle, so the perimetethe triangle is 6 times that,z ,

approximately 2.5981.

Repeat the process (let the students
work on it themselves, then do it together with
the class) for a triangle circumscribed around
the circle.

Draw a line from the center of the circle
to the midpoint of one of the triangle sides.

Since this is also the radius of the circle, its

N

~ |5
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1
length isz. Add a line from the center of the circle to agle of the triangle next to the

side we used. We have a 30-60-90 triangle, wheréength of the side opposite the 30°

V3
angle is %2. This makes the side opposite the B@fezz . Since it is also the length of

half the side of the triangle, the perimeter oftifiengle is3v3, approximately 5.1962.

Repeat with the inscribed square.

Make a triangle by drawing lines from the centethef

circle to adjacent corners of the square. Thosslare also 2
radii of the circle. Since the diameter of thel@ris 1, each g
radius is %2. This is a right triangle and the hgpase is a side :

V2

of the square with lengtiz . Since there are 4 of them, the

perimeter of the square 282 , approximately 2.8284.

And the circumscribed square.

N e

Draw a line from the center of the circle an argjléhe square.

adjacent side. We have a 45-45-90 triangle whéeg & 2. The

other leg is also ¥z so the perimeter of the sqisade

Draw another line from the center of the circleahte center of an \ 1
el

Work with the inscribed hexagon.



Draw lines from the center of the circle to twoamjnt angles on the hexagon.
Each of these are radii of the circle, so theyvamnits long. Since the angle between
them is 60 , we have an equilateral triangle. Each side etixagon is %2 so the

perimeter is 3.

Work with the circumscribed hexagon.

Draw a line from the center of the circle to thatee of
side of the hexagon where the circle meets thedgwxaThis is a
radius of the circle, so the length is %2. Drawna from the center

of the circle to one end of this side of the hexag®his is a 30-

N e

60-90 triangle, where the radius of the circlehis $ide opposite

the 60° angle. This makes the part of the triaogieosite the 30°

o4

V3
angle equal tce . Since this segment is half of a side of the

hexagon, the perimeter of the hexagon is 12 tifnies2v3, approximately 3.4641.
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Work with the inscribed octagon.

—
Draw lines from the center of the circle to twoasijnt /
angles of the octagon. With the side of the oatage have an
isosceles triangle where two sides have length,@rid the angle
between them is 45°. The other angles are ea8i.6We can use
the law of sines to find the length of the sidehe& octagon. \ /
1 —
x _ 7 V2

sin45°  siné7.5°. We know the sin of 45° i2 so the length of

5 bl =
-
t\"'|t\.7nl

one side of the hexagonsthn7.5°. The octagon has eight sides, so the perimeter is

=]

242
cin 57.57, approximately 3.0615.

Go to the circumscribed octagon.
Draw a line from the center of the circle to thelpwoint of a
side, where the side meets the circle. This a&déus, so the length
is ¥2. Draw a line from the center of the circlatoend of the same
side. This is a right triangle and the angle i ¢kenter of the circle 550

is 22.5°. If the length of half the side of theéagon is X, the

N

tan(22.5°) =

il
1
tangent of 22.5° is equal to x over Y. 2

SO
1
x = ~tan(22.5°%)

. The perimeter is 16x, so it#s tan{ 22.5° ) which is approximately

3.3137.
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On to the inscribed dodecagon.
Draw an isosceles triangle by drawing lines from th
center of the circle to adjacent corners of theedadon. The

angle in the center is 30and each base angle is"75The

1
equal sides are also radii of the circle, so tlegigth is2. Let

x be the length of a side of the dodecagon. Byateof sines,

1
X 3 1

sin30°  sin75°. Since the sin of 30is 2, x is equal to

1 3
4zim75%. There are 12 sides, so the perimeteingse, approximately 3.1058

For the circumscribed dodecagon:
Draw a line from the center of the circle to theldie of one

of the sides. This is also the radius of the ejrsb it has length of

1
2. Draw another line, this one from the centerhef tircle to an L5

angle of the dodecagon, The angle between thé®fis Let x be 1

b
N

1
the length of half a side of the dodecagon. Tdh iEsequal toz ,

1
so x is equal témﬂlS . Since there are 12 sides, and x is equal toahsilie, the

perimeter isl2tanls® approximately 3.2154.
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Ask the students: As the polygons get more ancersigles, what do they get

closer to? The students should notice that thggools look more and more like circles.

If they get closer to circles, what should theiripeters get closer to? Pi.

Can we develop a formula for the perimeter of goh with n sides inscribed in

a circle with a diameter of 1?
Let x be the length of a side. We have an isosdel@ngle

where two of the sides are each %2 and the thielisid. The angle

360
opposite the side of x LT) , While the other angles are each

LR —
2 , Which simplifies to n . We can use the
1
x _ 3
. (360 . 1801 ,
sin|{—|° sin(90———)°
law of sines to find the length of x. ( n ) ( n ) . So
. 360y,
e SETI[ " )
2.5 (g@ _@]n
b n /. Since there are n sides of the polygon, theypasr is
n-sin(SY)-
. 150,
2 -sm(?i} - T) .

What would the formula be for the perimeter of @wmscribed
polygon with n sides?

Let x= half the length of a side of the polygontai® a line from

2
the center of the circle to the midpoint of a sifi¢he polygon, where \

(90-

1
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the polygon touches the circle. This is a radiuge circle, so the length is %2. Draw
another line from the center of the circle to aglarof the polygon adjacent to the side

we used. We now have a right triangle. The meastithe angle in the center of the
60). T

1 180
circle is( 2n (

1 = _ta o
. The tangent of the angleis So" 2" n) , and the

o 1801 _
perimeter of the polygon s n( n ) :
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Number of sides Perimeter of inscribed Perimeter of circumscribed
polygon polygon

3 2.5981 5.1962

4 2.8284 4

6 3 3.4641

8 3.0615 3.3137

12 3.1059 3.2154

20 3.1287 3.1677

30 3.1359 3.1531

60 3.1402 3.1445
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Point out to the class that as we increase the sifithe polygons, the perimeters

approach pi. This is how the value of pi was ordlly estimated.

My experience with this lesson:

| go through this with my trigopnometry class at EynRiddle Aeronautical University.

They seem to find it interesting that this is hd@ value of pi was first calculated.

What | would add to this for a calculus class:

If this were a calculus class, we would find thglas in radians,
10.What do the perimeters of the polygons approachesumber of sides approach
infinity?
7 - 5N (z?ﬁ)
, T
The perimeter of the inscribed polygon & 5 g_ 7)

- 5in (%T) o0 - sin (%ﬁﬂ) oo - sin(0)

N—be . i . gi - . g =
Find" 25 (5-7)  we get2 sinlz~m) = 2s0z) =

@ - 0 js indeterminate, so we use L’Hospital's rule. Wae to change it, so that we

sin (%T)
0 ri] 2 o
haveo orw. Change t&  *'™ (%T ~7) and take the derivative of the top over the
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—2m- cos (i—ﬂ)

n2 and

dy (2??) _

derivative of the bottomdn A n.

21 - sin [%J — 2n - cos [%]

n(3-73)]- =

dy[E i
dn|n
2m

—2m - cos [i—ﬂj 2w - sin [%J — 2n - cos [ﬁ] N - COS [ po
B n’ N n- cos [%{] — - sin [%;I

Y

; 2
T COS [%] H'CDS(#)

lim ‘ ‘
"= cos [E] —Z. sin [E]
n! n mn/

T) I sin(T)
Tt T S .

We can also write it a& = [
2T
”'Cas(ﬁ) _ @-cos(0) 71
- _ .
TY_T o[ E) cos(0)—0-sin(0] 1-—-0
we get™* (&) sin(z)

So as the number of sides of the inscribed polygm®s to infinity, the perimeter

approaches pi.

What about the perimeter of the circumscribed pohyg

[ﬂ,- tan E(g)l: =o0-tan(0) =o0-0
SO we need to

©) ko
The perimeteris — \n/. " T
tcrn(%) dv ™ — ~
_taﬂ(ﬁ)_cosz(%).n: d—i(%):ﬂ}

, T 1 dr
use L'Hospital’s rule. Makeit n .

—1T -1 T
-3 P T nE :(E)
COs @) T cos* (=
T T T T
= = — = — =TT
cos3(0) 1

li
noe cos3 @] cos3 (%]
So as the number of sides of the circumscribedapgpeoaches infinity, the perimeter

approaches pi.
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Activity 12: Markov chains

Worksheet
Andrea decided to become a foster mother for hossedehnauzers. She decided she has
enough space for 6 schnauzers. On the first déyeafonth she will take in one new
dog from the shelter, assuming she has room. #&egthas a 30% chance of being
adopted each month. At the end of each monthwiiheheck to see how many dogs she
has.
What is the probability distribution for the numlzé dogs she will have at the

end of the first month?

What is the probability distribution for the numlmérdogs she will have at the end of the

first month?

104



Lesson Plan
Give the class the problem:
Andrea decided to become a foster mother for hossedehnauzers. She decided she has
enough space for 6 schnauzers. On the first ddyeafnonth she will take in one new
dog from the shelter, assuming she has room. #aglhas a 30% chance of being
adopted each month. At the end of each monthwi#heheck to see how many dogs she

has.

What is the probability distribution for the numhm#rdogs the first month? The second
month? The third? What will the probably approastthe number of months

approaches infinity?

This can be done using Markov chains. This catesléhe probability distribution for

the next step, given the value for this step.s$iumes that the probability for the next
step is based on the results for this step onlyisndt affected by any previous steps.
The probability distribution for the number of dagj®e’ll have at the end of next month is

affected by this month only, not by previous months

Suppose she ends a month with 0 dogs. What srdmbility distribution for the end of
the next month? She will get a new dog the neyt dénere is a 30% chance he will be
adopted in the next month leaving her with no datghe end of the month, and a 70%
chance he won'’t be adopted and she’ll still have. hilf she has 0 dogs at the end of a

month, the expected number of dogs at the endeafi¢txt month is 0.7.
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If she ends a month with 1 dog, she will get a deg the next day. The number of dogs

she will have left is a binomial distribution. P£0.3)’=.09, P(1)3C1(.3)(.7)=0.42,

P(2)=(.7=.49. The expected number is 1.4.

If she ends a month with 2 dogs, she will get a degthe next day. The number of

dogs she will have left is a binomial distributioR(0)=(.3§=.03, P(1)sCy(.3)%(.7)=0.19,

P(2)=Cx(.3)(.7Y=0.44, P(3)=(.7=.34. The expected number is 2.1.

And so on. If she ends a month with 6 dogs, sles dot get any new dogs, but starts the

next month with those six.

Here is a table. Each row is the probability disttion for the number of dogs she’ll

have at the end of the next month, based on théeuof dogs she has the end of this

month.

today

probability distribution - number of dogs at #rd of next month

0.3000

0.7000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0900

0.4200

0.4900

0.0000

0.0000

0.0000

0.0000

0.0270

0.1890

0.4410

0.3430

0.0000

0.0000

0.0000

expected
number
end of
next
month
0.70
1.40

2.10
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0.30

0.09

0.03

0.01

0.00

0.00

0.0081 0.0756| 0.2646| 0.4116| 0.2401| 0.0000| 0.0000
0.0024, 0.0284| 0.1323| 0.3087| 0.3602| 0.1681| 0.0000
0.0007| 0.0102| 0.0595| 0.1852| 0.3241| 0.3025| 0.1176
0.0007| 0.0102| 0.0595| 0.1852| 0.3241| 0.3025| 0.1176
From this we make a transition matrix.
0.70 0.00 0.00 0.00 0.00 0.00
042 049 0.00 0.00 0.00 0.00
0.19 044 0.34 0.00 0.00 0.00
0.08 0.26 041 0.24 0.00 0.00
0.03 0.13 0.31 0.36 0.17 0.00
0.01 006 0.19 032 0.30 0.12
0.01 006 0.19 032 030 0.12

0.00

2.80

3.50

4.20

4.20

We can start on the first day of month 0 — tomorstwe will get the first dog. Today she

has zero dogs. On the last day of month 1 themeDi8 chance of having zero dogs and a

0.7 chance of one dog. This has an expected wdld§ dogs. What is the probability

distribution for the last day of month 2?
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We can make a 1 x 6 matrix of the probability dmttion for the end of month 1 and

multiply it by the transition matrix. The resudtthe distribution for the end of month 2

(looking forward from the end of month 0).

0.30 0.70 0.00 0.00 0.00 0.00 0.00

0.30

0.09

0.03

0.01

0.00

0.00

0.00

0.70

0.42

0.19

0.08

0.03

0.01

0.01

0.00

0.49

0.44

0.26

0.13

0.06

0.06

0.00

0.00

0.34

0.41

0.31

0.19

0.19

0.00

0.00

0.00

0.24

0.36

0.32

0.32
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0.00

0.00

0.00

0.00

0.17

0.30

0.30

0.00

0.00

0.00

0.00

0.00

0.12

0.12



= 0.15 0.50 0.34 0.00 0.00 0.00 0.00

There is a 0.17 chance of 0 dogs, 0.50 chancelofyland 0.34 chance of 2 dogs.

(Probability does not add up to 1 due to roundinthjs has an expected value of 1.19

dogs.

We can multiply again to get the distribution fbetend of month 3.

0.15 0.50 0.34 0.00 0.00 0.00 0.00 *
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0.30

0.09

0.03

0.01

0.00

0.00

0.00

0.70

0.42

0.19

0.08

0.03

0.01

0.01

0.00

0.49

0.44

0.26

0.13

0.06

0.06

0.00

0.00

0.34

0.41

0.31

0.19

0.19

0.00

0.00

0.00

0.24

0.36

0.32

0.32

0.00

0.00

0.00

0.00

0.17

0.30

0.30

0.00

0.00

0.00

0.00

0.00

0.12

0.12



0.10 0.38 0.40 0.12 0.00 0.00 0.00

This has an expected value of 1.533 dogs.

We can keep doing this forever.

month number

number of dogs she might have

1

2

3

4

6

0| 1.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

1| 0.3000

0.7000

0.0000

0.0000

0.0000

0.0000

0.0000

210.1530

0.5040

0.3430

0.0000

0.0000

0.0000

0.0000

3| 0.1005

0.3836

0.3982

0.1176

0.0000

0.0000

0.0000

41 0.0764

0.3156

0.3947

0.1850

0.0282

0.0000

0.0000

5| 0.0635

0.2754

0.3814

0.2203

0.0546

0.0047

0.0000

6| 0.0561

0.2505

0.3690

0.2392

0.0741

0.0106

0.0006

expected

number

0.0000

0.7000

1.1900

1.5330

1.7731

1.9412

2.0588
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What happens as the number of months approachesyiaf What does this approach?

We want to try to find probabilities that will stdlye same from month to month.

abcde fg x 030 070 000 0.00 000 000 0.00 = abcdefg
0.09 042 049 0.00 000 000 0.00

0.02 019 044 02324 000 000 0.00
0.01 008 026 041 024 000 0.00
0.00 003 013 0321 0236 017 0.00
0.00 001 006 019 032 030 012
0.00 001 006 019 032 030 012

This has 7 unknowns. We can make 7 equations.

0.30a + 0.09b + 0.03 + 0.01d + 0.00e + 0.00f ©§Ha and we subtract a from both

sides to get -0.70a + 0.09b + 0.03c + 0.01d0®6&+ 0.00f + 0.00g = O.

0.07a+ 0.42b + 0.19c + 0.08d + 0.03e + 0.01f 41@Hb and we subtract b from both

sides to get 0.07a - 0.58b + 0.19c + 0.08d +€08.01f + 0.01g=0.

We do this for each row. This gives us 7 equattorsolve for 7 unknowns. However,

each equation is equal to zero, so we need ano8iace this is a probability

distribution, a+b+c+d+e+f+g =0.

Solving them gives us the probability distributiasthe month number approaches

infinity.
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month number

10

number of dogs she might have

2

3

4

6

1.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

0.3000

0.7000

0.0000

0.0000

0.0000

0.0000

0.0000

0.1530

0.5040

0.3430

0.0000

0.0000

0.0000

0.0000

0.1005

0.3836

0.3982

0.1176

0.0000

0.0000

0.0000

0.0764

0.3156

0.3947

0.1850

0.0282

0.0000

0.0000

0.0635

0.2754

0.3814

0.2203

0.0546

0.0047

0.0000

0.0561

0.2505

0.3690

0.2392

0.0741

0.0106

0.0006

0.0485

0.2240

0.3521

0.2564

0.0972

0.0199

0.0020

0.0465

0.2169

0.3470

0.2603

0.1037

0.0230

0.0026

0.0452

0.2121

0.3434

0.2629

0.1081

0.0252

0.0030

0.0443

0.2089

0.3410

0.2646

0.1112

0.0267

0.0033

0.0424

0.2018

0.3354

0.2682

0.1179

0.0302

0.0040
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expected
number
0.0000
0.7000
1.1900
1.5330
1.7731
1.9412
2.0588
2.1976
2.2369
2.2640
2.2827

2.3239



expected number of dogs

2.3239 ry < - »

. +

L 4
L 4
*
*

0.0000 T

0] 2 4 6 8 10
month

Experience with this lesson plan:

| have not had a chance to teach this.

Comments:
This is intended for a college level probabilitass. The students should have already

learned how to work with matrices.

Notes:
| learned Markov chains when | was an undergradstaigent. | based this on what |
learned when | took a class called “Math for Corepsitat Touro College, taught by

Professor Meyer Peikes in 1983.
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Activity 13: Areas under curves

Activity 1 — Making infinity understandable to yogistudents
Activity 2 — Dividing by zero, part |

Activity 3 — Dividing by zero, part Il

Activity 4 — Repeating decimals

Activity 5 — Making infinity with 4 fours

Activity 6 — Infinity and squares

Activity 7 — Angles of shapes with different numberf sides
Activity 8 — Rational functions

Activity 9 — Compound interest

Activity 10 — Half Life

Activity 11 — Estimating pi

Activity 12 — Markov chains

Activity 13 — Areas under curves

Activity 14 — Infinitely long solids of rotation

Activity 15 — Infinity minus infinity, part |

Activity 16 — Infinity minus infinity, part Il

Activity 17 — Discussions about infinity

Activity 18 — Infinity in art

Activity 19 — Writing about infinity
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Activity 14: Infinitely long solids of rotation

Worksheet:

Show part of the graph of the functidn(x) = 1 from 1 to infinity.
X

Rotate this around the x axis to make a solid.

Use integration to find the volume of this solid.

Use integration to find the surface area of thiglso
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Experience with this:

| used this lesson in a graduate-level math educ#iST) class | was taking at Portland

State University where each student had to givath esson to the class.
Lesson Plan:
Hand out the worksheets. Give the students a fewtes to do the graph themselves.

Then graph it on the board to work with, and drae $olid we get if we rotate it around

the x axis.

Graph f(x) = 1 from 0 to™ and rotate it around the x axis. We get a shikpeal
X

trumpet.

Ask: What is the volume of the solid of rotatiodve the students some time to work

on it, then go over it together.
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b
The volume of a solid of rotation i&8 = ﬂj f (x)?dx. If we put this function in, we get

a

(1) 1
A=7TI(—) dx. If we integrate, we geﬂ[——}
1 LX X

becomest. So even though it is infinitely long, we hav@rate volume, since it gets

0

. which simplifies ton(—i +1j which
1 o 1

thin very quickly and keeps getting thinner.

Ask: What is the surface area of this solid? Téisicky, have the class do it together.

b
The surface area of a solid of rotationAs 277J' f (X)y1+[ f'(x)]%dx. If we put the

L1

4

function in, we getA= 277[ X_dx. This does not fit any of our integration patter
X

1

We can integrate something smaller than this, aatize that our answer must be larger.

X

1 : \/1+14 =1
Sincel<,|/1+— for all values of x above @ﬂI—XdXZ 2ﬂj—dx If we integrate
X ] 1 X

the second part, we géwjldx= 277[In x]io = 277[In(oo) - In(l)] =271in(0) =0 . Since the
X
1
surface area of our shape must be at least thys,ltive surface area is infinite.
We have a shape with a finite area of pi units,ibiinite surface area. If we want to fill

this with paint, we need less than 4 cubic un@st if we want to paint the outside, there

is not enough paint in the world.
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Ask the class if they had any comments on thise d@mment | am hoping for is “But if

you fill it with paint, doesn’t that include paing the surface from the inside?”

Answer: “If we paint the outside, is there a minmto the thickness of the layer of

paint? (Yes) It would have to be at least askthi a paint molecule. But if we fill the
fill the shape with paint, it is not always goirgylde as thick as a paint molecule. So |
guess we are not filling it all the way. We are jiiling it to the point where it gets too

thin for the paint.”

Reflection
This lesson worked well with this group. | realthat it might be a little more
difficult for a lower level class, but anyone wisotaking a calculus class that would
include this should not have much trouble withithesas.
Yes, a student did ask the question | was hopinglfout painting the shape from

the inside.

Notes
When | taught at Benson High School, | asked MitBadl, the teacher who
taught AP calculus, about lessons that used igfiatd he suggested this to me.

| got some help with the integration from Wikipedipage “Gabriel's Horn”.

118



Activity 15: Infinity minus infinity, part |

Used at An online question and answer website. Someos&eg the question and
several people posted answers. The asker chos@smer as the best. (I copied her
writing exactly.)

Her main questian Why is infinity-infinity infinity?

Her question details

| suddenly thought of what infinity-(infinity-1) wdd be.

And | concluded that if you leave the brackets, geti
infinity - infinity = 0
since infinity -1 is still infinity.

But if you open the brackets, you get

infinity - infinity + 1 =1

But then, | emailed my math teacher (in the midudlehe hols!), and he replied,
saying that, surprisingly, the answer is infinity.

he said that infinity - infinity= infinity.
How can that be?

| understand infinity is not a number, but isn'yidung taking away itself 0?

/

My answer

119

It depends on what you subtract from what.

There are infinitely many integers, infinitely maayen integers, and infinitely
many odd integers.

If you take all the integers, and subtract allititegers, you have nothing left, or
zero. But if you take all the integers, and sulitedidhe even integers, you are
left with all the odd integers, which is infinite.

To make it worse, if you take all the integers andtract all the integers except 7,
8, 9 you are left with three. You could get any tiemthis way.

Since infinity is not a number, but a concept, gannot use it like a number.
What math are you taking? When you get to calcytusll learn how to use

limits as numbers approach infinity, which shouddipghyou. If you keep going in
math, you can learn about different sizes of ityini



Her response
great! thanks for all the answers. my math iser{/\good, and | didn't read up on
this so, yea, | didn't know you can't do that. :D

(What is infinity minus infinity, Yahoo Answers,

http://answers.yahoo.com/question/index;_ylt=AgsbabXE7PO80E.xdwDty6IX;_ylv
=37Qid=20080615103625AADX11v&show=7#profile-info880cSLaa)
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Activity 16: Infinity minus infinity, part |l

Lesson plan:

Hand out a sheet with the following quote:

It is known that there is an infinite number of Vasr, but that not every one is inhabited.
Therefore, there must be a finite number of inlebivorlds. Any finite number divided
by infinity is as near to nothing as makes no oddsf every planet in the Universe has a
population of zero then the entire population @ thhiverse must also be zero, and any
people you may actually meet from time to timerasrely the products of a deranged
imagination.

- -Douglas Adams, The Hitchhiker’'s Guide to the &@&lradio show

(Quoteland, http://www.quoteland.com/search.asp)

Talk to the students. (First tell them that thisestainly not coming from an
astronomy lesson, that the author does not meardliie taken seriously, and that we
don’t know that there are infinitely many worldslktegin with.)

First just ask the students for any comments ergtiote.

Ask questions:
» If there are infinitely many worlds, and some ao¢inhabited, does that mean
that only a finite number are inhabited? Supphbseetare infinitely many worlds

and five are not inhabited. That leaves infinitelginy that are inhabited.
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» Suppose there really are infinitely many world$ there are infinitely many that
are uninhabited, would that mean that the numberhabited worlds had to be
finite? Or could they both be infinite? There arnitely many counting
numbers, with infinitely many even numbers andnitély many odd numbers.

» If the universe was infinite, and the amount ofgledinite, would the population
density of the universe be zero? No, but it wapgdroach zero.

» If the universe was infinite, and the amount ofgdedinite, could you have
places in the universe where the population densigs not approach zero? Yes,
since the people would not be evenly spread oattiivout the universe, but

would be concentrated on planets that support life.

Experience with this:

| used this twice for a session of the after scimoath club at Benson High School in
Portland, OR, once each year. | also used it atiBg School, during the free math

elective.

Reflection:
The students in the math club had good ideas sndhd we had interesting discussions.
In Deering School, the students seemed more comfusiink the difference is that the
math club had a self-selected group of studentswdre more interested in the subject.

In Deering School, the elective consisted mostlgtatients who did not want to take

gym.
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Activity 17: Discussions about infinity

123

Activity 1 — Making infinity understandable to yogistudents
Activity 2 — Dividing by zero, part |

Activity 3 — Dividing by zero, part Il

Activity 4 — Repeating decimals

Activity 5 — Making infinity with 4 fours

Activity 6 — Infinity and squares

Activity 7 — Angles of shapes with different numberf sides
Activity 8 — Rational functions

Activity 9 — Compound interest

Activity 10 — Half Life

Activity 11 — Estimating pi

Activity 12 — Markov chains

Activity 13 — Areas under curves

Activity 14 — Infinitely long solids of rotation

Activity 15 — Infinity minus infinity, part |

Activity 16 — Infinity minus infinity, part Il

Activity 17 — Discussions about infinity

Activity 18 — Infinity in art

Activity 19 — Writing about infinity



Activity 18: Infinity in art

Infinity in art

Lesson plan:

I would like to ask students in an art class todpiin examples of pictures that give them

a feeling an infinity. These are some very différenes that do for me.

Starry Night by Vincent Van Gogh
(photo from
http://www.vangoghgallery.com/pai

nting/starryindex.html)

Circle Limit by M. C. Escher
(photo from
http://www.worldofescher.com/gallery/A¢

html)
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| asked some art students outside of their clasfew said Starry Night, one | had
already picked myself. Most could not give me asveer. One said “The Creuse,
Sunset” by Claude Oscar Monet (picture from GtaBeproductions,
http://www.classicartrepro.com/ready_to_ship.
iml?painting=123)

She explained “I just imagine turning that corner,
and finding more and more forever, and I'm just
riding down the never ending river, admiring the

sunset.”

A project for an art class would be to make a petxpressing infinity. The students
would not have to state what aspects of infinityékes them think of or justify their art.

Here Is my art. (“Paint” W, INFINITY_IPF: - Pri

BN Y

by Amy Whinston)

LN

U B~ e R
| & H o &

(R R
oA e gt

EE
£

|4
w5 O Y I O
T T T

=cr Help: clidk Help ~ooics cn e ~ela Menu. L3555

Bl thesk, o6 [Cernsnbl, B HINY M - Eint b e LR

125



Here are some examples I've found on the intemledse artists categorized them by

tagging them “infinity”.

* “Infinity” by Imaginary Creature. (http://www.de@ntart.com/#)
* “Infinity” by Illusion Island. (http://www.deviargrt.com/#)
* “102 - Infinity” by Dragonfly113. (http://dragonflL13.deviantart.com/art/102-Infinity-

89394312com/)
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(http://www.deviantart.com/#)

“Nikon Spiral” by Seb Przd. (http://www.flickr.cafphotos/Sbprzd)
“Today We Escape” by Manu. The artist said he iwapired by “Nikon spiral” to the right.

(http://mwww.flickr.com/photos/Manuperez)



2
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(http://www.deviantart.com/#)

(http://www.deviantart.com/#)

“Birth of Infinity” by Agemosu. Artist's comment: “It eventually turned into shilight competin
with dark over dominance as everything swirls id arpands outward. | think it might be wha
big bang could've looked like in one of those datalimensions they advertise on QVC.”

(http://agemosu.deviantart.com/art/Birth-of-Infiyrit2140580)
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“COLOUR INFINITY” by Geaannunziata (http://geaamaiata.deviantart.com/art/ COLOUR-
INFINITY-72197275)

“Sea and Storm” by Patrick Smith. Carmel by tha,S2A. (http://www.flickr.com/photos/patrit
smith-photography/3182878595/)

“End of Infinity” by Corvidae 65 Author's commeriDid you know at the end of infinity there

was a bunny?” (http://corvidae65.deviantart. aiEnd-Of-Infinity-90704824)
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“Infinity” by Azarius. (www.flickr.com/photos/azariusrex/2264127612/)

“Reflected Infinity” by DeDaniel. (www.flickr.compotos/26432908@N00/2172443230/)
“Infinity Docs Mac” by Js1stuff.This is the same idea as mine. He used a Maite Wised a P

(www.flickr.com/photos/js1stuff/2734548861/)



* “Infinity” by Keylley. Artist's comment: “This tok me aaaagggggggggeeeeeesssssrtplete i
was literally ‘infinity’.” (http://keylly.deviantat.com/art/infinity-65162207)
* “Infinity” by Gabriele Danes (http://gabrieledane®viantart. com/art/Infinity-104469686)

» “Crossing Infinity” by dicalva (http://dicalva.deamtart.com/art/crossing-infinity-74537674)

* “Infinity” by dehouse42 (http://dehouse42.deviahtzom/art/Infinity-56239676)

* “Infinity” by Sanjab (http://sanjab.deviantart.céamt/Infinity-59561009)

* “Infinity” by tombstone (http://tombstOne.deviarttaom/art/infinity-22924901)

130



131

“Infinity” by Tru Z. (http://truzt.deviantart.comfInfinity-18029303)

“To Infinity ...and beyond” by Si Du Bexter. (htffsidiusbexter.deviantart.com/art/To-Infinity

and-Beyond-64584789)

“Infinity atmosphere” by Ichaea. (http://ichnaeavdntart.com/art/Infinity-atmosphere-

100146986)

Infinity by Booleann Angel. (http://www.deviantaxbm/#)
“Infinity” by Bush 0. (http://bush0.deviantart.cdant/infinity-75955693)

“For Infinity” by Inter Light. (http://interlightdeviantart.com/)



* “Infinity” by nullmorphem. (http://nullmorphem.dé@ntart.com/gallery/)

* “The Road to Infinity” by Nightmares 06. (http:ightmares06.deviantart.com/art/The-Road-t
Infinity-79093971)

* “Infinity” by Without Remorse. Artist's commentTb infinity and beyond!”

(http://withoutremorse.deviantart.com/art/Infinit$262258)
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* Curlique. (http://mushroomcurlique.deviantart.cartiinfinity-112336740)
* “Infinity” by J Brown 500. (http://jbrown500.deuiart.com/art/Infinity-27600915)

* “Infinity” by Widerkizer. (http://wizerkizer.deviatart.com/art/Infinity-68478194)

132



133

“Infinity” by fanatic-alien. It's a lightning condttor in the tourist centre in Russia
(http://fanatic-alien.deviantart.com/art/infinity2398476)

“Infinity” by J P Burger. (http://jpburger.deviaart.com/art/Infinity-16402252)

“Infinity” by Lord Eth. Artist's comment: “Does 1k pathway ever end? Or am | just traveling

through infinity?” (http://lordieth.deviantart.cdart/Infinity-22291269)

“Infinity” by Lord Penguin. (http://lordpenguin.g@&ntart.com/art/Infinity-23805355)
“Infinity” by Mr. Parts. Artist's comment: “Justdeps on going ...”
(http://mrparts.deviantart.com/art/Infinity-48526&j)2

“Infinity” by Pobeli. Artist's comment: It looksikd of like some ladders to me. They go

forever. Maybe it's a ribcage though. (http://doBeviantart.com/art/Infinity-24103329)



“Infinity” by M-016. Artist's comment: “This is th first work of mine to use a technique to
create a Jupiter-like gas giant. | have also stefaek from a lot of bright stars, which seems
create more depth. This spawned the title ‘Infidityhttp://m-016.deviantart.com/art/Infinity-
33393512)

“Infinity” by Pamukkale. (http://pamukkale.deviant.com/art/Infinity-72250514)

“Infinity” by psychotri33. Artist's comment: “Thnagh all the twists and turns...time goes

on...never failing....never dying...never formingust warping and twisting....

(http://psychotri33.deviantart.com/art/Infinity-5&#7210)

“Trinity Infinity” by Sequential. (http://sequemti.deviantart.com/art/Trinity-Infinity-38848792
“Touch of Infinity” by Gucken. Artist's commentOh, and, those spaceships.. they are mad
out of an highly reflective material, and they atswve their own light somewhere, so there’s r
false lightning.” (http://gucken.deviantart.cont/&ouch-of-Infinity-70320801)

“To Infinity” by Tom Bailey 16. (http://tombaileyd.deviantart.com/art/To-Infinity-81897291)
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“Map to Infinity” by Lizard Jedi. (http://lizardjeddeviantart.com/art/Map-to-Infinity-10752063
* “Into Infinity” by Ratafluke. (http://ratafluke.deantart.com/art/Into-infinity-24043831)

* “Into Infinity” by Miserylndex. (http://miseryindexieviantart.com/art/Into-Infinity-71417851)

« “Infinity” by dilekt. Artist's comment: “The settig takes place on an alien world somewhere
out there in space, you imagine.” (http://dilekiztintart.com/art/Infinity-10031080)

* “Infinity Spheres” by Skitto. Artist's comment: ‘@e into infinity with 1000x zoom”
(http://skitto.deviantart.com/art/Infinity-Spher&8721672)

* “Infinity Inc.” by Psion 005. (http://psion005.dantart.com/art/Infinity-Inc-54384713)
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* “Infinity” by Thadius 33. Artist's comment: “Bubbland swirl...”
(http://thadius33.deviantart.com/art/Infinity-680410)

* “Infinity” by Svarci. Stairs in a hotel, St. PauBay, Malta.
(http://svarci.deviantart.com/art/Infinity-423160Q30

* “Infinity” by Stormy Night 83. (http://stormynigB8.deviantart.com/art/Infinity-83256576)
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“Infinity” by Sphereuk. (http://sphereuk.deviarttaom/art/Infinity-20900611)

“Infinity” by Roxor 128. (http://roxor128.deviantacom/art/Infinity-46220373)

“Infinity” by RoadCaesar. (http://roadcaesar.devt@t.com/art/infinity-49759591)
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* “Infinity” by Road Buster. (http://roadbuster.dertart.com/gallery/#)

e “Column of Infinity” by Kazumi Alex. Targu-Jiu, Roania. (http://kazumi-
alex.deviantart.com/art/infinity-84231806)

« “Infinity” by Gaelic. Artist's comment: “This is @rhaps one of the most amazing images in t
night sky. This image of the deer lick group congano fewer than ten different galaxies that |
could count, all of varying sizes and distancegtegsenting an unbelievably vast area of spac

Truly incredible.” (http://gaelic.deviantart.comi/énfinity-40892849)

e “Infinity” by VL Web 3D. (http://viweb3d.deviantaicom/art/Infinity-91395924)

* “Roars of Infinity” by Einhjar. (http://www.deviaatt.com/#)
* “Lostin Infinity” by Cyber Angel 8. (http://cybangel8.deviantart.com/art/Lost-In-Infinity-

119016206)
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“Infinity” by Vlad | Mirovic. (http://vladimirovic.deviantart.com/art/Infinity-41604369)

(http://www.deviantart.com/#)

“Infinity” by rocamiadesign. (http://rocamiadesigeviantart.com/art/Infinity-85769839)

* “Infinity” by thebullfrog Endless sea of colorsdfaces, during a ceremony held in a small
village next to Jaipur, India (http://thebullfrogxdantart.com/art/Infinity-50273045)

» “Belgium — Infinity 1I” by lux69aeterna Artist's amment: The feeling of infinity along the
coast, by a pier which is lost in time... Belgium.
(http://lux69aeterna.deviantart.com/art/Belgiumiirif/-11-77085316)

» “Stairway to infinity” by foureyes. Downtown Hotos

(http://foureyes.deviantart.com/art/Stairway-tomiitl/-2042693)
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“Infinity” by FrozenStarRo. Artist's comment: “Téiwas originally created to look like a
dream, | mean who hasn't dreamt of flying likeeatst once in ther entire life? And that's kinds
what | tried to portray with this.” (http://frozetasro.deviantart.com/art/Infinity-88632210)
“Infinity” by fgoellner (http://fgoellner.deviantacom/art/Infinity-84003660)

“Infinity” by Blassed (http://blassed.deviantadro/art/Infinity-5267422)
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“Reflections of Infinity” by IDeviant (http://idgant.deviantart.com/art/Reflections-of-infinity-

33595973)
“INFINITY” by gilad. Arlozorov train station, Isral.
(http://gilad.deviantart.com/art/INFINITY-6430290)

“Into Infinity” by gilad Running through the insédcourt of the Jerusalem high supreme cour

Israel. (http://gilad.deviantart.com/art/Into-Intyx83877319)
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* “Infinity” by GrayAliIEN. My comment: If you see ibn the computer screen it grows and see
to be coming at you, so more and more mice corgetat
(http://grayalien.deviantart.com/art/Infinity-282R67)

* “Infinity” by GravityGlitch. Artist's comment: T8 is a tattoo design for a friend of a friend,
from what | know she has a tattoo that she wolilel to be more complex.
(http://gravityglitch.deviantart.com/art/Infinity8%42566)

* “To Infinity” by herbstkind. disseldorf, german@@ (http://herbstkind.deviantart.com/art/tc

infinity-39266278)
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“Inner Infinity” by HiddenCaitastrophe. Artistsosnment: | learned to love the infinite stars
and the crashing of the waves. / But now, it sekeonave a different sky and firm earth beneat
my feet. / Now, it seems | will open that door dimdi a world unknown to me.
(http://hiddencaitastrophe.deviantart.com/art/Inimdinity-58407688)

“Infinity” by bloodied-hollow-soul. (http://bloodid-hollow-soul.deviantart.com/art/Infinity-
96489549)

Apo-Infinity by R C Page (http://rcpage.deviantawtn/art/Apo-Infinity-115503828)
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* “Infinity” by aerphis. (http://aerphis.deviantavm/art/Infinity-59654431)

* “Infinity pt lII” by Photogramme. (http://photogname.deviantart.com/art/Infinity-pt-1ll-
68019425)
* “Infinity” by ogg hunter. Artist's comment: “Intessting. | have discovered infinity!”

(http://logghunter.deviantart.com/art/Infinity-837/&5)
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“Infinity and Beyond” by ayamteksa. (http://ayanmgakdeviantart.com/art/Infinity-and-beyond-
111110981)

“Infinity” by j14v6. Artist's comment: “To see a World in a Grain of Sand / And a Heavea i
Wild Flower, / Hold Infinity in the palm of your hd / And Eternity in an hour.= William
Blake” (http://j14v6.deviantart.com/art/Infinity-685874)

“Infinity” by Lonely Enigma. (http://lonely-enigméeviantart.com/art/Infinity-121779744)
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“Infinity” by lan Weller. Artist's comment: “Infiity is a really fun thing to attempt to grasp,
especially in the wonderful world of fractals. Rias are, in a very basic sense, taken out to
infinity. But how much is infinity? To the renderenfinity is finite, so it is able to grasp it.”
(http:/fianweller.deviantart.com/art/Infinity-729¥40)

“Looking into Infinity” by Gabriella Xavier. (httg/gabriella-xavier.deviantart.com/art/look-at-
infinity-110113615)

“Bent Infinity” by Jaedle. Artist's comment: “I lbacompletely forgotten that | had folded up
infinity to get it out of my way for a bit, and taf on the windowsill. By the time | found it, it
had begun to corrode. It still has a bit of shtheugh.” (http://jaedle.deviantart.com/art/Bent-

Infinity-86035012)



“Infinity” by lennart. Artist's comments: | wantetd make a work you'd feel unhappy holding
and watching it. That's why | came up with this ogpt of the "droste effect” which could go o
outside the picture. But if it would, it would metre spectator should mutitlate itself. » ~ |
know, a little farfetched, but it was fun to ddttp://lennart.deviantart.com/art/Infinity-
32719102)

“Infinity” by On The Wall. (http://onthewall.devigart.com/art/Infinity-28803570)

“Love Infinity II” by Rock Gem. Artist's commentA random heart shape and a pair of mirrc
decided to provide some artistic entertainmentrierto create this”

(http://rockgem.deviantart.com/art/Love-Infinity-106774064)
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“Infinity” by Lew Rosenberg. Artist's comment: “fimity ongoing iteration between masculine
and feminine elements in nature.” (http://lew-mserg.deviantart.com/art/Infinity-57041997)
“Rails to Infinity” by Bian Bian. (http://bian-bradeviantart.com/art/Rails-to-Infinity-
84775006)

“Infinity Cove” by japaslavian. Berkeley, CA. ttp://japaslavian.deviantart.com/art/Infinity-

Cove-85182763)



» “Beast of Infinity” by Edalbsanatak. My commerif:he swallows his tail, and keeps

swallowing, then what happens? (http://edalbs&deaiantart.com/art/Beast-of-Infinity-

94992239)

* “To Infinity and Beyond” by Intricate Illusion. {tp://intricate-illusion.deviantart.com/art/to-
infinity-and-beyond-98339048)

» “Infinity of the Tao” by Helen Baq (http://helen-galeviantart.com/art/Infinity-of-the-Tao-

63593845)
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“A Glimpse Into Infinity” by Blackmage9. Artistsomment: “I did this during an on-the-spot
poster making contest..And | landed 1st place with """
(http://blackmage9.deviantart.com/art/Science-Aatplse-to-Infinity-4772092)

“Infinity is the Word” by tasawa69. Artist's comme This is one of two towers for the new
luxurious condominiums know as The Infinity. Th@perty is located in the Embarcadero are
of San Francisco. (http://www.flickr.com/photositell28/3412994491/)

“Doorway to Infinity” by Mr. Mark. (http://www.flckr.com/photos/mark_boucher/11676739:



“Fractal Dreams” by Nullmorphem. (http://nullmoggh.deviantart.com/art/Fractal-Dreams-
46151935)

“Fractal Dreams” by Magnusti78. (http://magnu8tdéviantart.com/art/Fractal-Dreams-
76121907)

“‘Damn, What Floor Are We On?” by Josh Sommers.

(http://www.flickr.com/photos/joshsommers/357909166

“Entrance to Infinity” (zazzle.com)

“Infinity” by Squidoo. (http://www.squidoo.com/Sugantastic)

“Plane of the Infinite Infinities” by Michael Bonfi¢zazzle.com)
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» “Eternity” by V L Web 3D (http://viweb3d.deviantacbm/art/Eternity-90638474)

* “Infinity” by Geoff 123. Artist's comment: “One thg that goes on forever: the ocean.”
(http://geoffl23.deviantart.com/art/Infinity-14 30
* “Infinity 3" by Geoff 123. Artist's comment: “YeANOTHER thing that goes on.....and

on........ and on. The mountains.” (http://geofft2¥iantart.com/art/Infinity-3-14340824)

Comment:

| was never in a position to test this.

Note:
| did not plan to include so many. | found it feting how many different
pictures there are; not the number of pictureshout different they are from each other.
This is one reason | find infinity so interestimigsan be taken so many different ways.
If the number of pictures | have included seem®ssive, consider that | left out

the other 5,000 plus pictures I looked at.
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Activity 19: Writing about infinity

This could be a lesson for a writing class.

Lesson plan:

1. Ask the students if they can mention a piece dting that makes them think
of infinity.

2. Have them write something that would make somebim of infinity.

Here is a poem | would mention for a piece of wgti read.

Great fleas have little fleas upon their backbite ‘em,

And little fleas have lesser fleas, and so ad mfm.

And great fleas, themselves, in turn, have grdbas to go on,
While these again have greater still, and greailérasd so on.

- Augustus de Morgan (Wells, Mathematics, )17
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Another well known poem by William Blake:

To see a World in a Grain of Sand,
And a Heaven in a Wild Flower,
Hold Infinity in the palm of your hand
And Eternity in an hour.

(Barrow, p. 13)

Another, less well known piece of writing was themng entry in a British writing
contest. The contest was to write on the topic &\Whould you most like to read on

opening the morning newspaper?”

Our Second Competition

The First Prize in the second of this year’s coritipes goes to Mr. Arthur
Robinson, whose witty entry was easily the besho$e we received. His choice of what
he would like to read on opening his paper was ée@d@ur Second Competition” and
was as follows: “The First Prize in the secondhis year's competition goes to Mr.
Arthur Robinson, whose witty entry was easily tlesttof those we received. His choice
of what he would like to read on opening his papas headed “Our Second
Competition,” but owing to paper restrictions wecat print all of it.

(Gardner, p. 318)
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And this is from the book Lila by Robert Pirsig:

He watched her for a long time and she knew that&s watching her and he
knew that she knew he was watching her, and he kihatsshe knew that he knew; in a
kind of regression of image that you get when twoars face each other and the images
go on and on and on in some kind of infinity.

(Barrow, p. 12)

This is what | wrote:
“Escher” by Amy Whinston

Mary scowled. She had been trying to write herystor a while and was having
trouble. She had decided that the main characteer story, Charles, was a writer and
was writing a book. But that was all she had detislo far. With a sigh, Mary picked up
her pen and began a rough dratft:

He opened his laptop and faced a blank Word p&ijerles decided to type and
see what came to him. He had always been adws&dite what you know”, so he
would write about someone writing:

Eric was working on his story, Charles wrote, aras coming along slowly.
Eric’s main character, Mary, was a writer workingleer story but having a difficult
time. Eric had decided to make Mary rather old-iaséd. In keeping with this, he had
Mary writing with a pen and then using a typewriter

She was doing better. Mary had finally managegktosomething down on

paper. She decided that Charles would be writihgak about a writer named Eric.
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Mary had not written much yet, but things were gamoothly. Mary decided to give
Charles a case of writer’s block:

Charles took the pencil out of his mouth. His neothad told him that the yellow
paint had lead, that he should not chew on penéls did it anyway when he could not
think of what to write. He just could not decidéat Eric should do.

Eric felt like he was lacking any direction indif He was trying to write about
Mary, but just was getting nowhere. He decideslitdown at the computer and just
write anything at all. It would be better thanmat, no matter what he wrote. He
would just write whatever came to him.

Things seemed to be going really strangely latdigry thought. She just felt like

nothing made sense in her life anymore....

Here are some other writings | found where theassihad given them the tag of infinity.

“Infinity” by Fallen Midnight Stars

My love is infinity,

Even all the eternity,

Wouldn't be able to keep up

With this overflowing feelings.
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| wonder if your love to me,
Is everlasting,
Neverchanging,

Infinity too?

Is that why you kept saying those 3 words,
| love yoy

Everytime you could,

Just to make me blush,

And realize?

(http://fallenmidnightstars.deviantart.com/artAINITY-102683076)

“Infinity” by Drool in Terror

Infinity's a lonely place
Where shapeless clouds stitch countless silver seam
Like many needles of eclipse

And turn to night all hopes and dreams.

Infinity can be a state of mind where one,
With swiftly unclosed eyes
Can witness shocking truths; and chance upon

Those many, painful, unchanged lies.

156



Perhaps infinity has voice
That knocks and creaks and howls,
A voice so fierce and fear-provoking that

It's heard from sky to earth's deep bowels.

Or maybe it is endless colour
A sea of ever-changing faces,
Like a circus disappearing act

They appear in different places.

But | believe infinity is more

Than a place where spirits go,

Perhaps we'll wander there some day.

Perhaps, we'll never know...

writer's comment: | joined the writer's club ahsol, and our first assignment was to

choose two words: one that represented oursehtesramthat we just liked. (I chose

vampire and mastication**, but that's besides tiatp*) Anyway, after we wrote those

words, we had to exchange them with someone etseg& "infinity" and

"uncomfortable”. After this, we were told to wraigpoetic piece, either including or

describing these two words. It didn't have to rhyme it couldn't be a prose. So this is

the result. | decided not to use the word "uncaotafde”, but | made the atmosphere
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"uncomfortable” instead. (At least | tried to.) sAl this is one of my first true attempts at

rhyming...

(http://drool-in-terror.deviantart.com/art/Infini37384213)

“Tale of Infinity” by Haro Rioko/Shiana Nunn

Infinity, my love

The future, awaits

The sun is dull

You are my light

Colours are plain

You are vibrant

Art is unattractive

You are a masterpiece
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A story.
Sometimes real, other times not
A fantasy.

Something we wish to happen

But what if they were to combine?

Add, two lovers? A dream? A memory? A setting? étplProblem? Solution? A
thought? A wish? A want? A need? Events? Celebrafidoments? Emotions? Senses?
A breath? A heartbeat? Something lost? Somethimgd® Night? Day? Time?

Questions? Answers? Body? Mind? Soul? A name oP two

They would make a beginning, middle, but neverraah e
Two paths bound to intertwine
Together a path leading to Infinity

A connection meant to last for Eternity

You *are* my love

And what | feel for you,

Is something far greater...

Haro Rioko/Shiana Nunn

Author’s comment: “Infinity! Hahh! Wonderful. Myfié practically revolves around it.”

(http://axroh-infinity.deviantart.com/art/Tale-Offlnity-79841813)
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“The Universe” by whoa
bang,spew,forever expanding
the end

(answers.yahoo.com)

Comment:

| have never had an opportunity to try this lesson.
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Overview of Presentation

Is it possible to add together infinitely many pivg numbers and get a finite
sum?

Yes. An example: Suppose you have a cake. Tyolagat half the cake.
Tomorrow you eat half of what is left. The dayeafyou eat half of what is left that day.
The day after, you eat half of what is left thay.d&nd so on. You are getting closer and

closer to having eaten one whole cake. You carupdtie fraction of the cake you eat

1
each day. The first day you e;tn cake. The next day it is half of the half tisdeft, so

1 1 1
itis 4 of a cake. The next day you @aand the day after that is. We can add these

11 1 1
up: 2 T3 8T Te T 32 When you add up a series of numbers where thexe |

common ratio between each term and the nextaiggometric series. The sum of an

first — term 1
infinite geometric series Is1 — ratie . The common ratio here 5, so the sum is

bed] =t

1
1-5 , Which equals 1, and we are approaching 1 whetke.c
The probability that my softball team will win apgrticular game is 0.6. We are

playing 5 games this season. Can | find the pritibatve will win exactly 4 games?

Yes. This is the binomial distribution. The prbidigy we win 4 out of 5 games is

{5):154{;,41 . . L .
4 which equals 0.010. This is an easy situatiowddk with; there are 6

possible outcomes. We could win 0, 1, 2, 3, 4 games. We can figure out the

probability of each, which should total 1 if we atiém together.
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# of games probability
0.010

0.077
0.230
0.346

0.259
0.078

gh|WIN|FL|O

But suppose we have infinite possibilities. Candedhe same?
That cake you are eating — Suppose before | bakegdut a tiny bit of poison that
will kill you as soon as you eat it, but | don’tdim where in the cake it is. What is the

probability you would die on the first day? Itdqual to the part of the cake you eat that

1
day. So the probability you would die on the filaty isz, the probability you die the

1 1
second day i#, the probability you die the third day&s and so on. We saw before that

these total 1.
| will roll a die until | roll a 5. This is the Gemetric Distribution. What is the

probability I roll it only once? That means | rall5 on the first try, and the probability is

1
. What is the probability | roll the die exactlyite? That means that first | roll a not-

51 5
five and then | roll a 5, so the probabilityiss ~ 36 . The probability I'd roll it exactly

{E)‘.E_E_E E)a.l_ 125
3timesis\6/ 6 216  the probability I'd roll it 4 times is6/ 6 1296 The

511—1

probability I'd roll it n times is 6™ .
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5
What does this add up to? The ratio of one terthegrevious term i&, so they

| =

5
6

add up tol which is equal to 1.

Here is a histogram.

0.180

0.160

0.140

0.120

0.100

0.080

0.060

0.040

0.020

0.000
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19

How is this skewed? To the right. Since there@iaitely many possibilities,
the probability has to keep getting lower, butill Weep on going to the right forever,
making it skewed to the right.

Another distribution with infinitely many possitiks is the Poisson Distribution.
Let's assume that on a certain night of a meteowsi, the number of shooting stars you
see in one minute is Poisson distributed with amw&. How many could we see in

one minute? Possibly zero, possibly one, possiélen, possibly ten, and so on. The

L

probability of any particular number%‘;I ~ "t . Ifwe plug in different values of n,

we get
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Here is a probability histogram
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How is this skewed? The histogram goes up, thes gown, so there is a tail on either
side. But the tail on the left is very short, vehthe tail on the right is infinitely long, so it

is skewed to the right.

Let's look at the normal distribution. Here isable of the distribution.

Area between 0 and z

/b

0 z
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0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
11
1.2
1.3
1.4
15
1.6
1.7
1.8
1.9
2.0
21
2.2
2.3
2.4
2.5
2.6
2.7
2.8
2.9

0.00
0.0000
0.0398
0.0793
0.1179
0.1554
0.1915
0.2257
0.2580
0.2881
0.3159
0.3413
0.3643
0.3849
0.4032
0.4192
0.4332
0.4452
0.4554
0.4641
0.4713
0.4772
0.4821
0.4861
0.4893
0.4918
0.4938
0.4953
0.4965
0.4974
0.4981

0.01
0.0040
0.0438
0.0832
0.1217
0.1591
0.1950
0.2291
0.2611
0.2910
0.3186
0.3438
0.3665
0.3869
0.4049
0.4207
0.4345
0.4463
0.4564
0.4649
0.4719
0.4778
0.4826
0.4864
0.4896
0.4920
0.4940
0.4955
0.4966
0.4975
0.4982

0.02
0.0080
0.0478
0.0871
0.1255
0.1628
0.1985
0.2324
0.2642
0.2939
0.3212
0.3461
0.3686
0.3888
0.4066
0.4222
0.4357
0.4474
0.4573
0.4656
0.4726
0.4783
0.4830
0.4868
0.4898
0.4922
0.4941
0.4956
0.4967
0.4976
0.4982

Area between 0 and z

0.03
0.0120
0.0517
0.0910
0.1293
0.1664
0.2019
0.2357
0.2673
0.2967
0.3238
0.3485
0.3708
0.3907
0.4082
0.4236
0.4370
0.4484
0.4582
0.4664
0.4732
0.4788
0.4834
0.4871
0.4901
0.4925
0.4943
0.4957
0.4968
0.4977
0.4983

0.04
0.0160
0.0557
0.0948
0.1331
0.1700
0.2054
0.2389
0.2704
0.2995
0.3264
0.3508
0.3729
0.3925
0.4099
0.4251
0.4382
0.4495
0.4591
0.4671
0.4738
0.4793
0.4838
0.4875
0.4904
0.4927
0.4945
0.4959
0.4969
0.4977
0.4984

0.05
0.0199
0.0596
0.0987
0.1368
0.1736
0.2088
0.2422
0.2734
0.3023
0.3289
0.3531
0.3749
0.3944
0.4115
0.4265
0.4394
0.4505
0.4599
0.4678
0.4744
0.4798
0.4842
0.4878
0.4906
0.4929
0.4946
0.4960
0.4970
0.4978
0.4984

0.06
0.0239
0.0636
0.1026
0.1406
0.1772
0.2123
0.2454
0.2764
0.3051
0.3315
0.3554
0.3770
0.3962
0.4131
0.4279
0.4406
0.4515
0.4608
0.4686
0.4750
0.4803
0.4846
0.4881
0.4909
0.4931
0.4948
0.4961
0.4971
0.4979
0.4985

0.07
0.0279
0.0675
0.1064
0.1443
0.1808
0.2157
0.2486
0.2794
0.3078
0.3340
0.3577
0.3790
0.3980
0.4147
0.4292
0.4418
0.4525
0.4616
0.4693
0.4756
0.4808
0.4850
0.4884
0.4911
0.4932
0.4949
0.4962
0.4972
0.4979
0.4985

0.08
0.0319
0.0714
0.1103
0.1480
0.1844
0.2190
0.2517
0.2823
0.3106
0.3365
0.3599
0.3810
0.3997
0.4162
0.4306
0.4429
0.4535
0.4625
0.4699
0.4761
0.4812
0.4854
0.4887
0.4913
0.4934
0.4951
0.4963
0.4973
0.4980
0.4986

0.09
0.0359
0.0753
0.1141
0.1517
0.1879
0.2224
0.2549
0.2852
0.3133
0.3389
0.3621
0.3830
0.4015
0.4177
0.4319
0.4441
0.4545
0.4633
0.4706
0.4767
0.4817
0.4857
0.4890
0.4916
0.4936
0.4952
0.4964
0.4974
0.4981
0.4986
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3.00.4987 0.4987/0.4987 0.4988 0.4988 0.4989 0.4989 0.4989 0.4990 0.4990
Suppose there is a city, Freezeburg, where thedeatyre is normally distributed with a

mean of zero degrees and a standard deviation WHat is the probability the

temperature is2?

If | say the temperature is 2, | really mean thlhéen | round the temperature to

the nearest degree, | get 2. So a temperaturee#ll¥ means from 1.5 to 2.5. These are

the z values, so we can look them up in the tablee area between 0 and 1.5 is 0.4332,

and the area between 0 and 2.5 is 0.4938. 0.4938332=0.0606 So the probability the

temperature is2 is 0.0606. The table goes on forever in eithexdfion, although

below -3 and above 3, the probabilities are vew:. lo

y

temperature is really from probability
-5 -55 to -45| 0.000003
-4 -45 to -3.5| 0.000229
-3 -35 to -25| 0.005977
-2 -25 to -1.5| 0.060598
-1 -1.5 to -0.5| 0.241730
0 -0.5 to 0.5] 0.382925
1 05 to 15| 0.241730
2 15 to 25| 0.060598
3 25 to 35| 0.005977
4 35 to 45| 0.000229
5 45 to 55| 0.000003

167



0.400000

0.350000

0.300000

0.250000

0.200000

0.150000

(0.100000

0.050000

0.000000 . = P

This works when we round everything to the neadlegtee. But what is the probability
the temperature is EXACTLY 0°? We would be lookingthe area of a sliver with
width of zero, so we would get the probability bét is zero. What is the probability the
temperature is exactly 1.453908125 degrees? Tdugdmalso calculate to be zero. Since
there are infinitely many possibilities, the proflioof each exact temperature is zero.
But the temperature must equal something.

The gestation period for humans is normally distied with a mean of 266 days,
and a standard deviation of 16 ddysCan we find the probability that the length of a
pregnancy is exactly 263.45555566 days? No. WddmMeave to divide the bell curve
up into infinitely thin slivers, and each would gius a probability of zero.

Suppose | am playing darts on this dartboard. ratdais of the
inner circle is half the radius of the outer circleam a poor darts player,
my dart could go anywhere on the board with equathability. Since | am

a poor player, | will keep on throwing the dartiuhhit the dartboard. The

% Weiss, Neil A.; Introductory Statistics, seventh edition; Pearson Education, Inc.; Boston; 2005; p. 279.
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1
probability | hit the inner circle ia since that is a fourth of the total area. | dad fin

area of the board and find the probability my @sds up somewhere in that area. But |
cannot pick a point on the board and find the pbdltg that the center of the tip of my
dart hits that point. Since a point has zero aresag are infinitely many points on the
dartboard, so we can't give each one a probab#ity.it must hit some point.

We can give a probability to each number of tiresght roll a die, or each
number of shooting stars we might see, even thtlugie are infinite possible outcomes.
But we cannot give a probability to an exact terapge, an exact length of a pregnancy,

or an exact point on the dartboard. Why some btibthers?

If I wanted to list all the whole numbers, | cosli@rt listing them: 1, 2, 3, 4, 5, 6,
7 ... I'would never finish, but, assuming I live ¢pforever, | would get to any given
whole number. 10 would be the tenth number I'd i®00 would be the thousandth,
25,000,000 would be the twenty-five-millionth, aswlon.

Are there the same amount of even whole numbetiseas are whole numbers?
We can also list the even whole numbers forevet; B, 8, 10, 12, 14...

Suppose you could not count, and someone asked ifiave the same number of
fingers on each hand. How could you figure thisweithout counting? You can just put
your hands together so your fingers pair up. #rg\finger on your left hand matched up
with exactly one finger on your right hand, you Wwbknow you have the same number
of fingers on each hand.

We can do the same thing with the whole numbedstae even whole numbers.

Each whole number is matched to the even whole eutmbce as large, each even
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whole number is matched to the whole number ha§ite. This way, each number in
either set is matched to exactly one number irother set.

1 2 3 4 5 6 7 8 9 10..

U A A A A

2 4 6 8 1012 14 16 18 20

We can list all the numbers in either set. We wmdver finish, but any number in the
set would come up at some point.

We don’t have to list the numbers in numericaleordSuppose we wanted to list
all the integers, including zero, positive and riegaintegers. We could not start at zero
and keep going up, because then we would neveo gle¢ negative integers. We can't
go down, because then we would not get to theipgesit But we could list them O, 1, -1,
2,-2,3,-3,4,-4... This way we would get to @men integer at some point. We could
also use this order to match them up to the whorebers or the even whole numbers.
So there are also the same number of integerses dine whole numbers. That means
they are “countable”. Mathematician Georg Cantmad the cardinality of the set of
whole number&a, the Hebrew letter aleph with a subscript of Gleca*aleph-null”

Can we list all the real numbers this way? Iseleny way to arrange all the real
numbers so that you can list them and get to eaelabsome point? No.

To prove it, let’s try listing just the real numbdetween 0 and 1. If we can't list
them, we certainly can't list all the real numbego let’s try listing them. We know we
can’t list them in numerical order, since betwesy @&vo real numbers is another real
number. I'll start listing them, and writing outet decimal form.
=0 . 5 0 0 O0O OO OO0OO0OO0O 0O O0OO0 0 O

1
2
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1 =0 3 33 33 333333333 3
3
T =0 7 85 3 9 8 1 6 3 3 9 7 4 4 8
4
2 =0 2 85 7 1 4 2 8 5 7 1 4 2 8 5
7
7 =0 7 07 10 6 7 8 1 1 8 6 5 4 8
AE;
025 = 0 2 50 0000 0O0O0O0O0O0 0 O
et = 0 36 7 8 7 9 4 4 1 1 7 1 4 4 2
etc.

Can we put every number between zero and 1 otigti’s No. We can always come up
with another number that is not on the list. THielist and box the numbers on the

diagonal after the decimal point.
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0 3|3/,3 33 3 3 3 3 3 3 3 3 3 3

0 7 8|5/3 9 8 1 6 3 3 9 7 4 4 8

0 2 8 5,7/1 4 2 8 5 7 1 4 2 8 5

0 7 0 7 1,0, 6 7 8 1 1 8 6 5 4 8

0 2 5 0 0 0] 0] O O O O O O O O O

0 3 6 7 8 7 9| 4 4 1 1 7 1 4 4 2
etc.

We can now make a new number, by adding 2 to efittese. The number in the first
space in the first row is 5, so we will use 7. Huenber in the second space of the
second row is 3, so we will use 5. The numbehethird space of the third row is 5, so
we will use 7. And so on. (If the number in thexlwas 8, we would use 0. If the
number in the box was 9, we would use 1.)
Our new number is 0.7579226... This cannot equadlitbtienumber on our list because
the tenths digit is different. It can’t equal tecond number on the list, because the one
hundredths place is different. And so on. So aschanother number between zero and
one that is not on our list. We could just add thumber to the top of our list, but then
we could just repeat the process for another newben. Therefore, it is not possible to
list all the real numbers between 0 and 1 in amigor They are not countable.

Are there the same amount of real numbers bet@eenl 1 as there are on the
whole number line? Could we match them up? Uet& at some easier mappings first.

Could we map each point between 0 and 1 to a peitwteen 3 and 4? Yes, just

map each n to n+3.
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Could we match up the numbers between 0 and 1thdtimumbers between 0 and
2?

Yes. We can just map n to 2n.

We can map the points from any finite length to ather finite length. Can we map
between a finite length and an infinite length?

Let's map from (-1,1) to ¢e,).

4 07505 -0.25 c‘ 025 05°0.75 1~
) | .

-4 -3 -2 -1 0 1 2 3
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0,1
On the positive side, we can map everything f[o?] to [0,1]. Then we can map half

1
of what is left, frorrl%] to [1,2], then half of what is now left on thadisito [2,3], half
of what is still left to [3,4] and so on foreveReverse it for the negative numbers. This
maps every point from -1 to 1 to a point on thé neenber line.
Since we cannot list all the real numbers, we oanmatch them up with the

integers. Cantor called the cardinality of this®se

If | were making a pizza, and had my choice otdfipings, how many different
groups of toppings could | make? Assume | canassmany or as few of the toppings as
| wanted, and the order in which | put them onpleza does not matter. For garlic, |

have two choices; | can either use include it drimclude it. For basil, | have the same
two choices, as | do for the other toppings. | cake2™® or 1024 subsets of the

toppings.
If we were to make a subset of all the whole numpblgow many different subsets

are there?2®® | This set of subsets is the Power Set of thefsshole numbers.
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Just For Fun

Just for Fun

The longest songs:

| know a song that gets on everybody’s nerves,
Everybody’s nerves, everybody’s nerves.

| know a song that gets on everybody’s nerves,
And this is how it goes:

| know a song that gets on everybody’s nerves,

Everybody’s nerves, everybody’s nerves. ....

This is a song that doesn’t end.

Yes, it goes on and on my friend.

Some people started singing it, not knowing whatas,
And they’ll continue singing it forever just becaus
This is a song that doesn’t end.

Yes, it goes on and on my friend. ...
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Aleph-null bottles of beer on the wall,
Aleph-null bottles of beer.

Take one down, pass it around,
Aleph-null bottles of beer on the wall.
Aleph-null bottles of beer on the wall,

Aleph-null bottles of beer....

Quotes:

Black holes are where G-d divided by zero.

- bumper sticker

Infinity is a number that is impossible to count to

- Fourth grader Glen Schuster of Altoona, Wiston (Maor, p. 232)

Only two things are infinite — the universe and lamnstupidity. And I'm not sure about
the former.

- Albert Einstein (http://quotes.prolix.nu/Authd?édbert_Einstein)

Interestingly, according to modern astronomersgaspgfinite. This is a very comforting
thought-- particularly for people who can never eember where they have left things.

- Woody Allen (http://www.quotationspage.com/quotestly _Allen)
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The range of focus of your telescope is from 1% feénfinity and beyond.

- telescope manual (Maor, p. 68)

T-shirts

(Mental Floss t-shirts ,
http://www.mentalfloss.com/store/home.php?cat

=103)

177



At the last Mensa annual gathering, someone tolanyeshirt was “infinitely awesome”.

178



Poems:

Pi goes on and on and on...
And e is just as cursed.

| wonder: Which is larger
When their digits are reversed?

- Martin Gardner (Darling, p. 101)

Big whorls have little whorls,

Which feed on their velocity;

And little whorls have lesser whorls,
And so on to viscosity.

- Lewis Richardson (Wells, Mathematics, p. 180)
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Pictures that get into paradoxes with infinite Isdfpyou think about them long enough:

Drawing
Hands by M.
C. Escher
(Drawing
Hands,
Wikipedia,
http://en.wiki
pedia.org/wik
I/File:Drawin

gHands.jpg)

Headline reads:
Woman spotted
yesterday reading

today’s paper.
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(The Droste Effect, Arts on Squidoo, http://www.sno.com/droste)

My Rosh Hashanah cards:

Front:

Inside:

A Cantor for Rosh Hashanah

May The Infinite One
grant transfinite good
wishes to aleph your

friends and family.
Amy Whinston
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Brand names:

/‘TD Certified Pre-owned  FutureVehicles  Ownership  Financing  About Infiniti  Search » 60

INFINITI, VIEW ALL VEHICLES G seEpan G coure m EX X Qx

The Infiniti G Line

More than stirting performance. The stirring of your senses.

5 G CONVERTIBLE Arriving
“This 637 convertible is th

Infinity razor Infincars

Napkins

math joke:

After explaining to a student through
various lessons and examples that:

um 1 _ o
x—=>8 x-B

I tried to check if she really understood
that, so I gave her a different example.
This was the result:

LIM 1—= n

x=>5 X-5

InfinityaBitary
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(picture from Detronizator.org, http://www.detroatar.org/2006/09/)

Infinity poster:

enfeenify s Wipawedorsd oo Eamesiwanty

Thee Mty « Npomdead ap flomniacnte foaks e the sminbor ¥ fgray ao ita sty
Thr framspiasuste rupevurta the gypelfen pf iy sl vrentioe, e mar aarieesa

gimaia Gafin pdnial Bhreriin ed dbai PlEe, 9T if Aaik, Seviidid .|.lr|!l"iuin¢.--q_ il i e,

repreeriie betpy & the stermud . Vi,
s gitdeatorand fremea . Bhe frsmriareste coperecate o bresify, Bl s s o e
.l'i.l_..!:-. " il ..I'..-..f‘,.‘.-..n-. o .I'-"._..‘ ..... H:l._ ,ﬂl'il..' saimad e Filka yifane Frosisn o The

turmmt, dn pifen dogbsdctond aith the frommiseute wknee div dvaa er dnranpareted (oo
it il i bk, sfpaifpipe M .l"l.ll.l.u.l'j.'lr. W A dn iy ag iy Fav o v Eriel,
Fe Seumvideente piien apgencs o Raxadum fwent desjpors dotcopg freim the cacfy

Frevrartrvt s rewlirey, afvm i reemciafinee it fr Wopgrarrarey wr ‘:'ﬂ'.lrll,l.".l‘:l sy

The Infinity Symbol or Lemniscate looks like themioer 8 lying on its side. The
lemniscate represents the cycles of infinity arehtion, as one universe grows into and
becomes another. It is past, present, and futlire, @ne, and represents being in the
eternal Now. In spiritual terms, the lemniscaferesents eternity, the numinous and the
higher spiritual powers. The Magus, the first carthe Major Arcana of the tarot, is
often depicted with the lemniscate above his headoorporated into a wide-brimmed
hat, signifying the divine forces he is attemptiogontrol. The lemniscate often appears
in Russian tarot designs dating from the early tive¢im century, also in association with

the Magician or Strength cards.
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(photo from Zazzle, http://www.zazzle.com/infinisymbol_info_poster-

228941271650183568)

Miscellaneous:

A host on a radio station said he saw a car wihitense plate “ 1 OVER 0 “. What

type of car was it? (It was a Ford Infinity)

2 listings in the index of a textbook:
endless loop: see loop, endless

loop, endless: see endless loop

“Infinity Bookcase” by Dutch artistlob Koelewijn
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(photo from Neat-O-Rama,http://www.neatorama.co®@&01/15/the-infinity-

bookcase/)

A bicycle’s gas mileage

(photo from Zazzle,

http://www.zazzle.com/)

A photograph from the Hilton Hotel:
The man in the picture is the president of theddilchain.
The man in the picture in the picture is the prasio

president. | asked in the office whether they wdegning
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to continue this when there was a new presidenthey did not know. (photo taken at

the Anchorage Hilton)
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A road sign in Sydey, Australia, by an arts fedtiva

Photo by Triniti 101 (http://www.flickr.com/phot@7322603@N00/55990342/ )

Song: Hotel Infinity by Lawrence Mark Lesser (dasung to the tune of “Hotel

California)

On a dark desert highway -- not much scenery
Except this long hot, stretchin’ far as | could.see
Neon sign in front read “No Vacancy,”

But it was late and | was tired, so | went insidglkea.

The clerk said, “No problem. Here’s what can beeden
We’ll move those in a room to the next higher one.
That will free up the first room and that's wheauycan stay.”

| tried understanding this as | heard him say:
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CHORUS “Welcome to the HOTEL INFINITY --
Where every room is full (every room is full)

Yet there’s room for more.

Yeah, plenty of room at the HOTEL INFINITY --
Move ‘em down the floor (move em’ down the floor)

To make room for more.”

I'd just gotten settled, I'd finally unpacked
When Isaw 8 more cars pull into the back.
| had to move to room 9; others moved up 8 roomseds

Never more will | confuse a Hilton with a Hilberokel!

My mind got more twisted when | saw a bus withaud e
With an infinite number of riders coming up to cké.
“Relax,” said the nightman. “Here’s what we’ll do:
Move to the double of your room number:

that frees the odd-numbered rooms.” (Re@éarus)

Last thing | remember at the end of my stay--
It was time to pay the bill but | had no meansag.p
The man in 19 smiled, “Your bill is on me.

20 pays mine, and so on, so you get yours for’free!

(“Hotel Infinity” http://www.math.utep.edu/Facultgsser/hotelinfinity.html)
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Ambigram:

(http://'www.johnlangdon.net/forsale/turntableth)pg

Why | can’t lose much weight — by Amy Whinston

Before my weight loss can equal a pound, | havede half a pound. And then |
have to lose half of what is left of that first pmu And then | have to lose half of what is
still left of that first pound. And then half ofhat is STILL left of that first pound. And

so on, and so on...
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Normal Distribution Table
Penrose Tiles
Magnetic Sheet for Tiles
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