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We simply change sign to 

avoid going complex
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ψII is called the evanescent wave, it is rapidly (exponentially) decaying, 

also note that it has a real exponent, so it is not traveling (as the exponent 
cannot be converted into cos κx – i sin κx as we can for ψI), it cannot be 
detected in the barrier as it would not move into any detector, but has a non-

zero probability density of being detected there

Also note that ψI is actually the sum of two traveling waves, one traveling to 

the right, (i.e. coming in) with exp (ikx) and one traveling to the left with exp (-

ikx) being reflected,  for a stream of particles, all particles are accounted for as many 

come in, as many get reflected, no particles disappears into the barrier 
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T add up to unity, no particle gets stuck in the barrier in other words, it is 
just that the amplitude of the transmitted wave will be smaller than the 
amplitude of the incoming wave, because there is also a reflected wave. 

(remember: amplitude corresponds to number of particles)
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The pre-factor in front of the exponential is frequently set 

to unity as another approximation

Note the difference (V0-E), the mass of the particle, the 

widths of the barrier, and h-bar are all in the exponent

So if the mass is large, tunneling to some appreciable 

amount is not going to happen even if V0 is very close to 
E and W is comparably small
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Analogy effect for classical waves

• If light passing through a glass prism reflects from an internal
surface with an angle greater than the critical angle, total internal 
reflection occurs. However, the electromagnetic field is not 
exactly zero just outside the prism. If we bring another prism very 
close to the first one, experiments show that the electromagnetic 
wave (light) appears in the second prism  The situation is 
analogous to the tunneling described here. This effect was 
observed by Newton and can be demonstrated with two prisms 
and a laser. The intensity of the second light beam decreases 
exponentially as the distance between the two prisms increases.

• Light is totally internally reflected due to sudden change in 
refractive index from glass to air,

• for the critical angle of total internal reflection, this constitutes a 
barrier that cannot be penetrated, the mathematics of the 
classical (Helmholtz wave equation, however, requires an 
evanescent wave)

• Water waves tunnel as well, a situation analogous to total 
internal reflection has been set up in a water tank, a sudden 
increase in the water depth corresponds to a barrier where the 
water waves should speed up, reducing that barrier allows for the 
energy of the water wave to tunnel through the barrier and move 
away on the other side
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1/r is the only variable of the potential (Z is just 

1, 2 or 3), this is called a central force potential
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Same energy level formulae is obtained from Bohr’s model, also Bohr radius for 
the hydrogen atom, (which gives the most probable radial position of finding the 

electron when the atom is in the ground state, in a so called 1s orbital)   

Z = 1, 2, 3, but there is only one electron going somehow around the 

respective nucleus, which contains 1, 2, or 3 protons
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Where α ≈ 1/137, fine structure 

constant, ratio of the speed of the 

electron in hydrogen in the first 

Bohr orbit to the speed of light

So it is numerically OK that special relativity is neglected, but conceptually we 

are missing the forth dimension of space time, i.e. a forth quantum number 

In the absence 

of a magnetic 

field

For Z = 1, 

hydrogen,

En = E0/n
2
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Spectral lines in the absence of a 
magnetic field (that would lift the 

degeneracies that are due to the very 

height symmetry of the potential 

energy function)

Explains the spectral lines
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Degeneracy

• Analysis of the Schrödinger wave equation in three dimensions 

introduces three quantum numbers that quantize the energy. 

• A quantum state is degenerate when there is more than one 

wave function for a given energy.

• Degeneracy results from particular properties of the potential 

energy function that describes the system. A breaking of the 
symmetry of the potential energy function removes the 

degeneracy or may creates a different type of degeneracy.
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Since it is a 3D problem, there needs to be 3 quantum numbers, n is principal 

quantum number, l is orbital (or angular momentum quantum number), ml is 

magnetic (or z-component angular momentum) quantum number, n = 1 to infinity, l

= 0 to n -1, ml = -l to l (including zero)

Quantization arises simply from the boundary conditions 
that wave functions have to approach zero at infinity!

So angular momentum is quantized in 

nature in a different manner than predicted 

by the Bohr’s model (as it neglects 

Heisenberg’s uncertainty relations

By virtue of the uncertainty 

principle, there can only be 

certain orientations of the 

angular momentum vector, 

phenomenon is commonly 

referred to as space 

quantization

l = 2, ml=-2, -1, 0, 1, 2
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R(r) = Rnl so the products of the corresponding 

function for all three quantum numbers gives the full 

wave function
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The maximum of finding the electron at a 

radial distance is the first Bohr radius for the 

n = 1, l = 0, the 1s state, 

similarly for each quantum state with the 

highest angular momentum for each 

principle quantum number n, (e.g. 2,1; 3,2) 

the probability of finding the electron 

corresponds to Bohr’s semi-classical orbit 

predictions 

r2Rn,l
2dr

r

Full electron probability-density 

distributions for different states, the so 

called orbitals, plotted for a certain 

constant probability density cut off, 

therefore orbitals may look different in 

different books 

to some approximation, the 

orbitals of other atoms look very 

similar,

2

0narn =
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Complex valued wave functions 

possess angular momentum, i.e. 

ψ22±1 , whereas 2px, 2py, 2pz are all 

real, so do not possess angular 

momentum, 

2px + i2py and 2px - i2py become 

complex valued 
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Sketch of Stern-Gerlach experiment with (non-magnetic) Ag atoms, Hydrogen in the 

ground state, note the beam of atoms is split into two components by an 

inhomogeneous magnetic field, 

Schrödinger’s time independent equation for a central force potential, is 3D, so we get 

three quantum numbers, it is an operator level statement that total energy is the sum of 

classical kinetic energy and potential energy and conserved, also it is a statement that 

the wave function is an eigenfunction of the Hamiltonian Operator and that the total 

energy is its eigenvalue

an inhomogeneous 

magnetic field separates 

atoms if they are carrying a 

magnetic moment, 

great surprise was that Ag 

and H in ground state need 

to have a magnetic 

moment although 1s1 for 

hydrogen (outermost 5s1

for Ag [Kr] 4d10 5s1) does 

not magnetic quantum 

number ml = 0http://www.if.ufrgs.br/%7Ebetz/quantum/SGPeng.htm
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Spin is something entirely quantum 

mechanical, it has no classical 

counterpart, it is an internal degree of 

freedom that has just two values, up 

or down about any possible axis,

the electron is not spinning around its 

axis, if it were, it would need to spin 

significantly faster than the speed of 

light and also about any possible axis 

one can imagine  

Four dimensional space time requires 4 quantum numbers. We neglected special 

relativity because electron on first Bohr orbit was not very fast, while the numerical 

error was small, the conceptual blunder is large!

one spin up and one spin down electron fit in each orbital, Pauli’s 

exclusion principle

http://phet.colorado.edu/sims/stern-gerlach/stern-gerlach_en.html

From Dirac’s 

relativistic 

analysis
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There are many many many more molecules than atoms, beyond Bi all elements are 

unstable (radioactive), U is the heaviest element in nature 

The “living domain” of nature builds form complex molecules by lock and key 

mechanisms (rather than moving individual atoms into place with a STM), atomic 

orbitals of hydrogen can to some extend be used to model the shape of molecules, 

there sure will be modifications, e.g. hybridization, …

Electronic structure can be explained approximately by the hydrogen orbital plus Pauli’s 

exclusion principle (each orbital has only space for one spin up and one spin down 

electron), plus Hund’s rule (often when orbitals can be occupied by single electrons with the 

same spin, this results in strong (ferro) magnetisms (at room temperature) in a few of the elements: 

Fe, Co, Ni, Gd, and Dy , (C60 in a meta-stable high pressure-temperature hexagonal crystal phase 

might also be ferromagnetic due to structural defects since all electron spins are paired)

From Unsöld's theorem, about 1/3 of 

all atoms are nearly spherical 

symmetric
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0narn =
Unsöld's theorem states that 
the square of the total 
electron wave function for a 
filled or half-filled sub-shell is 
spherically symmetric. Thus, 
atoms containing a half-filled 
or filled s orbital (l = 0), 
atoms of the second period 
with 3 or 6 p (l = 1) electrons 
are spherically shaped. 
Likewise, are atoms of the 
forth period in which there 
are 5 or 10 d (l = 2) 
electrons. Hence, spherical 
atoms are those of the 1st, 
2nd, 7th, 12th, 15th and 18th 
columns of the periodic 
table. (also applicable to the 

lanthanides and actinides)

Shapes of many 

isolated atoms in 

ground state are 

nearly spherical
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both Bohr and Schrödinger model could be refined with the concept of reduced mass of 

the electron (the much heavier proton is not really stationary, both particles rotate about 

their common center of mass)

protonelectron

protonelectron

e
Mm

Mm

+

⋅
=µ

Since proton about 1836 times heavier 

µe = 0.999456 melectron

Rydberg constant (for infinite nuclear mass) needs to 

be multiplied with ratio reduced mass to rest mass of 

electron in order to predict position of spectral lines 

more precisely 
hcReV ⋅= ∞6.13

With these concepts, Positronium, i.e. an electron and a positron going around each other 

before they annihilate each other and get converted into two gamma rays can be modeled by the 

Bohr/Schroedinger model, Bohr radius: 2 a0 , ground state/binging energy: 0.5 times 13.6 eV, 

these concepts around Positronium are important in certain characterizing techniques of 

crystalline materials, detecting certain defects by spectroscopic means

Also an (Mott-Wannier, loosely bound) Exciton, i.e. an electron loosely bound to a 

region of positive charge (hole) in a semiconductor can be modeled by the 

Bohr/Schroedinger model, depending on the effective mass of the electron and hole 

(which depend on the second derivative of the energy versus wave vector function –

band structure) and the relative dielectric constants (since it is inside a 

semiconductor): Bohr radii are typically some 10 a0, ground state/binging energies are 

typically: 0.1 times 13.6 eV, if the exciton is confined into a space below it’s Bohr 
radius, it acquires a set of different energy states, e.g. in self-assembled epi- or 
endotaxial quantum dots (in organic nano-crystals, there are tightly bound Frenkel excitons)
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Shell around the particles has larger 

band gap, i.e. it reduces leaking into the 

barrier, also surface reconstruction of the 

core material is avoided which would 

produce extra electronic states in the 

band gap and reduce the radioactive 

efficiency of the quantum dots 
There are also epitaxial semiconductor 

quantum dots for low threshold lasers 

Becomes a 

particle in a 3D 

box, energy 

levels if 

infinitely deep 

cubic box, so 

shift in emission 

wavelength ~ L-2
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Another important result of relativistic quantum mechanics (that revealed the 

existence of the particle property spin)  for more than one particle: there are 

actually three types of identical particles in the universe, two of them possess the 

feature of being genuinely indistinguishable from each other by virtue of the uncertainty 

principle, these are the two identical “quantum particles”, fermions and bosons

fermions are the constituents of matter, have half integer spin, electrons, protons, 

neutrons / bosons are the field particles (and some composites of fermions) with integer 

spin, e.g. photons, alpha particles

Different statistics apply in each case, below are the probability of finding a certain type 

of particle as a function of its energy, (kT being thermal energy, A a factor that serves similar 

“normalization purposes” but differs from energy distribution function to energy distribution function)

For thermal equilibrium of system of particles
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Even without spin being integer or half integer multiple, is the

characteristic of indistinguishability that makes quantum 
statistics different from classical statistics.
The possible configurations for two distinguishable (particles A and B) in either of two 

energy states:

The probability of each is one-fourth (0.25). But if the two particles are 

indistinguishable (X instead of A and B):

AB

AB

BA

AB

State 2State 1

The probability of each is one-third (~0.33).

XX

XX

XX

State 

2

State 

1
Since two particles can 

occupy the same state here, 

we are talking about Bosons 

(and not Fermions)
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At large temperatures or energies, all three energy state probability 

distributions converge, 

but at very high T, Maxwell-Boltzmann breaks down anyway because it 

is non relativistic! 
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Basic facts about Fermi-Dirac distribution function

Fermi energy is only weakly dependent on temperature, so that dependency is 

often neglected
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Fermi Energy: at T = 0, all levels 

below EF are filled, all levels above it 

are empty

at T > 0, only “a few” electrons will be 

able to acquire some extra energy from 

the thermal environment to be able to 

move around freely and transport 

electricity or heat from one place to 

another

n(E) dE = g(E) f(E) dE will be number of 

electrons as a function of energy, 
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A gas of classical particles would have to be heated to 

TFermi in order to have an average kinetic energy per particle 

that is equal to the Fermi Energy
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≈ Only those electrons close to the Fermi level are mobile, 

(without an applied electric field)
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n(E) is number of electrons per unit volume 

with energy between E and E + dE 

this is the product of the density of state 

function (here for a bulk material, which is 

large in all three dimensions) and f(E) for the 

Fermi-Dirac energy state occupation 

distribution function

Only those electrons in the narrow shaded rectangle of width kBT can be thermally 

excited, their fraction f is approximately the ratio of that small area to the total area

under the curve 

total energy gained per mol is 
FT
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U
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Electronic heat capacity

F

crystalinelectron
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with typical values for Fermi Temperature and 300 K, 
electronic heat capacity is only about 1 % of the classically 

expected heat capacity for a Maxwell-Boltzmann gas !!
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Under what physical conditions can Maxwell-Boltzmann statistics be employed?

Whenever the wave-particle duality can be ignored, e.g. when average distance 

between particles, d, is large compared to quantum uncertainty in particle position, ∆x

∆x << d

For such a particle moving in one direction, average kinetic energy px-average
2 / 2m = 

kBT / 2 from equipartition theorem
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Let’s do two estimations, 1. hydrogen gas at standard temperature and 
pressure (STP)

273 K, 1 atmosphere, I mol H2 gas 6.02 123 molecules 

occupies 22.4 liter, kB T = 3.77 10-21 J

= 8.83 10-8 << 1, so all is fine for ideal gas law, steam 

engines, Carnot cycle, … (modification real gas laws)

Let’s do two estimations, 2. electrons in silver at 300 K?

n = (N/V) = 5.86 1028 free electrons m-3, 

(about 2000 times denser than hydrogen 

gas at STP), electron much lighter than H2

1
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= 3.71 not much smaller than 1 !! so 
anything to do with electrons in the solid 
state is to be treated with quantum 
statistics !
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Free electron gas (Drude theory) in a metal, 

there are positively charged ions (the former atoms of the metal) that 

have donated their outer electron (or electrons depending on the

chemical valance) to the collective “sea of electrons”, some of the 

electrons are free to move in the crystal lattice, if it were not for 
deviations from the perfect lattice, i.e. point defects or lattice vibrations, 

they would not be scattered, however they do obey Fermi-Dirac 
statistics since they are Fermions, neglecting this property and 

assuming the validity of classical physics (Maxwell-Boltzmann statistics 

instead) leads at best to fortuitous results

Drude, J.J. Thomson, 

Lorenz assumed 

wrongly that the free 

electron gas would 

behave classically
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σ

Ω

that behaves 

classically
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σ

σ

ρ ρ: specific resistivity

Ω-1

σ = ρ-1 

A constant that does  depend on the material and temperature but
not the applied electric field and represents the connection between 
current and voltage
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n is density of electrons per volume

EJ σ=
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ρ

ρ experiment
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∆
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≈ 105 m/s
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Lorenz rather than Lorentz
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just measured value 

as σquantum will be 

correct concept
p

p

Actually the wavical would not scatter if it were not for irregularities in the crystal lattice
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≈ 0.1 of observed value

We used spacing of ions: 0.26 nm
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v
L=τ

an applied voltage just lifts all electron 
energies! all electrons can thus contribute 
to the electric conductivity
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vrms

Must be too large by two orders of magnitude
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