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a b s t r a c t

The dispersion relation for the plasmon at the interface of a metal and a nonlinear Kerr medium is studied
by applying a semi-analytic theory established in the literature. Explicit analytical results are obtained
and are compared to those from a certain approximate treatment appeared in the literature. It is found
that for large electric field strengths, both the dispersion relation and the surface plasmon frequency from
the approximate treatment deviate significantly from those obtained in the exact approach, especially for
the case with a negative Kerr susceptibility.
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1. Introduction

Surface plasmon (SP) excitation refers to the collective oscilla-
tion of the free electrons at a metal–dielectric interface with exci-
tation characteristics depending on the optical properties of the
metal and the dielectric, and on the geometry of the boundary
interface between the two media. While it was first observed acci-
dentally more than a century ago and its physics was clarified in
the 1950s [1], the recent surge of the field of plasmonics [2] has
revitalized the excitement of this subject leading to unprecedented
activities in both fundamental and applied research in this emerg-
ing field of nano-optics.

In this communication, we study the excitation of SP at the
interface of the simplest geometry – an infinite planar interface
separating the metal and a dielectric, but allowing the dielectric
to have nonlinear optical properties in general. In particular, we
shall consider a Kerr-type dielectric with its dielectric function
depending on the intensity of the electric field. While it is well-
known that the dispersion for the SP (with wave number k and
angular frequency x) at a planar interface between a linear optical
medium and a metal is given by the following expression [1]:

k ¼ x
c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
edem

ed þ em

r
; ð1Þ

where c is the speed of light in vacuum and the dielectric functions
of the dielectric (ed) and metal (em) can depend only on the fre-
quency; the case for a nonlinear dielectric–metal interface has also
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been studied intensively in the literature for over three decades,
especially for the case of a Kerr dielectric where it was found that
the SP in this case can be excited by both TM and TE waves [3].
For example, optical bistability has been discovered recently in
the transmission spectrum [4] and in the Goos–Hanchen shift [5]
of such a nonlinear SP system. Moreover, in the literature, including
some very recent studies on such nonlinear SP’s [6–8], Eq. (1) has
been inadvertently applied with the dielectric function ed simply
be substituted by an intensity-dependent expression, e.g.,

ed ¼ eþ ajEj2; ð2Þ

where e and a are the linear and nonlinear dielectric coefficients,
respectively, and are frequency-dependent in general. However,
since Eq. (1) is derived from Maxwell’s equations by matching the
appropriate boundary conditions for evanescent wave solutions
with restriction only to dielectrics with a linear response, the above
approach to the study of dispersion of the SP’s at a metal–Kerr med-
ium interface is not justified and can lead to appreciable errors in
case of strong field intensity.

It is the purpose of this work to present an analysis of the mag-
nitudes of these errors adopting such an approach to treat the non-
linear SP at a metal–Kerr medium interface. We shall apply a
correct method treating this nonlinear SP’s available from the liter-
ature and shall present numerical analysis on the limitation of the
above inexact treatment by comparing it with results obtained
from the correct theory.
2. Theory

We start with a brief recapitulation of the theory first formu-
lated by Mihalache and coworkers. Following Ref. [9], we consider
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a TM-polarized wave at the interface of a Kerr-type medium and a
metal, ignoring any loss in the media. Note that for simplicity we
have assumed an isotropic Kerr medium as described in Eq. (2)
for illustrative purpose. Generalization to the case of anisotropic
media is rather straight-forward but mathematically tedious [9].
The electric field in both the nonlinear medium (z > 0) and the me-
tal (z < 0) can be expressed as

~Eð~r; tÞ ¼ 1
2
fiExðzÞx̂þ EzðzÞẑg exp½iðxt � kxÞ� þ c:c:; ð3Þ

with the x–z plane being the plane of incidence (Fig. 1), and it has
been taken into account that the relative phase between the two
components for the TM mode is p/2. This follows from Gauss’s
law together with our focus in looking for evanescent waves at
the interface where propagation is permitted only along the x̂ direc-
tion [10]. The equations for the field amplitudes Ex(z), Ez(z) and Hy(z)
in the Kerr medium were obtained from Maxwell equations in Ref.
[9] in the form:

d
dz

Ex ¼
1
k

x2

c2 ed � k2
� �

Ez; ð4Þ

d
dz

edEz ¼ �kedEx; ð5Þ

and Hy ¼ �
x
kc

edEz: ð6Þ

In the metal (z < 0) which has a dielectric function em, the x-compo-
nent electric field amplitude will have the form
ExðzÞ ¼ E0x expðqzÞ where q2 ¼ k2 � x2

c2 em. Thus ~r � ~D ¼ 0 implies

Dz ¼ �
kem

q
Ex: ð7Þ

The continuity of Ex and Dz across z = 0 then yields

E0x ¼ �
q

kem
eþ aE2

0

� �
E0z; ð8Þ

with E0x � Ex(z = 0+), E0z � Ez(z = 0+) and E0 is the magnitude of the
field. By using Eqs. (4) and (8) and a certain first integral obtained in
Ref. [11], one can obtain another relation between the amplitudes
E0x and E0z as follows [9,12]:

ða=2ÞE4
0x þ ½eþ ðemx=cqÞ2�E2

0x þ ðkemE0z=qÞE0x � ða=2ÞE4
0z ¼ 0: ð9Þ

Furthermore, using Eq. (8) together with the relation E2
0 ¼ E2

0x þ E2
0z,

the following expressions can be derived:

E2
0z ¼

e2
mk2E2

0

ðq2a2E4
0 þ 2q2eaE2

0 þ q2e2 þ k2e2
mÞ
¼ e2

mk2E2
0

ðq2e2
d þ k2e2

mÞ
;

E2
0x ¼

ða2E4
0 þ 2eaE2

0 þ e2Þq2E2
0

ðq2a2E4
0 þ 2q2eaE2

0 þ q2e2 þ k2e2
mÞ
¼ e2

dq2E2
0

ðq2e2
d þ k2e2

mÞ
;

E0xE0z ¼ �
q

kem
ðeþ aE2

0ÞE
2
0z ¼ �

q
kem

edE2
0z;

ð10Þ

where ed is as given in Eq. (2) with jEj2 ¼ E2
0.
Non-linear medium

Metal

dε
mε

zE
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Fig. 1. Geometry of the problem.
Now let us apply the above results to derive an explicit and ex-
act dispersion relation for the SP at a metal–Kerr dielectric inter-
face. Substituting Eq. (10) into Eq. (9), the result can finally be
reduced to a quadratic equation in the wave number k which, upon
solving, yields the following relation:

k ¼ x
c

ðaE2
0 þ eÞ ffiffiffiffiffiffiem

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aE2

0 � 2em þ 2e
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a3E6

0 þ 4ea2E4
0 þ 2e3 þ 5e2aE2

0 � 3e2
maE2

0 � 2e2
me

q
¼ x

c
ed

ffiffiffiffiffiffi
em
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ed þ e� 2em
pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðeþ edÞe2
d � 3e2

maE2
0 � 2e2

me
q

ð11Þ

In the limit a ? 0 or E0 ? 0, ed ! e and the result in Eq. (11) reduces
back to Eq. (1) as expected. To find the surface plasmon resonance
frequency xsp from Eq. (11), one has to search for the zero’s of
the derivative dx/dk. However, this is equivalent to finding the
poles of Eq. (11) since by writing (11) in the form: k = xf(x), one
obtains dx/dk = [f(x) + xf0(x)]�1. Hence, the poles of f(x) is equiv-
alent to the zeros of dx/dk since we expect the derivative f0(x) to be
non-negative. Furthermore, one can show that the additional poles
from f 0(x) will be given by em = 0 and em ¼ ðeþ edÞ=2, which are
unacceptable since these will make k = 0 in Eq. (11). We thus obtain
the following implicit expression for xsp to satisfy from the poles of
Eq. (11):

em ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðeþ edÞe2

d

aE2
0 þ 2ed

s
: ð12Þ

With the assumption of the ideal Drude model for the metal:

em ¼ 1�x2
p=x

2; ð13Þ

the surface plasmon frequency can be solved from Eq. (12) to
obtain:

xsp ¼ xp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðeþ edÞe2

d

aE2
0 þ 2ed

 !1=2
vuut

0
B@

1
CA

,
; ð14Þ

this result will be compared and contrasted with the one from the
inexact approach [6–8], namely,

xsp ¼ xp

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ed

p.
¼ xp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ eþ aE2

0

q�
: ð15Þ

Note that even in the weak field limit, Eq. (14) implies

xsp ¼ xp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ eþ ðaE2

0=2Þ
q�

; ð16Þ

which contains an extra factor of 1/2 compared with the result in
(15). In the following, we shall present numerical analysis of the
inaccuracy in using Eq. (2) directly into Eq. (1) as done in some re-
cent works [7,8] via comparison with exact results obtained from
Eq. (11), for various magnitudes of the field intensity.

3. Numerical results and discussion

To evaluate the accuracy and limitation of the model used pre-
viously in the literature by combining Eqs. (1) and (2) [7,8], we
have in Fig. 2 plotted the dispersion curves according to this model
(Fig. 2b) and compared them with those from the exact model
(Fig. 2a), i.e. Eq. (11). We have used the following values for the rel-
evant parameters involved [9]: a = ±6.4 � 10�12 m2V�2,
xp = 1.36 � 1016 rad/s (for Ag), and e = 2.405 for our computations,
and we have ignored the dispersion of the coefficients for the Kerr
medium. It is clear that the two agree only at zero electric field
strength. Although both models show the correct trends for the
dispersion curves to lie above (a < 0) and below (a > 0) the ‘‘linear
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Fig. 2. Surface plasmon dispersion relations for a metal–Kerr interface plotted for different electric field strengths according to the two different approaches: (a) using
consistent solutions from Maxwell’s equations, and (b) using result from linear optics. The nonlinear Kerr coefficient is fixed at |a| = 6.4 � 10�12 m2/V2 and the values of the
field are as follows: E0 = 0 (curve 1) and E2

0 ¼ 9� 1010 V2=m2, (a > 0, curve 2) and (a < 0, curve 3).

Fig. 3. Plot of the surface plasmon frequency as a function of the field intensity according to the two models described in Fig. 2: the consistent approach (‘s’ for a < 0 and ‘h’
for a > 0); and the inexact model (‘+’ for a < 0 and ‘e’ for a > 0). The value of a is the same as that in Fig. 2, with Fig. 3a showing the portion of the results for smaller field
values expanded i.e. the portion within the broken lines in (b). The dash-dotted line in (b) shows the ‘‘re-emerged solutions” for a < 0 as discussed in the text.
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SP curve” (i.e. a = 0), they deviate appreciably from each other for
larger values of E0 – with the exact model deviated from the ‘‘linear
curve” by a less amount compared to the model from the approach
using Eqs. (1) and (2). All these can easily be understood by simply
referring to the low field limit of each of the exact model by notic-
ing the extra ½ factor in Eq. (16) as pointed out above. The physical
reason is that in the linear approximation model, the Kerr medium
is taken to behave as a homogeneous medium with a dielectric
constant given by Eq. (2); whereas in the exact approach, the grad-
uate decrease in the nonlinear term away from the interface is ta-
ken into account (due to the decay of the evanescent field away
from the interface). This then leads effectively to a smaller change
from the linear dielectric constant for the Kerr medium and hence
a less amount of deviation from the ‘‘linear curve”. Fig. 3 shows the
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comparison between the surface plasmon frequencies obtained
from each of the two models, i.e. Eqs. (14) and (15), as a function
of the field intensity. Again, it shows clearly that the inexact ap-
proach can yield incorrect values for the surface plasmon frequen-
cies (both for a < 0 and a > 0) even for modest values of field
strength. For example, at E0 = 3.0 � 105 V/m which corresponds
to a nonlinearly of about 19% in the Kerr dielectric function (and
about 10% in the refractive index for the a > 0 case), the wrong ap-
proach has underestimated the surface plasmon resonance fre-
quency by about 3.5% for positive nonlinearity (a > 0) and
overestimated it by about 5.4% for a < 0. Note that this latter case
is of great interest since the correct approach predicts a complete
opposite trend for further increase of field strength. With the limi-
tation in the magnitude of the field to guarantee xsp < xp, one sees
that as the field increases, the inexact approach predicts xsp ? xp

monotonically while the exact approach predicts a much slower
rise and then a sudden decrease in the resonance frequency which
can become exceedingly small corresponding to the condition
aE2

0 þ 2ed � 0 in Eq. (14). This sharp difference between the two
models for a < 0 should be testable relatively easy in an experi-
ment. For further increase of the field intensity, the exact approach
predicts that in the a < 0 case, there is no solution for xsp for the
intensity range 2e

3jaj < E2
0 <

2e
jaj but solution (shown as dash-dotted

line) re-emerges for larger values of E0 (i.e. for E2
0 > 7:7�

1011 V2=m2). However, these re-emerged solutions are likely not
of much physical significance, since for these large field values,
we will have ed < 0 which implies a negative SP wave number
(k) from Eq. (11). Furthermore, for the range of E0 corresponding
to the re-emerged solution, we have tested numerically Eq. (11)
and found that it leads to imaginary values for k. Hence, it is more
likely that for the a < 0 case, the correct treatment also yields a
kind of ‘‘cut-off” field intensity value (at E2

0 ¼ 2e
3jaj) similar to that ex-

ists in the linear model, except the trend of the resonance fre-
quency is completely opposite as this value of field intensity is
approached. As for the other features in Fig. 3, most of them can
easily be understood if we consider the expression ððeþedÞe2

d

aE2
0þ2ed

Þ1=2 as
an ‘‘effective dielectric function” for the Kerr medium as implied
from Eq. (14).

4. Conclusion

In this communication, we have analyzed the inaccuracy of a
certain approach to the study of the surface plasmon excitations
at a Kerr–metal interface as implemented in some recent works
[7,8] adopting results from linear optics. For simplicity we have
limited ourselves to isotropic and lossless media. The generaliza-
tion to anisotropic Kerr media is possible with some mathematical
complications [9], but the inclusion of loss in such a nonlinear opti-
cal problem will be more challenging and will be left for future
investigations. However, from the results for the case of linear
SPR, it is known that dissipation in the metal will lead to a similar
dispersion relation as in Eq. (1), with only the real part of the
metallic dielectric function entering the equation provided that
the loss is small [1]. Though we expect the same will likely happen
to our results in Eqs. (11) and (14), it will be of interest to clarify
this in a rigorous way. In addition, the finite range of propagation
of the SP along the interface can only be obtained by accounting
for the loss in the metal [1].

In the present work, we have emphasized that a correct ap-
proach must start afresh from the Maxwell wave equation [9]
which can yield very different results even for modest values of
the electric field strength. The discrepancy between the two ap-
proaches is especially significant for the case with a negative non-
linear term in the Kerr dielectric function. It would be of great
interest if the drastically different results predicted by the correct
model for the dispersion relations in this case can be verified
experimentally in a simple way, such as that from the angular
spectrum of a Kretschmann ATR experiment [1], as was employed
previously in the observation of bistability in the reflection spec-
trum of a metal–Kerr medium system [13].
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