
Dynamic modifications of polarizability for large metallic spheroidal
nanoshells

H. Y. Chung (鍾弘毅�,1,2 P. T. Leung (梁培德�,1,a� and D. P. Tsai (蔡定平�1,2,3

1Department of Physics, National Taiwan University, Taipei 10617, Taiwan, Republic of China
2Instrument Technology Research Center, National Applied Research Laboratory, Hsinchu, Taiwan 300,
Republic of China
3Research Center for Applied Sciences, Academia Sinica, Taipei 11529, Taiwan, Republic of China

�Received 20 July 2009; accepted 2 September 2009; published online 29 September 2009�

We present an approach alternative to the hybridization model for the treatment of the coupled
interfacial plasmon modes in spheroidal metallic nanoshells. Rather than formulating the problem
from the Lagrangian dynamics of the free electronic fluid, we adopt an effective medium approach
together with the uniqueness of the solutions to electromagnetic boundary value problem, from
which the polarizability of the shells can then be systematically and efficiently derived; and the
resonance frequencies for the coupled modes can be obtained from the poles in the polarizability.
This approach can treat confocal nanoshells with different geometries for the spheroidal cavity and
external surface and allow for a natural extension to incorporate corrections from the finiteness of
the optical wavelength which are important for nanoparticles of larger sizes. This thus surpasses the
hybridization model which is limited to incorporate only the electrostatic Coulomb interaction
between the uncoupled plasmons. Numerical results will be provided for different nanoshell
systems, and for the illustration of the various geometric and dynamic effects from our model.
© 2009 American Institute of Physics. �doi:10.1063/1.3236528�

I. INTRODUCTION

Of the many plasmonic systems, metallic nanoparticles
have become a very promising and versatile one for their
great flexibility in many applications such as in various spec-
troscopy enhancement1 and in the fabrication of nanoplas-
monic waveguides.2 As is well known, the plasmonic prop-
erties of these particles are largely determined by their
geometry and the dielectric response of their materials.
Among various geometries like bowtie, pyramidal, spherical,
etc., the concentric shell geometry emerged as one with great
potential for the large tunability in the plasmon modes of
these nanoshells.3

First fabricated in 1998,4 the metallic nanoshells evolved
from spherical geometry to spheroidal geometry in the form
of the “nanorice”5 with even greater tunability and field en-
hancement in various applications. As is well known, while
the field enhancement depends largely on the aspect ratio of
the outside dimensions of the shell particle, the tunability
arises from the coupling of the interfacial plasmon modes at
both the outside and inside �i.e., cavity mode� surfaces of the
particle. To theoretically describe both these properties in the
long-wavelength limit, one has to calculate the polarizability
and the coupled resonance frequencies of the particle. These,
while rather straightforward to be obtained from solving the
electrostatic boundary value problem for a spherical

nanoshell, the problem will become rather nontrivial and
complicated for more general geometries such as spheroidal
shells.

In the last several years, a very useful theoretical scheme
known as the “hybridization model �HM�” has been intro-
duced for the treatment of the plasmonic response of such a
system of concentric/confocal shells.6–8 This HM is mainly
built on the Lagrangian dynamics of the free electrons on the
shell interfaces with the electrons described as a perfect fluid,
and coupling between the electrons on different interfaces is
accounted for from the static Coulomb interaction between
these electrons. Coupled differential equations of motion for
these interfacial electronic fluids are then derived in terms of
their intrinsic �i.e., isolated� surface resonance frequencies,
which upon solving yield the eigenfrequencies of the split
�coupled� modes �e.g., the antibonding and bonding states� in
exact agreement with the results obtained from solving the
electrostatic boundary value problem. While the HM is pow-
erful in that it can treat �i� shells with general spheroidal
geometry,8 �ii� structures with unlimited number of concen-
tric shells �“nanomatryushka”6,7�, and �iii� resonances of
higher multipoles, it is strictly limited to the static response
of the nanoshell and a generalization to incorporate dynami-
cal effects in the optical response of these shells is not obvi-
ous and straightforward. Furthermore, while the HM can
yield the coupled resonance frequencies rather systemati-
cally, the calculation of the polarizability itself from an
eigenfunction solution of the HM can be quite involved. Be-
cause of this latter limitation, the optical absorption and ex-
tinction properties of these nanoshells have been occasion-
ally calculated in an all-numerical approach �e.g., using
methods such as FDTD, etc.�.6–8
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It is the purpose of this work to present an alternative
approach to HM for the description of the optical response of
these spheroidal nanoshells via their coupled plasmon
modes. Our model is based on a generalization of the self-
consistent effective medium model previously published by
Li, Sun, and Chan �LSC� �Ref. 9� for spherical shells to
spheroidal geometry, with the inclusion of the lowest order
correction from the finiteness of the optical wavelength ac-
counting for both the dynamic polarization and the radiative
loss terms in the spirit of the so-called modified long wave-
length approximation �MLWA�.10 While these latter dynami-
cal effects have been formulated very recently for a spheroi-
dal solid particle,11 the corresponding results for spheroidal
nanoshells have not yet been derived. Furthermore, just like
the HM, our model can treat an unlimited number of concen-
tric shells with different spheroidal geometries for the inter-
nal �cavity� and external surfaces. In addition, the polariz-
ability of the nanoshells can be obtained more efficiently and
from the poles of this quantity the coupled plasmonic reso-
nance frequencies can be deduced. We shall first present the
formulation of our theoretical model in the next section and
follow with numerical results to illustrate the various geo-
metric and dynamic effects for various nanoshell systems.

II. THEORETICAL MODEL

For definitiveness, we shall derive the multipolar polar-
izability �lm of a single-layer spheroidal shell �in a host me-
dium of dielectric constant �h� consisting of a core of dielec-
tric function �1 and a �metallic� shell of dielectric function
�2, with confocal surfaces �Fig. 1�a��. Note that our effective
medium approach below allows us �i� to avoid having to
solve the complete boundary value problem which can be
very complicated for spheroidal systems with a large number
of concentric surfaces, �ii� to treat a multisurface system
�e.g., the nanomatryushka� with two surfaces at a time, and
�iii� to introduce the lowest order dynamic corrections to the
electrostatic response in a systematic way.

A. The generalized LSC model

Following the LSC approach,9 our goal is to construct,
for each multipole order �l ,m�, an equivalent solid spheroi-
dal particle �Fig. 1�b�� with an “effective dielectric function

�lm
s ” and a surface morphology identical to that of the outer

surface of the original shell �i.e., S2�, such that its polariz-
ability �lm is identical to that of the shell. The key features of
the LSC model consist of the following three steps:

�i� Assuming such an “effective spheroidal particle” is
found, then we consider the situation when it is hypo-
thetically placed in a medium with a dielectric func-
tion �2 which is identical to that of the material of the
shell �Fig. 1�c��. For such a case, one can obtain the
following expression for the static polarizability of the
spheroidal particle from standard solution of the
boundary value problem �see Appendix A�:

�lm
s = a2l+1Clm

�lm
s − �2

�lm
s Alm��2� − �2Blm��2�

, �1�

where �2 and a are the spheroidal coordinate and the
foci, and the coefficients Clm, Alm, and Blm are ex-
pressed in terms of the associated Legendre functions
�Pl

m and Ql
m� �see Appendix A for details�.

�ii� Next, we go back to the original spheroidal shell and
consider the case when it is also placed in a medium
of dielectric function �2 �Fig. 1�d��, rather than in the
host medium �h. In such a case, it is obvious that the
system will simply respond just like a “bare particle”
with boundary S1 and dielectric function �1. In a simi-
lar way as in �i�, we then obtain the polarizability of
the shell in this case as follows:

�lm
1 = a2l+1Clm

�1 − �2

�1Alm��1� − �2Blm��1�
. �2�

Now if the “effective particle” really represents the
original shell, then Eqs. �1� and �2� must give us iden-
tical results when each of them is placed in the same
medium of dielectric function �2. Hence by setting
�lm

s =�lm
1 , we can solve for �lm

s and obtain the follow-
ing result:

�lm
s = �2

�1�Alm��1� − Blm��2�� − �2�Blm��1� − Blm��2��
�1�Alm��1� − Alm��2�� − �2�Blm��1� − Alm��2��

.

�3�

Note that although Eq. �3� is only a necessary condi-
tion that the dielectric function �lm

s of the effective
particle must fulfill, the uniqueness in the boundary
value problem solutions also guarantees it to be a suf-
ficient condition. Hence, Eq. �3� implies that once the
dielectric and geometric parameters of the original
spheroidal shell are given, the effective �lm

s can be
uniquely determined.

�iii� With the original spheroidal shell now replaced by a
solid particle with an effective �lm

s in the same host
medium �dielectric constant �h�, the multipole polar-
izability of the original shell can then be obtained in
the following form �cf. Eq. �1� or Eq. �2��:

FIG. 1. Illustration of the approach of the LSC model, see text.
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�lm = a2l+1Clm

�lm
s − �h

�lm
s Alm��2� − �hBlm��2�

= a2l+1Clm
��2 − �h���1Alm��1� − �2Blm��1�� − ��1 − �2���2Blm��2� − �hAlm��2��

��1Alm��1� − �2Blm��1����2Alm��2� − �hBlm��2�� − Alm��2�Blm��2���1 − �2���2 − �h�
. �4�

If one adopts the ideal Drude model for the metallic
shell: �2���=�2�−�p

2 /�2, then the resonance frequency
of order �l ,m� can be obtained from the poles of Eq.
�4� in the following form:

�lm
� =

�p

��2� − �lm
�

, �5�

with

�lm
� =

1

2plm
�− qlm � �qlm

2 − 4plmrlm� , �6�

where

plm = Alm��2��Blm��1� − Blm��2�� ,

qlm = �1Alm��2��Blm��2� − Alm��1��

+ �hBlm��2��Alm��2� − Blm��1�� , �7�

and

rlm = �1�hBlm��2��Alm��1� − Alm��2�� .

B. Explicit results in the dipolar and spherical limits

We next give the explicit results for the dipolar response
of a spheroidal shell and the general multipolar results in the
limit of a spherical nanoshell:

�i� For dipolar response, we set l=1 in the above equa-
tions. Using the various results for the associated Leg-
endre functions12 to compute the various coefficients
in Eq. �A11�, we obtain the following results for the
polarizability: for prolate spheroidal shells,

�1m =
a3

3

��2 − �h���1F1
m − �2G1

m� − ��1 − �2���2G2
m − �hF2

m�
��1F1

m − �2G1
m���2F2

m − �hG2
m� − ��1 − �2���2 − �h�F2

mG2
m , �8�

Fj
m =

Lm�� j�
� j�� j

2 − 1�
, Gj

m =
Lm�� j� − 1

� j�� j
2 − 1�

, j = 1 or 2, m = 0, � 1. �9�

Here �L0 ,L1 ,L−1� or equivalently �Lx ,Ly ,Lz� are the
static geometrical factors which are defined as

L0��� = Lz��� = ��2 − 1�� �

2
ln� � + 1

� − 1
� − 1	 ,

�10�
L�1��� = Lx��� = Ly��� = �1 − Lz����/2.

Note that these factors can also be expressed in a
simple form in terms of the eccentricity of the
spheroids.11

For oblate spheroidal shells,

�1m
oblate��1,�2� = �1m

prolate��1 → i�1,�2 → i�2� . �11�

Note that the Cartesian components can be obtained
from the following relations:

�z = 4��h�10, �x = �y = 4��h�11. �12�

�ii� In the limit of a spherical shell, we consider the pa-
rameters �1=r1 /a, �2=r2 /a �with r1�r2� and then
take the limit a→0 �hence �i→��. Since for x→�,
we have

Pl
m�x� 


�2l − 1� ! !

�l − m�!
i−m�x�l,

�13�

Ql
m�x� 


�l + m�!
�2l + 1� ! !

�x�−l−1,

we obtain for both the oblate and prolate spheroidal
case:

Alm��� 
 Clm�−2l−1, Blm��� 
 −
l + 1

l
Clm�−2l−1. �14�

Substituting Eq. �14� into Eq. �4� yields the following
well-known result for a spherical shell:13
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�lm = r2
2l+1 l��2 − �h��l�1 + �l + 1��2�r2

2l+1 + l��1 − �2���l + 1��2 + l�h�r1
2l+1

�l�1 + �l + 1��2��l�2 + �l + 1��h�r2
2l+1 + l�l + 1���1 − �2���2 − �h�r1

2l+1 , �15�

which is independent of m.

C. MLWA for spheroidal nanoshells

Next we discuss how the lowest order dynamic effects
due to the finiteness of the optical wavelengths can be intro-
duced into the above formalism in the spirit of the MLWA.
Note that the MLWA is the lowest order correction, which
applies only to the modification of the dipolar response �Eqs.
�8�–�12� in Sec. II B above� and is consistent with the lowest
order result from the exact Mie theory.10,11 In spite of its
limitations, the MLWA has been found to be quite accurate
for the description of a large range of experiments on these
nanoparticles.14–18

Note that, in the original formalism,10 the MLWA was
derived only for the case of a solid spherical particle. But
since in the LSC model, a spherical shell is now replaced by
an effective solid particle, the MLWA can thus be applied to
shell structure as well, as has already been demonstrated in
the original LSC paper.9

Hence, in order to formulate the MLWA for spheroidal
shells, we first follow Moroz11 to express the static dipolar
�Rayleigh� polarizability of a spheroidal particle in a host �of
dielectric constants � and �h, respectively� as follows:

�1m
R =

V

4�

� − �h

�h + Lm�� − �h�
, �16�

where V is the volume of the particle, and the static geo-
metrical factors Lm are as defined in Eq. �10�. Next, as shown
by Moroz,11 the MLWA corrections of Meier and Wokaun10

can be obtained for a spheroid by generalizing Eq. �16� to the
following form:

�1m
MW =

�1m
R

1 − �Dm/lE�k2�1m
R − i�2/3�k3�1m

R

=
V

4�

� − �h

�h + qm�� − �h�
, �17�

where lE is the half length of the spheroidal axis along which
the electric field is applied, and the generalized depolarizing
factor qm, which incorporates both geometric and dynamic
effects, can be expressed as follows:

qm = Lm −
k2V

4�lE
Dm − i

2k3

3

V

4�
, �18�

where Dm is the dynamic geometrical factor as given by
Moroz,11 and k=2� /	 is the wave vector in free space. Note
that while the first term in Eq. �18� corresponds to the famil-
iar static polarization term, the second and third terms give
rise to the so-called dynamic polarization and radiation reac-
tion which are originated from the exact electrodynamic
fields of an oscillating dipole. Hence by using the appropri-
ate quantities Lm�� j� and qm�� j� with j=1,2 corresponding to

the inner and outer shells, respectively, into the results ex-
pressed in Eqs. �8�–�12�, we can obtain the MLWA results for
the polarizability of a spheroidal nanoshell. We give more
details for both spheroidal and spherical geometries as fol-
lows.

For prolate spheroidal shells �with �→ i� for oblate
case�, the dynamic geometrical factors are given by11

D0��� = Dz��� =
3

4
� �2 + 1

�2 − 1
Lz��� + 1� ,

�19�

D�1��� = Dx��� =
��2 − 1

2�
�3� arctanh�1

�
� − Dz���� .

Hence the MLWA corrections can be obtained by simply
replacing Fj

m and Gj
m in Eqs. �8� and �9� by the following

expressions:

Fj
m →

qm�� j�
� j�� j

2 − 1�
, Gj

m →
qm�� j� − 1

� j�� j
2 − 1�

,

�20�
j = 1 or 2, m = 0, � 1,

with qm given in Eq. �18�.
Although the above formalism is derived only for a

single-layered nanoshell, it is rather straightforward to gen-
eralize it to a multilayered stratified system of spheroidal
shells �a nanomatryushka� in a systematic way �see Appen-
dix B�.

Spherical limit. By setting � j =rj /a and let a→0, we
have

Lj → 1
3 , Dj → 1, as � → � ,

�21�
qm�� j� → qj = 1

3 − 1
3xj

2 − i 2
9xj

3,

where xj =krj =2�rj /	, and r1 and r2 are the radius of the
inner and outer surfaces, respectively. In this limit, we have

Fj
m →

a3

rj
3 qj, Gj

m →
a3

rj
3 �qj − 1� ,

�22�
j = 1 or 2, m = 0, � 1.

With the results in Eqs. �21� and �22�, we finally obtain the
following MLWA result for a spherical nanoshell:
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�1m =
1

3
r2

3 ��2 − �h���1q1 − �2�q1 − 1��r2
3 − ��1 − �2���2�q2 − 1� − �hq2�r1

3

��1q1 − �2�q1 − 1����2q2 − �h�q2 − 1��r2
3 − ��1 − �2���2 − �h�q2�q2 − 1�r1

3 . �23�

To our knowledge, the result in Eq. �23�, being independent
of m, has not been obtained before and is as significant as the
corresponding one for spherical particles available in the
literature.14–18

D. Improvements on MLWA

While the MLWA provides a simple recipe to include the
lowest order dynamic corrections to the static polarizability
for spheroidal nanoshells as illustrated above, the assumption
of uniform polarization inside the particle renders the ap-
proach inaccurate for larger size particles. Following
Stevenson19 and Moroz,11 we further introduce a semiempir-
ical “improved MLWA” �IMLWA� which allows the particle
polarization along the spheroidal axis of symmetry to vary in
magnitude with the angle of inclination �
� from this axis in
the following form:

P� → �1 + �k2r2 sin2 
�P� , �24�

where � is a dimensionless fitting parameter. As a conse-
quence, following Moroz,11 we obtain below a modified dy-
namic geometrical factor in place of the Dz in Eq. �19�:

Dz =
3

4�a2 ��1 − 2��I0 + �1 + 8��I1 − 6�I2� , �25�

where the integrals over the particle volume are defined as

In =� cos2n 


2r
dV . �26�

For a general spheroidal particle, the integrals in Eq.
�26� are given in Ref. 11. For the simple case of a spherical
particle, we have In=�a2 / �2n+1� and Dz�D=1− �2 /5��. In
the following numerical studies, we shall also use this modi-
fied dynamic polarization as given in Eqs. �25� and �26� to
illustrate how good the original MLWA can be improved to,
in comparison with the exact electrodynamic results.

III. NUMERICAL RESULTS

In order to demonstrate the dynamical effects from our
MLWA and IMLWA models formulated above for the optical
response of a spheroidal nanoshell, we carried out some nu-
merical studies on the coupled plasmon frequencies and the
extinction cross sections of the silver nanoshell systems stud-
ied in Ref. 8 within the context of the HM. The dielectric
function for silver as given in Ref. 8 has the following form:
����=�S−�B

2 /���+ i�� with �S=5.0, �B=9.5 eV, and
�=0.15 eV. To access the accuracy of our various long
wavelength approximations, we first compared them with the
exact electrodynamic results �Mie theory� for a spherical
shell system which are easily available.13 Figure 2 shows the
calculation of the spectrum of the extinction cross section
�ext=k Im �1� for a hollow silver spherical shell �r1=60 nm

and r2=70 nm� according to all the three approximations
�static, MLWA, and IMLWA with �=1� in comparison with
the exact electrodynamic result from the Mie theory.13 As is
clear from the figure, while the exact result shows both the
split-dipole and the quadrupole modes, all the three approxi-
mations can only show the split-dipole modes as expected.
Furthermore, while all of them give quite close results for the
frequency �+ of the antibonding mode, significant errors oc-
cur in �− with the static model yielding blueshifted reso-
nances, and the long-wavelength approximations leading to
redshifted resonances for the bonding modes. Note that it is a
rather general result that for a hollow shell, the high fre-
quency �+ is relatively insensitive to the change in the inter-
action between the two individual plasmons, and thus retar-
dation effects are quite insignificant for this mode. This is
analogous to the in-phase oscillation of two coupled me-
chanical oscillators with characteristic frequencies quite in-
sensitive to the strength of the coupling. Note also that the
blueshifted peaks from static calculation also occur in a very
general way, since retardation effect will lead to an overall
weaker interaction between the cavity and the surface plas-
mons. Most importantly, one sees the significant failure of
the static approximation for such a size of the shell �predict-
ing in this case a blueshift of 20% for �− and a peak
approximately five times larger in value�, and how the
MLWA �and especially the IMLWA� can yield rather accu-
rate results in comparison with the exact Mie theory. This
thus confirms the usefulness of the MLWA in the calculation
of dipole extinction for nanoshells of these dimensions
which are often encountered in experimental studies, and are
not too small compared to the optical wavelengths used in
the experiments.

FIG. 2. Comparison of the extinction cross sections obtained in the static
limit, from MLWA, and from IMLWA against the exact Mie theory results.
The results are shown for a spherical nanoshell with inner radius of 60 nm
and outer radius of 70 nm. The silver nanoshell is hollow inside and placed
in vacuum.

124122-5 Polarizability for spheroidal nanoshells J. Chem. Phys. 131, 124122 �2009�

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



Having established the accuracy of the MLWA for
spherical nanoshells, we next apply them to the study of
spheroidal shells. Figure 3 shows the calculation of the ex-
tinction cross section for the prolate silver spheroidal shell
studied in Ref. 8 with a dielectric core ��=9.5� and foci
a=40 nm according to the three models: static, MLWA, and
IMLWA. The complete geometry of the nanoshell is speci-
fied in the figure caption and the incident plane wave is
polarized along the axis of rotational symmetry �note that our
above formalism for the IMLWA only applies to this type of
polarization�. We notice that in this case the high frequency
modes are still relatively insensitive to the different models.
While the static results compare closely to those given by the
HM �Ref. 20� �see Fig. 7 in Ref. 8�, the significance of the
corrections from both the long wavelength models is clearly
revealed and is qualitatively similar to that found in the case
for spherical shells. Again, we expect the result from
IMLWA to be closer to the exact one from electrodynamics.

Having demonstrated the significance of the MLWA, we
next apply it to study the effect of different aspect ratios on
the extinction of the nanoshell. Figure 4 shows the MLWA
results for the spheroidal nanoshell in Fig. 3 except that now
the inner aspect ratio is varied. The polarization of the inci-
dent field is along �m=0, Fig. 4�a�� and perpendicular �m=1,
Fig. 4�b�� to the rotational axis, respectively. For the m=0
case, one sees similar qualitative features for the resonance
frequencies as observed in the static HM calculation8 such as
the redshifted bonding mode, and the almost-unchanged an-
tibonding mode with the increase of the inner aspect ratio
with fixed outer ratio. However, the values for the cross sec-
tion obtained in our MLWA are quite different from those
obtained in the HM as expected. For the m=1 case, Fig. 4�b�
shows a stronger extinction for the antibonding mode, and
the greater dependence of this resonance frequency on the
inner aspect ratio, with a blueshifted peak as the ratio in-
creases. For clarity, we have not shown the IMWLA results
in Fig. 4�a� but we expect these results will give less red-

shifted resonances, and slightly lower peak cross sections
compared with those obtained from the MWLA as shown.

Finally, we also study the split eigenfrequencies using
our model. Figure 5 shows the resonance frequencies of the
coupled bonding and antibonding modes according to the
three different models for the same spheroidal shell studied
in Fig. 5 of Ref. 8. We show both the resonance wavelengths
�Fig. 5�a�� and frequencies in eV �Fig. 5�b�� as a function of
the inner aspect ratio of the shell. First we point out that our
results according to the static model reproduce identical re-
sults as obtained from the HM �compare the solid curves in
Fig. 5�b� to those in Fig. 5�c� in Ref. 8�. Those obtained from
the MLWA, however, will give redshifted resonance frequen-
cies in general. These redshifts are particular significant for
the bonding modes in the present m=0 case; we also found
�not shown� that they actually become more pronounced for
the antibonding modes in the m=1 case for this filled shell
�core with �=9.5�. In addition, we note that the dynamic
modifications are more significant for lower inner aspect ra-
tio of the shell as expected, since the effective scattering
volume is greater in this case, which leads to a manifestation
of the corrections from the finiteness of the wavelengths
within the MLWA approach.

FIG. 3. Comparison of the extinction cross sections obtained in the static
limit, from MLWA, and from IMLWA. The results are shown for a confocal
prolate metallic shell with 40 nm foci and aspect ratios 1/2 �core� and 2/3
�outer surface�. The nanoshell has a hematite core ��=9.5� with the silver
shell embedded in vacuum. The electric field is along the rotational symme-
try axis of the spheroidal nanoshell.

FIG. 4. The extinction cross sections of the confocal prolate metallic
nanoshells �foci is fixed at 40 nm� with a fixed aspect ratio �2/3� for the
outer surface and four different aspect ratios �0.2, 0.5, 0.55, and 0.6� for the
core. The nanoshell has a hematite core ��=9.5� with the silver shell em-
bedded in the vacuum. The electric fields are oriented parallel �a� and per-
pendicular �b� to the rotational symmetry axis of the spheroidal nanoshell.
The calculation is based on the MLWA model.
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IV. DISCUSSION AND CONCLUSION

In this work, we presented a systematic formulation, al-
ternative to the HM, for the calculation of the polarizability
and coupled resonance frequencies of a spheroidal metallic
nanoshell �i.e., nanorice�. Our effective medium approach
generalizes the previous work �LSC, Ref. 9� to the spheroidal
geometry, which allows for a very efficient computation of
the polarizability of the nanoshells, as well as the incorpora-
tion of the lowest order dynamic effects in the framework of
the MLWA �or IMLWA� for the description of the optical
properties of these nanoparticles.

On the other hand, while the hybridization approach is
powerful in many aspects in the account of the plasmonic
coupling within these nanoshells including the physical ori-
gin of the split bonding and antibonding modes, the treat-
ment of very general geometry of interacting surfaces such
as two external spherical surfaces, two nonconcentric sur-
faces, etc., it will be rather nontrivial for it to go beyond the
strictly static formulation based on the Coulomb interaction
between the uncoupled plasmons, and to account for effects

due to the finiteness of the optical wavelengths used in vari-
ous spectroscopy experiments.

In a wide range of optical experiments involving these
metallic nanoshells, it is likely that there is no need for a
complicated full electrodynamic analysis of the observations
due to the small sizes of these particles in comparison with
the wavelengths. Moreover, recent studies reaffirmed that,
the introduction of the lowest order dynamic effects in the
form of the MLWA does provide a very good account for
many of these experiments, in both far field14–17 and near
field18 studies. Thus our present work of extending this
MLWA �and IMLWA� to spheroidal metallic nanoshells
should be of value for future understanding of various optical
experiments with these systems of particles of not-too-small
sizes �say, for 10 nm�r�100 nm�, especially that our for-
mulation not only yields the coupled resonance frequencies,
but also the modified polarizability in a rather straightfor-
ward and systematic way. Thus it will be of interest and
value to pursue further our present approach, to see if it can
also handle other more irregular geometries �e.g., noncon-
centric shells� so that it can really be established as a viable
alternative to the HM for the description of the optical re-
sponse of these irregular metallic nanoparticles.
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APPENDIX A: STATIC POLARIZABILITY OF A SOLID
SPHEROIDAL PARTICLE

To be self-contained, we here provide a brief account for
the spheroidal coordinate system and for the multipole polar-
izability of a solid spheroidal particle.21

�i� The definition of spheroidal coordinates �� ,� ,��.12,21

Let us divide into the following two cases:

�a� Oblate spheroidal coordinates. Let a be the radius of
the ring of foci with the ring lying on the xy plane,
define

� =���1 + �2

2a
�2

− 1, � = ��1 − ��1 − �2

2a
�2

,

�A1�

� = arctan� y

x
�;

with

�1 = ��x + a cos ��2 + �y + a sin ��2 + z2,

�A2�
�2 = ��x − a cos ��2 + �y − a sin ��2 + z2.

Here �1 and �2 are the distances of the point �x ,y ,z� to
the points of intersection of the ring of foci with the

FIG. 5. Coupled resonance modes of a confocal prolate metallic nanoshell
as a function of the aspect ratio of the core obtained from the static, MLWA,
and IMLWA models, respectively. The aspect ratio of the outer surface and
foci are fixed at 2/3 and 40 nm, respectively. The nanoshell has a hematite
core ��=9.5� with the silver shell embedded in the vacuum. The electric
field is along the rotational symmetry axis of the spheroidal nanoshell. Note
that �a� is in nanometers and �b� in eV for direct comparison with the results
in Ref. 8.
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plane through �x ,y ,z� and the z axis. The positive and
negative sign of � correspond to z�0 and z�0, re-
spectively.

�b� Prolate spheroidal coordinates. Let the two foci in this
case be �0,0 ,a� and �0,0 ,−a� in Cartesian coordinates,
respectively, and define

� =
�1 + �2

2a
, � =

�1 − �2

2a
, � = arctan� y

x
� , �A3�

with

�1 = �x2 + y2 + �z + a�2, �2 = �x2 + y2 + �z − a�2.

�A4�

Here �1 and �2 are the distance of the point �x ,y ,z� to
the two foci.

�ii� Polarizability of a solid spheroid.21 Let us expand the
electrostatic potential both inside and outside the
spheroid �with boundary surface at �=�1� as follows:

�in��,�,�� = �
l,m

clmXl
m��,a�Yl

m�cos−1 �,�� ,

�A5�
�out��,�,�� = �

l,m
�almZl

m��,a�

+ blmXl
m��,a��Yl

m�cos−1 �,�� .

For oblate spheroid we have

Xl
m��,a� = im−l �l − m�!

�2l − 1� ! !
alPl

m�i�� ,

�A6�

Zl
m��,a� = il+1 �2l + 1� ! !

�l + m�!
a−l−1Ql

m�i�� ,

and for prolate spheroid,

Xl
m��,a� = im �l − m�!

�2l − 1� ! !
alPl

m��� ,

�A7�

Zl
m��,a� =

�2l + 1� ! !

�l + m�!
a−l−1Ql

m��� .

Here Yl
m are the spherical harmonics, with Pl

m��� and Ql
m���

as the associated Legendre functions of the first and second
kind, respectively.

Applying the boundary conditions at the surface,

�in��,�,����=�1
= �out��,�,����=�1

,

�A8�

�1� ��in��,�,��
��

�
�=�1

= �2� ��out��,�,��
��

�
�=�1

,

with �1 and �2 as the dielectric constant of the inside and the
outside of the spheroid, respectively; a relation between alm

and blm can be obtained:

alm = − ��2 − �1���2� �Zl
m��,a�/��

�Xl
m��,a�/��

�
�=�1

− �1
Zl

m��1,a�
Xl

m��1,a�	−1

blm

� − �lmblm. �A9�

Thus the polarizability of the order of �l ,m� can be obtained
in this case as

�lm = a2l+1Clm
�1 − �2

�1Alm��1� − �2Blm��1�
, �lm = �l,−m,

�A10�

where for oblate spheroid we have

Alm��� =
Qlm�i��
Plm�i��

, Blm��� =
Qlm� �i��
Plm� �i��

,

�A11�

Clm = �− 1�l+mi−m−1 �l − m� ! �l + m�!
�2l − 1� ! ! �2l + 1� ! !

,

and for prolate spheroid,

Alm��� =
Qlm���
Plm���

, Blm��� =
Qlm� ���
Plm� ���

,

�A12�

Clm = im �l − m� ! �l + m�!
�2l − 1� ! ! �2l + 1� ! !

.

APPENDIX B: RESULTS FOR A MULTILAYERED
SPHEROIDAL “NANOMATRYUSHKA”

For a multilayered system of confocal spheroidal
nanoshells, the LSC model can be applied to two of the shell
surfaces at a time starting with the innermost two surfaces.
For a system of n-layered shell, the following recurrence
relation can be established by generalizing the result in
Eq. �4�:

�lm
n = a2l+1Clm

��n − �h���h�lm
n−1Alm

n−1 − �n�lm
n−1Blm

n−1� − ��h�lm
n−1 − �n�lm

n−1���nBlm
n − �hAlm

n �
��nAlm

n − �hBlm
n ���h�lm

n−1Alm
n−1 − �n�lm

n−1Blm
n−1� − Alm

n Blm
n ��h�lm

n−1 − �n�lm
n−1���n − �h�

, �B1�

where we define
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Alm
n = Alm��n�, Blm

n = Blm��n�, �lm
n = Alm

n �lm
n − Clma2l+1,

�B2�
�lm

n = Blm
n �lm

n − Clma2l+1,

and the result in Eq. �4� is now the value for �lm
2 . Starting

with this recurrence relation, one can then follow similar
steps as described in Secs. II B and II C to obtain the MLWA
for the dipolar polarizability of such a multilayered system.
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