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INTRODUCTION

The theory of continuous distributions of material imperfections, dislo-
cations in particular, the origin of which can be traced back to the period of
1950-1967, has been approached from at least two different points of view, i.e.,
structural dynamics and continuum mechanics. While the pioneering works
of Bilby, Eshelby, Kroner, Kondo (see e.g., Bilby [B] and Kroéner [Kr]) and
others represent a structural point of view the mathematical theory of mate-
rially uniform simple elastic bodies of Noll and Wang, [N], [W], [Bl], is firmly
based on continuum mechanics notions. Seen as a natural generalization of
the structural approach, this theory takes as its fundamental assumption that
the presence of imperfections does not modify the general constitutive nature
of the elastic material and that the information required to identify and de-
scribe smooth distributions of defects can be found in the material response
functional of a given uniform body without introducing any extra parameters
or a priori geometries. Following this line of thought, imperfections are seen as
being responsible for a breakdown of homogeneity of these constitutive func-
tionals. Geometric periodicity of the underlying atomic lattice corresponds, on
the other hand, to material uniformity and the form of the material symmetry
group. Using the language of modern differential geometry the theory shows
that for a materially uniform simple elastic body a linear connection can be
defined in a manner consistent with the given constitutive relations but not

necessarily in a unique way.

The process of analyzing a given material body is at least two-fold. First,
one needs to determine if the given constitutive functional indeed defines a
uniform material (see e.g., Elzanowski and Epstein [EEpl]). Only after this
has been established the question of local and global homogeneity can be ad-
dressed. It has been shown by Noll [N] and Wang [W] that the existence of
locally homogeneous configurations is expressed mathematically by the avail-
ability of a locally flat material connection. If the material symmetry group is

a continuous group the task of finding a flat connection within the variety of
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all material connections proves to be, in general, a very difficult one. Guided
by these difficulties, in effort to develop some comprehensive approach to this
problem, it was shown by Elzanowski at al. [EEpSQ] that a definite G-structure
can be associated with a materially uniform simple elastic body and that the
local homogeneity of such a body is equivalent to the local integrability of the

underlying G-structure (material structure).

However, one thing is to determine that the given material structure is
locally integrable, the other is to explicitly find the corresponding homoge-
neous configurations. Indeed, in the case of a material having at each point
a stress-free uniform reference configuration (e.g., an isotropic elastic solid)
one does not know how to arrange a collection of stress-free pieces to fit them
together into a global configuration of the whole body without introducing
internal stresses. In the language of the differential geometric theory of lin-
ear connections the process described above is equivalent to finding a uniform
global reference configuration generating a flat material connection, i.e., a local
coordinate system on the body manifold inducing in the corresponding bundle
of linear frames, in a manner consistent with the constitutive information, a

locally integrable symmetric linear connection.

It was shown in [EpES] and [EEpS2] that one possible way of resolving
the integrability problem is to associate with the given material structure a
geometric object (called the characteristic object) capturing the essential ge-
ometric features of the structure in question. The analysis of the object’s ho-
mogeneity (material constancy), as a field on the body manifold, becomes the
means of analyzing the integrability of the corresponding material structure.
On the other hand, looking at the material symmetry group as a gauge group
and at the changes of uniform configurations as gauge transformations one
is also able to develop, through rather straightforward calculations, a system
of quasilinear partial differential equations for the symmetry group controlled
configuration changes leading from an arbitrary uniform reference to a uni-

form configuration possessing the required geometric characteristics, provided
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such a configuration exists, [EP1].

It has been pointed out, by critics and supporters alike, that the origi-
nal theory of Noll and Wang does not enjoy the generality often demanded
by those propagating the so-called lattice model. This is mainly because in
the structural approach to the theory of continuous distribution of defects it
has been suggested that although the presence of dislocations shows through
the non-vanishing torsion of a material connection, disclinations (rotational
defects) are measured by the curvature of such a connection (cf., Anthony
[An] and Lardner [La]. The structural approach suggests also that the bodies
with defects, disclinations in particular, are subject to couple and multipolar
stresses, [Kr]. Since any constitutive functional associated with a simple elas-
tic material body induces, by definition, a curvature-free material parallelism
(a field of structural isomorphisms) it appears that the disclinations, and pos-
sibly other defects, are ruled out. Therefore, as it has been suggested by
Elzanowski and Epstein [EEp3], it seems only natural to investigate the pos-
sibility of describing disclinations in the context of the so-called second-grade
material. This seems to be supported by the non-local nature of disclinations,
[La]. Some other possible characterizations of disclinations, like the global

vanishing of the curvature, could also be investigated.

In this paper we present a comprehensive mathematical foundation of the
theory of material structures of uniform multipolar hyperelastic bodies. Al-
though based on the original ideas of Noll and Wang the research undertaken
here, which grew out of our early works (see e.g., Elzanowski and Epstein
[EEp3] and Elzanowski and Prishepionok [EP1], [EP2]), aims at formulating
and analyzing the theory of uniform material structures far more complex than
simple elasticity. We not only show that such a generalization is mathemati-
cally possible but also, in the process of doing so, which often leads through
rather unexplored areas of the differential geometry of frame bundles of higher

order contact, we point out some rather intriguing possibilities of discovering
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intrinsically higher order defects. Such defects have not yet been, as far as we

know, reported in the literature.

This paper is divided into seven chapters. In the first chapter we present
some elements of a covariant constitutive theory of elasticity. Starting from
a completely global approach we proceed to study simple hyperelasticity em-
phasizing different levels of non-locality as well as such primitive concepts as
body manifold, ambient space, global and local configurations and constitu-
tive law. The second chapter deals with the notion of symmetry both material
and spacial. The concepts of material isomorphism, material uniformity and
material transitivity are introduced and discussed in the third chapter. Chap-
ters 4, 5 and 6 constitute the core of this work. The concepts of the modern
differential geometry of holonomic frame bundles are applied to show that a
definite principal bundle, being the reduction of the bundle of k-frames, can be
associated with a uniform elastic body. The k-principal material connection,
the analog of the material connection of Noll and Wang, is introduced. To an-
alyze the material structure of the uniform body completely we introduce in
chapter 5 the concepts of the projected and the induced material connections.
These connections provide partial characteristics (lower grade characteristics)
of the principal material connection and help us to identify different stages of
inhomogeneities. We analyze in detail the structure of connections on holo-
nomic and semi-holonomic frame bundles to be able, in chapter 6, to derive
explicit conditions for the local flatness of such connections. We show that in
the case of a curvature-free k-connection the local flatness can be measured by
the vanishing of some special tensor which, in the context of continuum me-
chanics, we call the inhomogeneity tensor. Although we are mostly concerned
with the uniform hyperelastic material bodies we also make some comments on
material bodies with microstructures. Finally, in chapter 7 we show how the
method of a characteristic object can be used to analyze the local flatness of
some particular first order (simple) material structures. The direct approach

of gauging material connections by the symmetry group is also discussed.
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1.BASIC CONSTITUTIVE THEORY

1.1. Global Model

Let B denote an oriented smooth n-dimensional compact manifold, possi-
bly with boundary, called the body manifold or, in short, the body. We assume
that the body B manifests itself through smooth embeddings® 1 : B — S into
some, in general different than B, smooth boundaryless m-dimensional mani-
fold S called the ambient space. We also assume that dim S > n. A smooth
embedding v of B into S represents therefore a configuration of the continuous
body B while ¥ (1) is recognized as its possible placement in the ambient space.
In fact, as pointed out by Marsden [M2], to model some general situations one
should accept as configurations immersions, rather than embeddings. This
would allow, for example, a contact at the folding boundary. Classically one
assumes that the body is a differentiable manifold admitting a global atlas and
that S = IR3. For the most part we will not limit ourselves to this particular
case.

The set Cg of all smooth embeddings of B to &, which equipped with
Whitney’s C*°-topology is an infinite dimensional Fréchet manifold (see e.g.,
Binz at al. [BiSF] or Michor [Mi]) is called the configuration space of B.
In a more general approach one can regard the space of configurations of
a continuous body as the space of sections of some fibre (specially vector)
bundle 7 : E — B. Such an approach was shown to be particularly useful in
the context of the unified Lagrangian field theory of elasticity (cf., Marsden
and Hughes [MH]). Here, not to cloud the picture, we refrain, for this general
part of the exposition, from any unnecessary generalizations. However, later
on we will resort briefly to this approach in the context of materials with
microstructures. Nevertheless, in our simple case we have E = B x S where,

given a configuration v, the corresponding section of E is the mapping B >

X = (X, 9(X)).

L An embedding is an open and one-to-one immersion (¢f., Kahn [K]).
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Let m¢ : TCs — Cp denote the tangent space of the manifold of all

configurations Cp.

Definition 1.1 An element ny, € TCg has the physical meaning of the

virtual displacement measured away from the configuration 1 = me(ny).

Any element of the tangent space TCp is uniquely represented by the
mapping 7y, : B — T'S from the body B into the tangent space T'S of its ambi-
ent space S such that mson, = 1 where s denotes the standard projection of
TS.2 In other words, at the placement 1 (B) each material point X € B is as-
signed a displacement vector 7, (X) € Tyx)S in the ambient space. Although
a virtual displacement induces a vector field on the placement ¢ (B) C S the
assignment of a vector to a material point X depends, in general, on the whole

current configuration.

As pointed out in Epstein at al. [EpES], a force exerted on the body B is
intuitively conceived of as an object which performs work linearly on a virtual

displacement. Accepting this point of view we postulate:

Definition 1.2 A force f is a I-form on the configuration space Cg,

that is, a section of the cotangent bundle T*Cg of the configuration space.

Given the force f and the virtual displacement 7, at the same current
configuration ¢ , the virtual work of f on 7,, is given by evaluating the 1-form f
on the vector 7y , i.e., f(n,) € IR. Note, that despite the fact that any tangent
vector (virtual displacement) to the configuration space Cp can be represented
by a vector field on the placement of the body in the ambient space, there is no
natural representation of the force f as a field of 1-forms on such a placement.
Such a representation would, however, be possible had we allowed for example

some choice of the metric on the configuration space (cf., Binz [Bi]).

2 In general, the tangent space to the space of sections of a fibre bundle, e.g., E = BXS,
is the space of sections of the bundle the fibre of which is the tangent space to the fibre of
the original bundle (see e.g., [EnM] or [Mi]).
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Definition 1.3 The elastic constitutive law, completely defining the

mechanical response of the body B, is a smooth field ¢ : Cg — T*Cpg.

Such a constitutive law is global not only because it assigns forces to entire
configurations but also because the action of those assigned forces involves, as
it has been mentioned earlier, the whole of n,, rather than any particular local

or pointwise characteristic of it.

Definition 1.4  We say that the elastic constitutive law ¢ is of local ac-
tion if there exists a linear mapping g from the space TCg of virtual displace-

ments to the space of n-forms on the body B with

supp ©(ny) C supp ny (1.1)

and such that for any given configuration ¥ € Cg and any compatible virtual

displacement n,, the virtual work of the force field ¢(1) on 1y is given by

() (1) = /B o). (1.2)

Note that we have ignored here a possible contribution from the boundary
of the body B. Note also that as the map g is supposed to represent a density
of work, to ensure that work would not be assigned to a placement of a material
point unless there is a non-vanishing virtual displacement on a neighborhood of
it, it is essential to impose the localization condition (1.1). The linear mapping
g of Definition 1.4 represents a localization of the action of the constitutive
law ¢ in Cg but it does not define the local material. Indeed, its action at any
given material point may still depend on the placement of points away from

it.
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Definition 1.5 The material body B is said to be jet-local of order k
or k-grade elastic if there exists a mapping o : J*(B,TS) — A"B, called the

local response functional such that for each material point X € B

p(10)(X) = o (j*n4 (X)) (1.3)

jkmp is to be understood here as the jet extension of the virtual displace-
ment 7y, € C*(B,TS), i.e., a section of the k-jet bundle J*(B,TS), while A"B
denotes the space of differentiable n-forms on B. Due to the localization con-
dition (1.1) it follows immediately from the Local Peetre Theorem (cf., Kahn
[K], Theorem 6.2) that p is a linear differential operator and as such is locally
of finite order, i.e., it is generated locally by a finite number of derivatives of
ny. As B is assumed to be a compact manifold, the latter implies that p is of

a finite order. The condition (1.3) is therefore always satisfied for some integer
k:

Proposition 1.1 Any elastic constitutive law ¢ of local action p represents

a jet-local elastic material of some finite order.

Definition 1.6  Given the elastic material body B, a smooth real-valued

function W on Cg, such that

c(4) (1) = 1 (W) (1.4)

for any configuration v and any virtual displacement ny € 7, 1(1/1), s called
the elastic potential. Any elastic body possessing some elastic potential is
called hyperelastic. The elastic potential VW is said to be localizable in B
if there exists a smooth real-valued function ¢ : B x Cg — IR such that at any
given configuration, say ¢, W(¢) = [ o(X, ) us where pup denotes a volume

element on B.
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In the case of the hyperelastic body the virtual work is given by the
Fréchet derivative (for the definition see e.g., Lang [L]) of the potential W in
the direction of a virtual displacement. Thus, if the hyperelastic material with

the localizable elastic potential W is of local action

(1) (X) = dp (5" (X)) (s ) s (1.5)

for every virtual displacement 7, any configuration ¢ = m¢(ny) and every
material point X € B, assuming that one can differentiate under the integral.

The virtual work is now given by the first variation of ¢ [EpES]

The density of the elastic potential ¢ of the k-grade hyperelastic material
becomes, at a given material point and relative to the choice of local charts

on the body manifold B and the ambient space &, a smooth function

¢:L(R",R")® S*(R",R")®...®S*(R",R") — R (1.6)

where L(IR",IR™) denotes the set of all linear transformations from IR"™ into
R", S'(IR", IR™) is the algebra of all symmetric IR"-valued 1—linear maps from
IR™ and where the translational invariance in the ambient space S was enforced
to eliminate the target point dependence. Indeed, suppose that X € B, ¢ € Cg,
y = ¥(X), {U,a} and {V, #} are manifold charts at X and y respectively while
« is chosen so that a(X) is the origin of IR". ¢ € j*(X) 3 if, and only if,
the corresponding k' order Taylor polynomials 7% are identical at a(X), i.e.,
TF(Boroa ) (X)) = TF(Bodoa ) (a(X)) [BSF]. This enables us to
identify j*4(X) with its representation j*(3 o ¢ o a~1)(«(X)), the principal
part of which is an element of L(IR", IR") ®%_, S'(IR", IR™).

3 The jet of a function is understood here as an equivalence class of differentiable

functions.
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Definition 1.7 A k-local configuration of the material point X is an
element of the space of all invertible k-jets J*(B,S). Given two, in general
different, configurations v and ¢ the deformation gradient at X of the
deformation * x =1 o¢~! from the placement ¢(B) to the placement 1)(B)
is the tangent map x«(X) : Tyx)S — Tyx)S the Euclidean representation of

which is an element of the general linear group GL(n,IR).

Higher order deformation gradients can then be thought of as the tangent
maps of automorphisms of the bundle of local configurations over correspond-

ing deformations.

Given the grade one (simple) hyperelastic body, defined by the density of
its elastic potential ¢ : J'(B,S) — IR, the first Piola-Kirchhoff stress tensor is
introduced as P = Dgp where, if x is a deformation, F denotes the principal
part of its tangent map Y., and where D stands for the Fréchet derivative.
Note that as the deformation gradient can be looked at as the change of
frames or a deformed frame (all the same) P can be understood as a vector
bundle automorphism of TS over x~! (see e.g., Marsden and Hughes [MH]
and also the next section). Having such a morphism (stress tensor) available
one could attempt to express the local action operator @ in a more classical
way as the trace of the composition of linear maps [TN]. To be able to do
this, however, one needs to have a splitting (a linear connection) on T'S.®> To
this end and to show how to introduce the concept of the stress tensor in
the context of a simple, yet not necessarily potential, elasticity we will sketch,
following Segev and Epstein [Se], [EpSe], the so-called local (first order) model

- the alternative to the localized global model presented above.

1.2 Local Model

4 1S = IR" and B is an open submanifold of IR" a deformation is just another name

for a configuration.
5 For the discussion of this point see Marsden and Hughes [MH].
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In contrast to the global model of a continuous deformable body the local
approach considers as its prime object a material point and its neighborhood
rather than the body as a whole. By the neighborhood of a material point one
can understand, on the one hand, a topological neighborhood, i.e., an open
subbody containing the point in question, or, on the other hand, in a more
abstract sense, the point and an object attached to it which fully characterizes
the mechanical properties of the given material point. In the tangent space
model of Segev and Epstein [Se] the neighborhood of a material point X € B
is modeled by T'x B, the tangent space to B at X. The configuration of that
material point is therefore given by an immersion TxB — TS. The local
configuration of the body B is a vector bundle morphism (VB-morphism, cf.,
Lang [L]) k : TB — TS © where the underlying map r, : B — S, such that
Ko © T = Ts O K, is not necessarily an embedding. The set C5(B,TS) of all
VB-morphisms of class C* over C* base maps, where s<k, is a C*> vector
bundle over C*(B,S) [V], [Se]. Therefore, we postulate:

Definition 1.8 The local configuration space of the body B is a sub-
manifold C of Ci(TB,TS).

In particular, as the set Cp of all embeddings of B into S is open in
Ck(B,S), one can select as the local configuration space the set of all VB-
morphisms T B—TS over embeddings B—S, as was proposed in [Se|. The local
virtual displacement is then a vector én € TC which can be identified with the
map 07, : TB—T(TS)|.rn). The local force, similarly to the global case, is
a 1-form on the space of local configurations, i.e., éf € T*C. Suppose now
that a connection is given on T'S. Thus, every vector u € TT'S decomposes
uniquely into its horizontal and vertical part and the VB-morphism v which
assigns to every tangent vector u its vertical component v(u) € Ty (Tr(w)S)

can be defined. Moreover, any vertical component of a vector tangent to T'S

as a tangent vector to a vector space can be canonically identified with an

6 Equivalently, a section of J! (B, S) - see Definition 1.6.
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element of T'S. If one now chooses to represent the local virtual displacement
ok by An, = io0vodn,, where i represents the above mentioned canonical
identification, the restriction of An, to the tangent space at X becomes a
linear transformation from T'xB into T, (x)S. The corresponding covector
Px, known as the local first Piola-Kirchhoff stress, is then a restriction of a
linear mapping p: x(1'8) — TB to T}, (x)S such that k, o750 px (V) = Ts(V)
for every vector ve k(TB). The total work of the local forces df acting on the

local virtual displacement dn can now be given by

58 (1) = /B tr(px 0 An)(X)ps. (L.7)

The local stress px is hence identifiable with the value the first Piola-Kirchhoff
stress tensor P at X, provided that both models are made compatible. Hence,
we say that the local configuration x is compatible with the global configu-
ration ¢ if kK = 1,. On the other hand the local virtual displacement é7 is
said to be compatible with the global virtual displacement n if dn = w o 7,
where w is the canonical involution on the double tangent TT'S (cf., Abraham
and Marsden [AM]). Finally, we postulate that the local force 6f is compati-
ble with the global force f if §f(dn) = £(n) for any pair of compatible virtual

displacements dn and 7 at compatible configurations.”

7 Details can be found in [EpSe] and [Se].
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2. MATERIAL SYMMETRIES

By a symmetry of the body B with the constitutive response function ¢
one understands a change of a configuration which leaves the material response
unchanged. In the context of the global theory we postulate, as in Epstein at
al. [EpES], that:

Definition 2.1. The symmetry of the material body B characterized by
the constitutive functional ¢ is a diffeomorphism ~ of its configuration space

Cs such that

Ye=c¢ (2.1)

where the superscript star denotes the pull-back operator.
Thus, if v is a symmetry of B,

(V) (v« (ny)) = e(¥)(ny) (2.2)

for every configuration 1) € Cg and every virtual displacement 7, € T,Cg.
Clearly, the set G, of all the diffeomorphisms of the configuration space of B
satisfying relation (2.2) forms a group under composition. The following two
special subgroups are of particular interest. First, let 3 : B — B be a diffeo-
morphism of the body manifold. It induces, by composition on the right, a
unique diffeomorphism v € Dif fc, i.e., y3(¢) = 1 o B for any configuration
¥ € Cg. Dif fe denotes here the space of all diffeomorphisms of the configu-
ration space C. Similarly, a diffeomorphism s of the ambient space S induces

a diffeomorphism ~; of the configuration space by composition on the left.

Definition 2.2 The subgroups Gg and Gs generated by the diffeomor-
phisms of the body manifold and the ambient space, respectively, will be called

the material and the spatial global symmetry groups of B.
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Note, that if S = IR? and the diffeomorphism s : S — S is a global isometry,
the relation (2.2) is the expression of the material frame indifference principle
(cf., Truesdell and Noll [TN]).

The symmetry group as defined above, whether material or spatial, is
both configuration and coordinate chart independent. Often, however, it is
convenient to introduce the material symmetry group relative to a particular
configuration, say g, called the reference configuration. Namely, the material
symmetry of the body B relative to the reference 1y is an element of Gy, =

o o G o)y 1 Tt is then easy to see that given another reference, say @,

Goo = Xo ' ©Gyo © X0 (2.3)

where xo = o0 ¢, ! denotes the deformation from one reference configuration

to another reference configuration.

We shall look now at some particular classes of materials and the relations
between their different but often overlapping symmetry groups. To this end,
let us assume that the material body B is hyperelastic. It follows from the def-
inition of the elastic potential W (Definition 1.6) that for every configuration

1 € Cp and any material symmetry v € Gg

W (@) = W(Y). (2.4)

Moreover, if B is a local hyperelastic material body with ¢ as the density of
its elastic potential W, it is elementary to see that if there exists 8 € Dif fz
such that

p(X,78(1))J (B.)(X) = o(B(X), ¥), (2.5)
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at every material point X, and for any configuration 1, the induced diffeomor-
phism v3 € Gp. (. denotes here the tangent map and J(f.) is its Jacobian.
Note that if we consider incompressible elasticity (e.g., rubber) not only will
its configuration space C,,® contain only volume preserving embeddings but
also, to check for the material symmetries, as well as the spatial symme-
tries, one can only draw from the respective subgroups of volume preserving
diffeomorphisms. The set of all symmetries of a local hyperelastic material
(incompressible or not), obeying the relation (2.5), forms a subgroup Ug of
Gi. For reasons which will be clear later, we will call it the uniform subgroup
of the global material symmetry group of the local hyperelastic material body
B.

Any local hyperelastic material body is, in fact, k-jet local for some finite
grade k (Proposition 1.1.). Consequently, the density of its elastic potential
W at the material point X € B can be affected by a configuration change only

if the new configuration has a different k-jet at X.

Definition 2.3 v, € Gg is the local material symmetry of a hyper-
elastic material point X € B if the diffeomorphism o € Dif fg preserves the
point X and

p(7*P(X) 0 5 (X)) (5 (X)) = w(i*9 (X)) (2.6)

for every k-jet local configuration j%1(X).°

8 Note that CMB is a submanifold of C, [EbM].

9 To define the local material symmetry one could invoke all diffeomorphisms 7y of the
configuration space Cp satisfying (2.6) and such that for every configuration % and any
material point X 7(¢)(X) = "(ﬁ(X) The jets of such 7’s could be considered local sym-

metries. This would, however, unnecessarily involve also symmetries of the ambient space

S.

21



Note that if v, € Ug, for some diffeomorphism « having the material
point X as its fixed point, then, according to the relation (2.4), j*a(X) is
a local material symmetry at X. Note also that whether we use the global
model or a compatible local model the definition of the local symmetry group
as the set of k-jets of local diffeomorphisms of the reference configuration B
preserving, up to the Jacobian, the value of the constitutive functional will
always be the same. However, although the definitions are the same, the local
symmetry group based on the knowledge of the elastic potential is in general
different from the symmetry group of its first Piola-Kirchhoff stress tensor.
Indeed, adding any material point dependent function to the density of the
elastic potential will not change the mechanical response of the material point,
as highlighted by the definition of the stress tensor (Definition 1.7), but it will

affect the choice of symmetries.

22



3. MATERIAL UNIFORMITY

Intuitively speaking, a material body is thought of as materially uniform if
all its points are made of the same material. That is, if different material points
respond the same way to the compatible changes in their mechanical states.
As pointed out by Epstein at al. [EpES] in the context of a completely global
theory this way of formulating the idea of uniformity seems to be problematic
as it presupposes some kind of locality. For a truly global material body it
is impossible to measure the response of any single material point but only
the response of the body as a whole. The key idea of checking the uniformity,
however, is that of placing one piece of the body in the same configuration as
another piece and then checking for the local response.

To make this point more clear and the idea of uniformity more precise
let us first introduce the concept of the non-local symmetry group relative to
a material point. Let U be an open set in B. Denote by Ux the family of all
open neighbourhoods of the given material point X and let 7, be any virtual

displacement with a compact support in U.

Definition 3.1
a. v € Dif fe is called the global symmetry of the subbody U if

v () () = ¢() () (3.1)

for every virtual displacement my and every configuration ¥ = we(ny).
b. The global symmetry group of the material point X is the

G(X) = |J g (3:2)
Uueux

where G.(U)denotes the set of all global symmetries of the subbody U C B.
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Having the group G(X) defined we are now in a position to introduce the

concept of the material isomorphism.'©

Definition 3.2 The material point Y € B is globally materially iso-
morphic to a material point X € B, if there exists a diffeomorphism o €
Dif fg such that o(Y) = X and v, € Gc(Y). The symmetry v, is then called
the global material isomorphism and the corresponding diffeomorphism «

the material isomorphism generator.

It is not difficult to see that being materially isomorphic is an equivalence
relation as it is both reflexive and transitive. Moreover, if 81, 82 € Dif fz are
such that the corresponding diffeomorphisms of the configuration space, g,
and 7, are the global symmetries of the material points X and Y, respec-
tively, then V100085 generates another global material isomorphism. Also,
if @1 and ao are generators of two material isomorphisms of X and Y then
Vo toas is a global symmetry of the material point Y. A conjugation of a mate-
rial isomorphism by material symmetries is again a material isomorphism and
a composition of a material isomorphism with the inverse of another mate-
rial isomorphism is an element of a symmetry group (c¢f., Wang and Truesdell
[WT]). Incidentally, any element of the uniform subgroup Uz of a local hyper-
elastic material is a material isomorphism. In fact, for this class of hypere-
lastic local materials one could alternatively postulate that a diffeomorphism
a € Dif fg such that a(Y) = X and satisfying the relation (2.5) over some
open neighborhood of the point Y makes the material points X and Y mate-
rially isomorphic. Imitating the standard definition of uniformity of Noll and

Wang (see e.g., Wang and Truesdell [WT] and Definition 3.4) we say that:

Definition 3.3 The material body B represented by the constitutive func-

tional ¢ is materially transitive if, and only if, all its points are pairwise

10" The concept of the global symmetry group of a material point can also be used to

present locality as a symmetry, as shown by Epstein at al. [EpES}
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globally materially isomorphic.!!

As noted before and also in [EpES] and [EEpS1] the proposed defini-
tion of material transitivity (global material uniformity) may imply, due to
the required compactness of B, some physically unreasonable behavior near
the boundary of a truly global body. To deal with this problem one should
probably incorporate, into the definition of uniformity, some limiting process
(similar to the one proposed by Epstein at al. [EpES] in dealing with the
concept of locality) to describe the transition of material properties from the
interior of the body into its boundary and compatible with some definition
of the uniformity of material boundary elements. This, however, will not be
investigated in this exposition where, to avoid any future confusion, we as-
sume that as far as the uniformity problem is concerned the manifold B is

boundaryless.

For a k-grade local material, in addition to the concept the global unifor-
mity, we can also adopt the standard definition of a material isomorphism of
Noll [N] and Wang [W] by saying that:

Definition 3.4 Two material points, say X and Y, of the local material
body B are materially isomorphic if, and only if, there exists an isomor-
phism Pxy : JE(B, TS) — JE(B, TS) such that

o (5" nu(Y)) = o(Pxy (75 14(Y))) (3-3)

for every configuration ¢ € Cg and every € TCg.*2 If in addition, any
Ty

two material points are materially isomorphic and for every material point

1 The term transitive is borrowed from Sternberg ([S], p-321) in anticipation of the fact
that the material body which is materially transitive (globally uniform) induces in a natural

way a frame transitive G-structure.

12" Note that for k = 1 the above condition can be realized by a linear isomorphism from

Ty B to Tx B, as originally postulated by Noll and Wang [N], [W], [CoEp].
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Z € B there exists an open neighborhood U in B, containing 7Z, over which
the material isomorphisms Pzy are distributed smoothly the material body s

called smoothly materially uniform.

For the local material we have now two notions of material uniformity, the
global one called transitivity which requires, for each pair of material points,
the existence of a local diffeomorphism generating a configuration space diffeo-
morphism satisfying (3.1) and the local uniformity of Definition 3.4. Clearly,
for this class of materials, transitivity implies local uniformity since for any
global material isomorphism v, T*a/| 7k (5,75) 18 alocal material isomorphism
of (3.3). The converse, however, need not be true as even the existence of a
smooth collection of material isomorphisms Pzy does not guarantee the exis-
tence of a global material isomorphism in the sense of the Definition 3.2. For
a jet-local material the material transitivity is an intermediate stage between
uniformity and local homogeneity (see Definition 6.1). The necessary and suf-
ficient conditions for a materially uniform local material body to be materially

transitive are discussed in Elzanowski at al. [EEpS1].

We end this section by deriving the transitivity (global uniformity) con-
dition for the one-dimensional localized simple elasticity in terms of the Piola-
Kirchhoff stress tensor'® and by showing a simple example of how to determine
in a direct fashion whether or not a given constitutive law describes a uniform
material body [EEpl]. To this end let B C S = IR and assume that the local

response function

07" 1) (X) = 5 (X))odX (34)

where p denotes, as before, the Piola-Kirchhoff stress and where the deformed

metric g = [¢/(X)]2. The virtual work takes the well known form

13 This is based on [E1] and some notes made available to me by Marcelo Epstein.
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() (1) = / P! (X, X)w' (X))0' (X)dX. (3.5)

where prime denotes the differentiation in B. Suppose now that g € Dif fi is
the material isomorphism generator and let 3 be the global material isomor-

phism. Then,

3e(@) (1) = c($0B) (5. (1)) = / p(($oB), Z)(woBY (Z)6(woBYdZ. (3.6)

On the other hand, if X = §(Z) then,

¢(4) () :/0 p('(B(2)), B(Z))Y' (B(Z))6y" (B(Z)) B (Z)dZ. (3.7)

Using the global uniformity condition (Definition 3.2) one obtains from the
fundamental theorem of calculus of variations that the localized simple elastic

material body is globally uniform only if

p(V'(8(2)), 3(2)) = p((v © B)'(2), 2)3'(Z) (3-8)

for every Z € B.

For the second example let us consider a simple hyperelastic material with
the density of its elastic potential ¢ = p(j4(X)), for every configuration
and every material point X € B = IR®. As pointed out before the first jet
of an embedding ¢ at a point X can be identified with a source, a target

point and the linear map F(X) = ¢.(X) : TxB — Tyx)S. Consequently,
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because of the translational invariance in S, the elastic potential becomes a
function of the material point and the deformation gradient F. Moreover, if
S is a Riemannian manifold, ¢ depends on F only through C = F*F, due to
the material frame indifference (see e.g., Marsden [M1] or Truesdell and Wang
[TN]) where F* denotes the dual operator, [L]. Thus, given a smooth field of
local configurations p' : U — J'(U,S), where U is an open subbody of B, let

us consider the elastic potential density function

p(Y,F(Y)) = tr(A(Y)C(Y)) + ¢o(Y) (3.9)

where ¢,(Y) is a scalar function of position only and where A(Y) € L(TyB,
TyB) is assumed to be positive definite and symmetric. In the context of
a simple hyperelastic material for the body U/ to be materially uniform the
Definition 3.4 can be realized by assuming that there exists a smooth VB-
automorphism P of the tangent bundle TU and a scalar-valued function f

such that

tr(A(Y)C(Y)) + £(Y) = tr(AX)PxyC(Y)Pyx) + ¢o(X) (3.10)

holds identically for all nonsingular F(Y) at any X and Y € .1 To show that
this is possible we start by setting f(Y) = ¢o(Y) and by observing that the
condition (3.10) implies that A(Y)Pyx = PyxA(X). Invoking polar decompo-
sition theorem (cf., Lang [L] p.156) for the isomorphism Qyx = PyxA(X)z
one obtains, in view of the uniqueness of the polar decomposition, Qyx =
A(Y)%RYX where Ryx : TxB — TyB is an orthogonal isomorphism. It

follows that any linear isomorphism

14 P, when restricted to the fibers at X and Y, becomes the linear isomorphism Pxvy .
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Pyx = A(Y)*RyxA(X)* (3.11)

can serve as a material isomorphism. Incidently, we have just proved:

Proposition 3.1  The material body B with the constitutive law (3.10) is
always smoothly materially uniform provided the map X —— A(X) is locally

smooth.

This fact is unfortunately by no means a rule but rather an exception, as
shown in [EEpl]. Indeed, applying the method presented above to the higher

order polynomial analogy of the constitutive law (3.9)

P(Y,F(Y)) = tr(A1(Y)C(Y)) + tr(A2(Y)C*(Y)) + ¢o(Y) (3.12)

it is easy to see that the uniformity condition (3.10) is, in general, impossible to
satisfy unless material coefficients A1 and Ay are related through the respec-
tive fields of orthogonal isomorphisms. By rather straightforward calculations

one can show that:

Proposition 3.2 The material body B defined by the elastic potential
(3.12) is uniform only if for any pair of material points X and Y the ma-

terial coefficients A1 and Ay are such that

= A1(Y)?Rxy A1 (X) 7Ay(X)?Sy x (3.13)

Wl

As(Y)

where R and S are arbitrary orthogonal automorphisms of the tangent bundle
TB.
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4. UNIFORM MATERIAL STRUCTURES

After introducing, in the previous chapter, the concepts of material iso-
morphism and material uniformity we are now in a position to unveil the
intrinsic geometric structure associated with a smoothly uniform local mate-
rial body of an arbitrary finite grade. For clarity and also simplicity of our
exposition we shall restrict the class of materials considered here to the finite
grade local hyperelasticity.

Hence, suppose that ¢ denotes the density of an elastic potential of the
continuous material body B with placements in the ambient space S. As
we are going to deal with unconstrained elastic materials '® only we assume
that the body manifold B and the ambient space S are manifolds of the same
dimension, say n. Our first objective is to show that ¢ as the constitutive
functional of a k-grade local hyperelastic material body is in fact a function
on the fibre bundle of k- frames of the body B. To this end, let us select a
material point X € B. We recognize that two embeddings of B into & give
rise to the same k-jet at X if, and only if, they have at X the same partial
derivative up to order k, with respect to some local coordinate systems on B
and S. Note that this definition is independent of the choice of coordinate
systems. Moreover, any k-jet at X of the configuration ¢ is an invertible jet
(cf., Kobayashi [Ko]) as

FP(X) 0 jF P (X)) = j* (W o (W (X)) = jids (¥(X)). (4.1)

where ids denotes the local identity mapping on §. The collection of all k-
jets of all possible embeddings of B into S, denoted by J*(B,S), is a fibre
bundle over the manifold B with the source map 7*(j%1(X)) = X being the

15 Some discussion on the interplay of uniformity and constraints was presented by

Elzanowski and Epstein in [EEp2] and [EEp4].
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natural projection onto B, [Sa]. Its fibre at each and every material point X
is isomorphic, modulo the translations in S'6, to the set G* = JF(IR", IR")
of all invertible k-jets of the differentiable mappings ¢ : IR" — IR™ with the
source and the target at the origin of IR"™. Indeed, given an invertible k-jet
j*¥(X) and selecting, without loss of generality, local coordinate charts «
and 3 on some open neighborhoods of X and (X) respectively, such that
a(X) = B((X)) =0, j*(aowop1)(0) e JE(R™, IR™) and it is obviously
invertible. Evidently, the converse is true as well. Let H*(B) denote the
bundle of holonomic k-frames of B, i.e., the set of k-jets at 0 € IR™ of all local
diffeomorphisms of IR™ into B, [Sal. It is now easy to see that the set of k-jets
of all configurations of B can be identified with H*(B). Consequently we have:

Proposition 4.1 Given a k-grade local hyperelastic material its density of
the elastic potential o is a smooth real valued function on the bundle of holo-

nomic k-frames of B.

This fact is particularly transparent in the case of a simple material body.
Indeed, the first jet of a configuration at X can be identify with the pair (X, F)
where F : TxB — TS is the deformation gradient. Selecting an orthonormal
frame at TxB F, as a nonsingular linear transformation, induces a basis in
TS at 7(F(TxB)).

The set G* is a group with the multiplication defined by the composition
of jets. It acts on H*(B) on the right. Namely, given a k-frame p* = j%(X),
for some local diffeomorphism v, and gF = j*g(0) € GF, pFgk = k¢ (X)
such that j¥(¢=1 o 71)(0) = j¥(x»=1 0 371 0 g)(0) for some, and so all, local
coordinate map 3 on S. It is then easy to see that locally ¢ = 3~ 1og=toB01.
It is also straightforward to show that H¥(B) is a principal bundle over B
with the structure group G* (see e.g., Cordero at al. [CDLe] or Saunders

[Sa]). Looking closer at the collection of all holonomic frame bundles we first

16 This, in fact, has been taken care of in the definition of the k-jet of an embedding.
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notice that the structure group G! = GL(n, IR) and that H'(B) is the bundle
of linear frames of B, [CDLe]. In turn, G2 is the semidirect product of the
general linear group GL(n, IR) and the space of bilinear symmetric IR™ —valued
forms S?(IR™, IR™) (see e.g., Cordero at al. [CDLe] and also Elzanowski and
Epstein [EEp3]). H?(B), which in the literature appears under the name of
the holonomic second order frame bundle'”, is not only a principal bundle over
B with G? as its structure group but also an affine bundle over H!(B) with the
standard fibre N2(n) = S%2(IR", IR™) and the projection 77 : H?(B) — H!(B)
such that mo(p?) = w1 (73 (p?)) for any p? € H%(B).

Suppose now that ¢ : H*(B) — IR is the density of the Lagrangian (strain
energy function) W of the k-grade local hyperelastic body B. By the isotropy
group of ¢ at X we understand the collection of the elements of G* on the

orbits of which 90|n;1(x) is constant.

Definition 4.1 The (local) symmetry group of the material point
X € B is the maximum subgroup G% of G¥ which is a subgroup of the isotropy
group of ¢ at X such that its projection onto GL(n,IR) 7¥(G%) is contained in
the special linear group SL(n, IR).

Note that the Implicit Function Theorem (see e.g., Kahn [K]) implies that
for every element of G& there exists the corresponding local material symmetry
of Definition 2.3. Note also that the definition of the symmetry group at X
depends on how the set of invertible jets of all embeddings of B into § is

identified with the bundle of holonomic k-frames, i.e., on the choice of an atlas

17 The term holonomic, which as a matter of fact can be applied to any order frame,
relates to the fact that the elements of H? (B) are equivalent classes of embeddings rather
than jets of sections of the bundle of linear frames. Only for k = 1 there is naturally no
difference between a holonomic frame and a non-holonomic frame. For the precise definition
of a non-holonomic and a semi-holonomic frame we refer the reader to [Sa], [Yu] and [EP3].

Some aspects of these definitions will also be reviewed in Chapter 5.
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on S or equivalently the selection of a local reference configuration. Hence,

for the rest of this paper, we assume that such an identification is given.

Materials (or rather material points) are classified according to their sym-
metry groups, [TN]. For example, the elastic fluid is a material body the points
of which have SL(n, IR) as their symmetry group. B is made of an isotropic
solid if for every material point X there exists a local configuration relative
to which G = SO(n, IR), the special orthogonal group. These and other
material structures were analyzed using different methods in [WT], [EEpS1],
[EEp2] and [EP1]. Some elements of this analysis will be reviewed in the last
chapter.

Even if for two different material points, say X and Y, of the k- grade local
hyperelastic material body B the corresponding symmetry groups are identical
one cannot be sure yet that both points are made of the same material. For,
the symmetry group of a material point is only the partial characteristic of a
material while the ultimate test is that of measuring the response of these ma-
terial points to the superimposed deformations. As we have argued before, the
mathematically correct test is that of the existence of a material isomorphism
of Definition 3.3. Thus, suppose that X,Y € B are materially isomorphic, i.e.,
there exists a volume preserving isomorphism Pxy : 7, *(Y) — 7, ' (X) such
that

o(Pxy(p")) = ©(p*) (4.3)

for every p* € m'(Y). Given g¥ € G& C GF, let My : H¥(B) — H¥(B)
represent the principal bundle automorphism induced by the right action by

the element g*. It is then immediate from the relation (4.3) that

Rk (Pxy (P*) = Pxy (Rgr (P*)) (4.4)
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for every k-frame p* over X and any gt € G& and h* € G%. The relation
(4.4) makes the respective symmetry groups not only homomorphic but also
renders Rgr 0 Pxy o Ryr to be a material isomorphism for any gk e Gk, any

h* € G&| and any material isomorphism Pxy (see also [WT]).

Definition 4.2
a. We say that two k-frames (local configurations) p¥ and p& at X and Y,
respectively, are materially compatible if there exists a material
isomorphism Pxy such that p§ = Pxy(pY). Hence, the material
reference is a smooth local section (¥ : U C B — H¥(B) such that
any two k-frames in its image are materially compatible.
b. Any collection M*(B) of all materially compatible k-frames will be

called the material structure.

Obviously, if the frames p} and p5 are materially compatible then for
any material symmetry g¥ and h*, at 7 (p}) and 74 (ph) respectively, pFgh
and pAh* are materially compatible where, p*g* is the standard shorthand for
the right action Rgr(p”). Also, given the material reference (¥ : Y C B —
H*(B) it induces a local trivialization of the bundle of holonomic k-frames,
i.e., an isomorphism W* : 7' (U) — U x G* such that U*(I*(X)) = (X, €¥),
for any material point X € U where e* denotes the identity element of G*. By
doing so it establishes a homomorphism of the symmetry group of each and
every point in & with a unique (base point independent) subgroup g{z of the
structure group G* called the material symmetry group relative to the material

reference [*.

Theorem 4.1'®  Let ¢ be the density of the strain energy of the smooth
materially uniform k-grade local hyperelastic body B. Then, MF(B) is a re-

duction'® of the bundle of k-frames of B to some material symmetry groups of

18 See also Elzanowski at al. [EEpS2].
19 A subbundle of H* (B) with the structure group being a closed subgroup of (]"7 See

also Sternberg [S].
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Proof. The statement of the theorem is deliberately generic as there
exist many different ”collections of materially compatible frames” and many
corresponding material symmetry groups, all parametrized by different mate-
rial references. To show that any particular material structure MF¥(B) is a
reduction of the principal bundle H*(B) it is enough to show that there exists
a trivialization of H*(B) whose transition functions take values in the material
symmetry group relative to some material reference (cf., Sternberg [S], Lemma
1.1). This is, however, immediate from the previous discussion. Namely, tak-
ing an arbitrary k-frame p* € H¥(B) and choosing in its neighborhood the
material reference [¥, the existence of which is guaranteed by the assumption
of smooth local uniformity, will automatically select the material symmetry
group g{z. It is then obvious from Definition 4.2 that the only means of col-
lecting all materially compatible frames over 7 (p¥) is by the right action of
the material symmetry group g[kk. Extending the given section [¥ or selecting
another section at another materially compatible frame from 7; ' () will in-
duce a local trivialization with transition functions taking values in the given

material symmetry groups as implied by (4.4) &

From the construction of the particular material structure, as presented in
the above proof, it is evident that if we start the construction from a different
frame, say r¥, the corresponding material structure will be conjugate, i.e., one
can be obtained from the other by the right action by some g¥ € G*. Indeed,
given 1* there exists a group element gF € G¥/ g[’“k (the space of right cosets
of g{z in G¥) such that r* = p*g¥. The associated material symmetry groups
are then conjugate subgroups of the structure group G* of H*(B). It is worth
mentioning at this point that if H* () is reducible to M*(B) then there exists
a global section m* : B—H*(B)xgvG* /G, of the associated bundle of H*(B)
with the standard fibre GF /Q[’?C (for the definition of an associated bundle
consult Poor [P] or Chapter 7). In our case such a section is easily available by

gluing overlapping material references. In fact, the existence of such a global
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section is both sufficient and necessary for the existence of a reduction (cf.,
Kobayashi and Nomizu [KoNo]). This property is the basis of the analysis of
the integrability of G-structures possessing the so-called characteristic object,
[EEpS2], [F]. Thus, we have:

Corollary 4.1  Any two material structures of the same k-grade local hy-

perelastic body are conjugate.

Given a smoothly uniform k-grade hyperelastic body B, a (material) cov-
ering {Uy, }icr of B is available such that transition functions of the subor-
dinate trivialization {7y X t, }ier of H¥(B) all take values in some material
symmetry group. As we know from the proof of Theorem 4.1 such a trivial-
ization is induced by the family of local material references I¥ : U,, — H*(B).

Namely, for every p* € H*(U,,)

p" =15, (e (0"))te, (0°) (4.5)

where t£ ¢ ' (Us,) — GF and tF, (pk)(t';j (pF)~t e g{;. On the basis of
such a material trivialization we can now represent, at least locally, the density
of the strain energy function ¢ by a function on the structure group G*. To

this end let us therefore define W : G¥ — IR such that for every p* € T Us,)

W(te, (0°)) = o(p"). (4.6)

Note that although the definition of the function W does depend on the

choice of a particular material trivialization it is a well defined smooth func-
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tion on the whole structure group.?’ Note also that its isotropy group is
the particular material symmetry group induced by the choice of the mate-
rial trivialization {m x t& };c;. Indeed, let h* € G§ and let p* = 1& (X)
then W(tk, (5, (X)) = WIEE, (") = @(p") = @(Pxy o Ryw 0 Pyx(ph)) =
@(Pyx(p¥)h*) = W(tE (% (X))h*). As the inducing trivialization has its
transition functions taking values in the material symmetry group g[kk the
relation (4.5) holds for every p* € H*(B). Thus we have:

Theorem 4.2 Given a smoothly uniform k-grade hyperelastic material
body B represented by the density ¢ of its elastic potential, and selecting a
particular material trivialization {my X t’;i}ig, there exists a smooth function
W : G* — IR such that the relation (4.6) is satisfied for every p* € HF(B).

In fact, the converse is true as well. Namely, given any collection of
smooth invariant mappings t’gi : H*(Us,) — G* and a smooth function W :
G¥ — IR such that the relation (4.6) is satisfied, it is easy to see that the
material body is smoothly materially uniform. Respective material references

are then given by (¢t )=1(e").

20" The availability of this relation for the energy densities is not only a reflection of
the fact that material isomorphisms are volume preserving but also that the density of the
strain energy function at the stress free state, should there exist one, is assumed zero and no
additive term (material point dependent only) is needed. Other relations where postulated,

or derived, in [CoEp] and [EP1].
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5. MATERIAL CONNECTIONS

5.1. Principal Material Connections

Let us consider now a smoothly materially uniform material body B.
Suppose that [ is a smooth (local) material reference of an open subbody
U C B. Having this available we can lift the tangent space TU to the bundle of
holonomic k-frames H* (B) creating the horizontal distribution®' H* on m; L)

Vviz:
H* (D7) = TR4e oy (B Tk (o1 B)) (5.1)

for every p*F € 7[‘,;1(2/{) where T denotes the tangent map and where t* :
7, '(U) — G* is defined by the relation (4.5). This distribution is obviously
equivariant and such that for every r* € 77,6_1(1/{) it splits the tangent space
TH*(B) i.e., TwH*(B) = T, ' (1%)) @ HE (1), Let g* denote the Lie algebra
of the structure group G*, i.e., g* is the algebra of all let invariant vector
fields on the Lie group G* and as such is isomorphic to T.«G*. Also, let
wF : TH*U) — gF be the Lie algebra valued 1- form on H*(U/) such that at
any p* € 7, '(U) and for every & € T, HF(U)

W (&) = TLyk(pry 0 5 (€) (5.2)

where Lgr : GF — G* denotes the left translation by the group element g¥.

Using standard arguments one can show now that H* () is exactly the kernel

of the 1-form w®. It is also easy to see from Eqn. (5.2) that due to the

k is an equivariant

equivariance of the horizontal distribution #* (/) the form w
1-form. The extension of the distribution H* (/) and the form w* to the bundle
H*(B) is then easily achieved by covering the entire body B by local material

references, generating locally connection forms as per (5.2), and utilizing the

21 Being horizontal means that Wk*Hk (pk) = Tﬂ.k(pk)B.
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partition of unity subordinate to the given covering of B (cf., Sternberg [S]
and Wang and Truesdell [WT]).

As we are able to cover B by local material references the connection intro-
duced above reduces to a connection on the corresponding material structure
MFE(B). Thus, we postulate:

Definition 5.1 Any k-connection on the material structure M*(B) of B

will be called the k-order principal material connection of the body B.

As MF(B) is locally trivial, for any X € B there exists a principal material
connection®? such that in some neighborhood of X it is generated by a local
material reference. That is, for every material point X there exists an open
neighborhood and some material reference such that the tangent space to its
image in H*(B) coincides with the horizontal distribution of some principal
material connection. Consequently, the local holonomy group of such a locally
integrable principal material connection is trivial and we have the distant ma-
terial parallelism (cf., Poor [Po]). In the future analysis of material structures
we will, in fact, restrict, for most part, our choice of material connections to

locally integrable ones only.

Having the principal material connection available we can now restate

Theorem 4.2:

Proposition 5.1  The k-grade hyperelastic material body B, represented by
the density @ of its strain energy function W, is smoothly materially uniform
if, and only if, for every p* € H¥(B) there exists a neighborhood U > m1.(p*),
a k-order connection w* and a smooth function W : G* — IR such that the

principal material connection wk|ﬂ71(u) is integrable and that for every r* in
k

T, ' (U) and any € € T HF(B)

22 The first-order principal material connection is the material connection in the sense of

Noll and Wang [WT] (see also Bloom [B]).
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dp(€) = dW o Ry ey 0 w* (€) (5.3)

for the smooth function t* : H*(U) — G* of (4.5).

Proof. If B is smoothly materially uniform one gets the relation (5.3) by
differentiating the relation (4.6) and invoking the definition of the connection
1-form (5.2). On the other hand, if there exists a locally integrable connection
such that (5.3) holds then the corresponding horizontal distribution H* is
locally integrable as a differential distribution. Thus, for any X € B there
exists a local section [¥ which in turn induces a local trivialization of H* (/)
and the function t* obeying the relation (4.5). Equivalently, as shown by Poor
[Po], there exists a distant parallelism P which can be taken for the material

isomorphisms ¢

The principal material connection we have constructed above is clearly not
unique as it strongly depends on the choice of a material section of the bundle
of holonomic frames. However, it should be quite obvious from the discussion
in this and in the previous chapter that the only two degrees of freedom
available to us, as far as choosing another material connection is concerned,
are: choosing another material structure or another material reference within
the current material structure. As any two material structures are conjugate
(Corollary 4.1) the first choice is only apparent, at least for k = 1. For,
translating the simple material structure by a constant element of the structure
group G* is going to change nothing. The connection itself will obviously
change but all its essential geometric characteristics will remain the same. For
the higher order cases this is not too obvious as indicated in [EP2]. We will
deal with this problem in Chapter 6 once we know more about the higher
order connections.

It appears, however, that if we change the local material reference from

(¥ to another local material reference the horizontal distribution of (5.1) will
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change and so will the corresponding connection form. To observe how these
changes occur let [¥ and [§ represent two different local material references
but such that the corresponding material symmetry groups relative to them
are identical. Thus, [} and [§ are local sections of the same material structure
(a reduction of H¥(B)), say M¥(B). For simplicity, but without any loss of
generality, we assume that their respective domains of definition are identical,
say . Being sections of the same principal bundle [¥ and [§ differ by the base
point dependent deformation by the isotropy group of W, i.e., there exists a

smooth gauge ¢ : U — g[i such that
1

5(Y) = Ry o F(Y) (5.4)

for any Y € 0. Consequently, if wf and w4 represent the corresponding
principal material connection 1-forms then for any p* € 77,;1(‘13) and any

vector ¢ € T, HF ()

w3 (€) = ad(o(me (") "MWt (€) + 3 (¢)(€) (5.5)

where ad denotes the adjoint action of the group on its algebra, ( is the
Maurer-Cartan form on G*, and ¢ : 7'('];1(%) — G* is a constant along fibers
function, induced by the gauge o such that g o 1, = o (¢f., Poor [Po]). The
same is obviously true even if the connections are not locally integrable. In
particular, we may choose to represent locally any material connection by a
1-form on the body B. This is done relative to a trivialization induced by a
section, material or not, specially by the coordinate map « : ¥ — IR. Indeed,
such a coordinate map induces automatically, through its tangent map a.,
the choice of frames in the tangent space and also higher order frames. The
connection forms wf and w4 are then represented by the gF-valued 1- forms

wk. such that
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whi = jPafwf i=1,2 (5.6)
where j¥a is understood as the local section of H* () induced by the coordi-

nate map a. Thus, using the standard shorthand, one can write

wWia(Y) = oY) 'wii (Y)e(Y) + o(Y) " tou(Y) (5.7)

for any Y € 0. Generalizing the above relations we have:

Proposition 5.2 Let h* denote the Lie algebra of a particular isotropy
group of W, say g[’z. Given the principal material connection w* and the
h*-valued 1-form 7% on H*(B), w* + 7% represents another principal material
connection if, and only if, for any & € TM*(B)

a) ™ (0(€)) =0 for every vertical vector v(¢) € TMF(B),

b) ¢ is Gk~ equivariant.

Proof. Clearly, if w® + 7% represents a principal material connection on
MPF¥(B) then conditions a) and b) are satisfied. On the other hand if 7% is
equivariant then w* + 7% is equivariant too. Also, for every p¥ € M*(B) and
e TMEB) dWo R (pr) © (WP + 7)(0(8)) = dW o Ry (pr) © wH(0(§)) =
dp(v(€)) and AV o Rk ey 0 (WF +7F) (hor(€)) = AV 0o Rk ey T* (hor (€)) = 0 =
do(hor(€)) as 7% is h*-valued and g[’; is the isotropy group of W and where
hor denotes the horizontal projection. Thus, the equation (5.2) holds for the

connection w® + 7% which makes it a principal material connection &

5.2. Induced Material Connections

In this section we show how any principal material connection generates

the ladder of lower order connections. These connection will later be used
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to analyze the integrability of material structures. They will also help us
to develop the important concept of the inhomogeneity tensor. To facilitate
these crucial developments we first need to present some relevant mathematical
preliminaries. This will be done not only to make this exposition as self
contained as possible and not only because the theory of connections on frame
bundles of order higher than one is not easily available in the mathematical
literature but also to present some relevant recent results (cf., Elzanowski and
Prishepionok [EP3]).

We start by pointing out that the relation between the second order frame
bundle and the bundle of linear frames of B, as presented at the beginning of
Chapter 4, is, in fact, typical for the whole chain of frame bundles (holonomic

or not). Consider the following sequence of frame bundles:

H*(B)—H*1(B)— - - - —H?*(B)—H!(B). (5.8)

Then, for any ordered pair of positive integers s > r > 1 there is a projection

= H(B) — H'(B) (5.9)

T

making H*(B) into an affine bundle over H"(B) with the kernel of the epimor-
phism 75 : G — G" being its structure group N;f(n). The group NZ(n) is
a normal subgroup of G® and for » = s — 1 is canonically isomorphic to the
abelian vector group of all multilinear symmetric IR"-valued (s — 1)-forms on
IR"™ [Ko], [Yu]. The group G* is the semidirect product of G! = GL(n,R)
and the vector group N, ,f_l(n). The algebra of 75(G®) is a graded Lie algebra
isomorphic to the algebra n? of N*(n) and so isomorphic to the group itself.
Let us now introduce some technical definitions. Suppose that hF~! :
HE=1(R") — H*~1(B) denotes a local isomorphism about (0,e*~1). We say
that h*~1 is admissible if there exists an embedding ¢ : U C IR™—B such
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that ¢ and h*~! commute with the respective projections 7,_;’s, 0 € U
and hF~1(e#~1) = j¥=14)(0). Thus, given a k-frame p* there exists an ad-
missible isomorphism A*~! such that p* = j'h*~1(ek¥=1). To show this we
point out that for any k-frame p* there exists an embedding f of a neigh-
borhood of the origin of IR™ into B such that p* = j*¥f(0). The corre-
sponding admissible isomorphism h*~! is then defined by the condition that
G 1 fo f = ¥~ o j*~Lid s where j*~1 f denotes the jet extension of f. The
admissible isomorphism h*¥~1 induces a linear isomorphism A%~ = pk-1 .
T.eHF1(IR™) — Tﬂ.llzil(pk)Hk_l(B). Since H*~!(IR) = IR™ x G*~! we have
that T,x 1 H(IR") = IR" © g~

Definition 5.2 Let p* € H¥(B) and let h*~! denote the corresponding
admissible isomorphism. The standard horizontal space of the frame p*
is the n-dimensional vector space SH(p¥) = h*~1(IR™,0).

Generalizing the concept of the solder form the following is the standard

definition of the fundamental form on a frame bundle.

Definition 5.3 (Kobayashi [Ko]) The fundamental form on H*(B) is
the R"®g*~!-valued 1-form 6% such that given a k-frame p*, the corresponding

admissible isomorphism h*~1, and the tangent vector & € Tpka(B)

RF=H(08(€)) = Ty (€)- (5.10)

The form 6* is equivariant with respect to the right action of G*¥ on H*(B)
and the adjoint action p* of G¥ on the tangent space TH*(B). The latter being

just an extension of the natural action of GL(n,[R) on IR". Namely,

0 (TR (€)) = p"((g") 710" (©) (5.11)
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for any g € G* and any tangent vector ¢ € THk(B). The adjoint action p* of
the structure group G* on IR™ @ gF~! is such that for any vector X*~1 ¢ gh—!

and any g* € GF

PP (M) X = ad" (75, (")) X4 (5.12)

On the other hand, for any v € IR"

p*(g")(v,0) = (7} (g")v, \*(g",v)) (5.13)

for some mapping A\* : GF x IR® — gF~! such that Tﬁ,’j:; o N = Nlo
{7F | xidpgn}. For a fixed gf € GF  Ae(gh,.): IR™ — g*~1 is linear and it is

identically zero if, and only if, g¥ € G* (¢f. Yuen [Yu]). Moreover,

N (ghel, v) = N(gh, 7t (gf)v) + ad®(Tap_ (5)) A" (g}, v) (5.14)

for any gV, gk € G*.

The fundamental form #* decomposes canonically into the sum of 1-forms
with values in the subalgebras of IR" @ gF~!. In particular, 0¥ = 6% + 6, where
OF is just a projection onto IR™ while 6, takes value in {0}@g*~!. Furthermore,
as for any r < k the group G* can be represented as the semidirect product of

G" = 7¥(G*) and the kernel N¥(n) of the epimorphism 7%, we can write

r

0F =07 + 0, + pF (5.15)

where 756, = 7% 6), and where p¥ takes values in n""}, the algebra of the
Lie group N7 '(n). As a result of the equivariance of the fundamental form
0%, Eqn.(5.11), we get that
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0F (Rgr.(€)) = 71 ()01 (€) (5.16a)

and that

Or (R (€) = ad® (75, () "1))0(E) + N ((g") 7", 65(€)). (5.16b)

for any vector & € TH*(B).

Suppose now that ¢ : H*~1(B)—H*(B) is a local section and let p* be
in the image of q. Given & € SH(p*), the element of the standard horizon-
tal space at p¥,  ¢*0%(¢) = 0%(q.(¢)) € B" @ {0} as RFL(0%(q.(€) =
Trk (q.(€)) = € by Definition 5.3. Note that this is true irrespective of the
section ¢ as long as p* belong to its image. All the above implies immediately
that:

Proposition 5.3 (Elzanowski and Prishepionok [EP2]) Let p* be a k-
frame. € € SH(p*) if, and only if, given a section q : H*~1(B)—H*(B) such
that p* is in the image of q, q*0(€) = 0.

To get some true insight into the structure of connections on the bundle
of k-frames we start by recalling the construction of an arbitrary k-connection
wk in terms of the so-called £-connection (cf., Kobayashi [Ko] and Yuen [Yu]).
We adapt this presentation to our particular needs. To do this first we need to
broaden a little our picture and to imbedded the bundle of holonomic frames
H*(B) into the bundle of non-holonomic frames H*(B) and specially the bundle

23

of semi-holonomic frames H*(B).2> We recall also that the local section g :

23 Although, for the precise definitions we refer the reader to Saunders [Sa] and Yuen [Yu]

we would also like to point out at the way the space of non-holonomic k-frames HF (B) can
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H"(B)—H*(B) is invariant (G"-invariant) if for any p” € H"(B) and every
gr c gr

A(Rer (7)) = Ry (alp”)) (5.17)

modulo N¥(n) where, v/* is any embedding of G into G*. Note that, except
r = 1, there is no canonical embedding of G" into G¥ and that v*(G") is, in
general, not a subgroup of G*.

For the simplicity of our exposition, but without any loss of generality,
at least for what we intend to do here, let us restrict our analysis to the
semi-holonomic case only. Therefore, let e+ : H'(B)—H*(B) be a G'-
invariant section called the &-connection of order k + 1. It defines a G'-
reduction of the bundle H**1(B) given by the image **1(H'(B)). We shall
denote it by M. The projection of M » to the bundle H*(B) , that is
Nr = mp (e (Mye)), is also a G reduction. This, in turn, induces the
G'-invariant partial section ¢* : N — M. The connection w* on H*(B) is
then defined by selecting as its horizontal space at p* € H*(B) SH(¢*(p*))
if p¥ € Nx and TR, SH(q*(p*)) for any other k-frame, where n¥ denotes the

be thought of recursively as the space of the first jets of all local sections of the bundle of
non-holonomic (k-1)-frames H* (B). For example, let f : U(0) — H! (B) (for k=1 all frame
bundles are the same) be a differentiable map of a neighborhood of the origin of IR™ into
H! (B) and such that nlof: U(0)— B is a local diffeomorphism where s (B)—Bis
the standard projection. The first jet of f at 0 can be considered a non-holonomic 2-frame
of Bat ! (f(O)) If, in addition, f is such that the first jet of 7wl of at 0is equal to f(O) the
corresponding 2-frame is called semi-holonomic. Extending this definition recursively to
an arbitrary k-order we obtain the set of all non-holonomic and semi-holonomic frames of
B. The space I:Ik (B) (also ﬂk (B)) is a principal bundle over 3. Its structure group Qk
is the fibre at 0 of ﬁk(an), i.e., the group of first jets at the origin of all local sections

of HF 1 (R”) satisfying the semi-holonomicity condition. It can be easily shown (see e.g.,

Saunders [Sal) that HFk (B) C H* (B) C I:Ik(B)
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appropriate element of the affine group NF(n). The G'-invariant submanifold
N, of H¥(B), fundamental for the construction of the connection w*, will be
called its characteristic manifold. We point out here that to define a connection
on the holonomic frame bundle H*(B), called the holonomic connection, the
defining £-connection does not need to be a section into the holonomic (k+1)-
frame bundle. As a matter of fact, if it is, the connection it induces has very
special properties, as we show later.

We are now in the position to represent the k-connection w* through the

fundamental form @%+1:

Theorem 5.1 (Elzanowski and Prishepionok [EP3]) Let w* be a connec-
tion of order k on the bundle of holonomic k-frames H*(B) and let ¥+ denote
its generating €-connection with N . as its characteristic manifold. Then, for

any p* € Nx and any g* € GF

WP (R (D7) (Rgra€) = 701 (TR E) — A ((8") 71,701 (€))

where £ € T,xN» and G* denotes the G*-equivariant extension of the G'-
k+1

invariant partial section ¢* induced by the &-connection e

Proof. As implied by (5.14a) the 1-form on the right hand side of the
identity is equivariant. What remains to be shown is that both sides are
identical on the characteristic manifold of the connection w”. Thus, let p* €
N, then w¥(p*)(€) = 0 if, and only if, £ € SH(¢*(p*)). On the other hand if
p¥ € Nk so does pg¥ for any g* € vF(G'). However, \*((g¥)~1,-) is identically
zero for any g¥ € GL(n,R) ® {0}. Also, ¢**041(TRgr&) = 0 if, and only if
¢ € SH(¢"(p¥)) as attested by Proposition 5.3 &

To get even more detailed description of a k-connection as well as to

understand better the role of the mapping \* let us compare the standard
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horizontal spaces corresponding to two different (k + 1)-frames over the same
k-frame. Hence, let us take pF+1 p**! € H**1(B) such that p* is their pro-
jection onto H¥(B). This implies that there exists nf™ € N}™!(n) such
that pFtl = pk“nﬁﬂ. Moreover, there exists an admissible local isomor-
phism o : HF(IR") — H*(IR") preserving the neutral element and such
that nf™ = jla¥(e¥). Also, there is an admissible local isomorphism h* :
H*(IR") — H*(B) such that j'h*(e*) = p**! (see Definition 5.2). The

composition h* o o

is then an admissible local isomorphism the first jet
of which at e* gives the (k + 1)-frame p**!. According to Definition 5.2
(hkTak)(v,O) € SH(pFH!) for any (v,0) € IR™ ® g*. Recalling the definition
of the fundamental form and that of the action p**! of the group G*¥*! on the
tangent space of H*(B) we obtain h’“?o/f(v, 0) = hFopk+1 (k1) =1)(v,0) =
REGE o, A () 0)) = RE0,0) 4 REO () ) =
RE(0,0)  +  REOF((ETH1),0) = A (v,0) + Ak((n’,zjrlv)—l,v)) for every
(v,0) € IR™ ® g* where, )\’“(N‘, -) denotes a vertical vector at p* corresponding
to the Lie algebra element A\*(-,-). All of the above shows that:

Lemma 5.1 Given two, in general different, (k + 1)-frames pF+1, p*+!
over the same k-frame p*, i.e., mpTH(PFTY) = ot (phtl) = pk, the stan-
dard horizontal space of PP is the gF translate, through \¥, of the standard

horizontal space of p*.
Therefore, the statement of Theorem 5.4 can be made even more precise:

Proposition 5.4 (Elzanowski and Prishepionok [EP3]) Let w* be a k-
connection with Nk as its characteristic manifold. Let 1§ : H*(B)—NF(n) be
an equivariant mapping, i.e. 1¥(p*nk) = 1¥(p*)n¥ for any k-frame p* and any
n¥ € NF(n) while I¥(p*g) = ¢~ 1i¥(p*)g for any g € G'. Assume that I¥ is such
that pFIF(pF)~' € Nyi for every p¥ € H*(B). Also, let ¢* : N — HFTL(B)
be the G'-equivariant section such that w* = q*0,1 when restricted to Ny .
Then,

49



W (D*)(€) = 7 Oka (€) — NPT "), 077 (306) (5.20)

for any p* € H¥(B) and ¢ € Tpka(B). Moreover, there is a one-to-one

correspondence between linear connections on HF(B) and pairs of mappings
(¢", 1)

Proof. Given the pair (§*,1¥) where ¢° : H*(B)—H**1(B) is an equiv-
ariant section and where If : H*(B)—NF(n) is an equivariant mapping the
k-connection is uniquely defined by Eqn.(5.18). On the other hand, given
the connection w® the mapping I} is uniquely defined, modulo the G' ac-
tion, from the equation: 7} T *wF — @41 = Ty TNF((I5) 71, 08 TY). Once 1F is
available the equivariant section ¢* can be obtained from the condition that
wk|(lzf)71(0) = cjk|(lzf)71(0)c9k+1. We remark here that A = 0 and that for k = 2
we get the known expression for a 2-connection of Garcia [G]. We also point
out that the theorem shows that there exists a one-to-one correspondence be-
tween the £-connections of order k 4+ 1 and the k-connections, as shown in a

different way by Libermann [Li]de

A k-connection w® on H¥(B) induces, through a projection, a (k-1)-

connection projiw® on H*~1(B). Namely, for any ¢ € TH*(B)

Th_1."(€) = T projiw™ (€). (5.19)

If N« is the characteristic manifold of w* then the characteristic manifold of
projiw® is the projection of N, i.e., Np i 00 = Th_;(Nyr). Indeed, suppose
that ¢**! is the &- connection of order k + 1 generating w®. Then, N » =
TR+ (eF+1(HY(B))) and there exists a partial section ¢* : Ny — &1 (H(B))
such that for any p* € N the horizontal space of w* at p* is SH(¢"(p¥)),
the kernel of ¢"*011. Now, let ¢*~1 be the partial section on 7§ | (N_x) with

the property that ¢*"lork | = W’,j“ o¢". Recalling that the projections 7T]kf+1
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and ﬂ,’j_l, when restricted to the characteristic manifolds, are one-to-one and
invoking the definition of a standard horizontal space, as well as Proposition

5.3, we get:

Lemma 5.2 The standard horizontal space of a projection of a frame is
a projection of the standard horizontal space of that frame, i.e., if pF+! €
HY(B) then ©f_ | SH(p**) = SH(xy T (p**1Y)). Thus, the characteristic
manifold of the projected connection projiw® is the projection of the charac-

teristic manifold N .

This is obviously also true for a projection of a k — connection to any

r-order frame bundle, where 0 < r < k.

We are now ready to introduce the concept of the induced material connec-
tion. But first, let w* be some principal material connection of the materially

uniform k-grade hyperelastic body B.

Definition 5.4 The (k —r)-material connection of the k-grade uniform
hyperelastic body B is the r-th projection of the principal material connection

Wk, ie. projrwk.

As we have stated before (see also Wang and Truesdell [WT]) for every
material point X of the smoothly uniform material body B there exists a
principal material connection w* such that in some neighborhood of X, say
U, it is generated by a (local) material section. Let [¥ : & ¢ B—HF(B) be
such a section. Therefore, there exists the local section p! : Y—H'(B) and the
map £k, : p!(U)—H*(B) such that for any Y € U 1¥(Y) = ek (p*(Y)). We
extend the mapping f-:fk, by the action of G! on H!(B), to the G!'-equivariant
section &, : H'(U)—HF(B). As we have shown before (Theorem 5.1) such an
equivariant section defines the local (k - 1)-connection i;w® where N; x =
W;’i_l[éﬁ (Pl(u)gl)] = W/’i—l[[k<u)gl]~

Definition 5.5 Given the local material section I the induced ma-

terial connection i1w" is the locally defined (k — 1)-connection such that
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mr_ [(U)G is its characteristic manifold and ¢"=* : 7k [(F(U)GH—1*(U)G?

1S its generating section.

In general N; ,x # N5, 4. However, if the section (% defines locally the
principal material connection w” the section 7r,’§71 o [¥ defines projiw®. This,

~k—1

in turn, enables one to define the G'-invariant section €% . inducing the
k—1

(k - 2)-connection i1projiw® with 7§ _,[(*(U4)G"] as its characteristic manifold.
The space 4 (N;, ) is the characteristic manifold of the projection of i;w*

to H*=2(B) proving:

Proposition 5.5  Given a material point X let w* be the principal material
connection integrable in the neighborhood U of X. Then, for any positive

integer j < k

ilprojjwk = projjilwk

muU.

The analysis of the locally induced connections, the projections of con-
nections and the relation between them will be fundamental for resolving the
problem of the local flatness of a principal k- material connection and so the
integrability of material structures for k-grade uniform hyperelastic material
bodies. This will be presented at length in the next chapter. Yet, even at
this point, on the basis of the definition of the induced material connection
(Definition 5.5) and Proposition 5.4, we can safely claim that the main ad-
vantage of having the induced and the projected material connections lays in
the fact, that the analysis of the k-order principal material connection can be
performed on although two, but lover order, connections. Indeed, it is imme-
diate from the definition of the induced connection and the construction of

the connection from its £-connection that:
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Proposition 5.6  Given an integrable connection w*~1 and another k —1-
connection @*~1 which characteristic manifold N x—1 is the integral manifold

of the horizontal distribution of w1 there is only one integrable k-connection

k—1 (:}k_l,

wF such that projlwk =w and 1wk =

We end this chapter by looking closer at the second order holonomic frame
bundle and the second order connections. We shall follow here Elzanowski and
Prishepionok [EP2], [EP3].

Suppose, for the simplicity and clarity of our presentation, that the body
B can be covered by a single (global) chart and that S = IR". Thus, we assume
that the body B is equipped with the coordinate system {x!,... ,x"}. Let us
select as the reference placement some neighbourhood of the origin of IR",
U(0). Then, any (local about the origin) diffeomorphism x : 4(0) € R"—B
can be viewed as a local deformation of the body B. Consider a linear frame p!
and a holonomic 2-frame p? such that m(p?) = m1(p!) = Y = (v4,...y") € B.
These frames are represented in H! (B) and respectively in H?(B) by the sets of
local coordinates (y*,y%) and (v*,y%,vi,) such that det(yi) # 0 and yi, = y?,.
Let us add here that a non-holonomic 2-frame is respectively characterized by
the set of coordinates (yi,y§,yf,y};l) where yi, is not necessarily symmetric.
If y; = y; the frame is called semi-holonomic.

In the locally induced by the coordinate system {x'...x"} bases

0

1 n,_i )
yeee ¥ 7)@6@75’]{:5?}{2) (520)

-0
ph= (¥ i) p’=(y

where the summation convention is enforced. One can think of y¢ as the
components of the deformation gradient of y at Y € B while the 2-frame p?
represents the first and the second deformation gradients. Given an element
(gt,n%,;) of the structure group G = GL(n, IR) ® S%(n) of H?(B), where n}, =

n!, , it acts on the right on the holonomic 2-frame p? = (y%,y%,yi,) by
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vk yh) (8 k) = (v, vier, viuere + yiny,) (5.21)
(cf., Cordero at. al. [CDLe| and Elzanowski and Epstein [EEp3]).

As we have shown before (see Definition 3.4 and Proposition 5.1) the
second-grade hyperelastic material body B is smoothly uniform if there exists

a gauge (pé-, qék) : B — G2 and a smooth function W : G2 — IR such that
W', Uk Yiy) = WLDT, Ui PrD) + Uhary) (5.22)

for all material points and any pair of the first and second deformation gra-
dients y}%,y,@.m The material section 12, being just a collection of local con-
figurations relative to which W becomes material point independent, is then

given as

P(Y) = (v, a5(Y), bj(Y)), (5.23)

where b%) = b}, p} = (a=")} and ¢}, = (a= )bl (a= 1)} (a=!)*. This is set
up so that, for any Y € B, (pE, qé-k)([2 (Y)) =e? = (5;, 0), the neutral element
of the structure group G2.

The material reference [? induces, by projection, the section p' : B —

HY(B), i.e., ¥ o[? = p! and

pH(Y) = (v, a5(Y)). (5.24)

24 We deliberately ignore here the fact that, in general, the body I3 has some non-trivial

symmetry group.
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Consequently, there exists the partial section ¢? : p!(B) — H?(B) such that
q? o p! = 2. As it follows from (5.21) and (5.23) this section, when ex-
tended equivariantly by the action of GL(n,IR) to the entire H!(B), gives
the G! —invariant section ¢ : H!(B) — H?(B) such that

m

Wk = ' ¥ bl (@™ )T @D yRy)). (5.25)

Choosing a basis in the Lie algebra g' = gl(n, IR) a linear connection on
the bundle of linear frames H!(B) is given locally by a collection of real-valued

G!—equivariant 1-forms

wh = (XZ)_l(dXé? + anxé-dxn) (5.26)
while the corresponding horizontal distribution is spanned by

B_kj('?
" Oxk

D, (5.27)

~ ox i

where I’ fj are the Christoffel symbols. If | as it happens in the case of the
1-material connection, the horizontal space is a lift of the tangent space T'B

by the local section p! to the bundle of linear frames

) g  0a* 0
Z) = 1 = J -1 J ! _—
‘ p*(ﬁxi) ox o (2 )x k- (5:28)

Indeed, the horizontal distribution at p*(B) is spanned by py( ) = (£:)p1)

+%(a%§.)101(3)' On the other hand, any invariant vector field on H*(B) has

the form o* 8‘15 + ﬁijf a‘?ﬁ. Comparing these two expressions yields (5.28).
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The section p! induces on H!(B) the integrable connection w! (the 1-material

connection) the Christoffel symbols of which take the form

Oaf 1\
Ik, :—a—yn(a by, (5.29)

The fundamental form on the bundle of 2-frames is represented by a

collection of the following forms (see e.g., Cordero at al. [CDLe]):

0 = (xi) ldx" (5.30a)

and

9;- = (X};)_l(dxé-C - X’ﬁj (x7)~dxh). (5.300)
Invoking Proposition 5.4 and Eqn. (5.25) this implies through straightfor-
ward calculations, that the Christoffel symbols of the induced material connec-
tion i;w?, i.e., the connection having as its characteristic manifold 7#[[2G'] =

H!(B), are given by

D = =Dy (2™ b (™5 (5.31)
Note, that this fact suggests that the £- connection of order 2 generating
the linear connection on H'(B) with the Christoffel symbols I is given as
EV(,7%) = (7', 2}, —T%,,2"2"). Note also, as we have mentioned before (foot-
note 24), that although the £-connection generating a holonomic connection
does not need to be a section of a holonomic frame bundle, as evident from its
form, if it is the connection it induces has the Christoffel symbols symmetric.
This fact will later be proved for an arbitrary order connection (see Corollary

6.2).
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Finally, given the material reference [? it generates the horizontal distri-
bution on [?(B) C H?(B) spanned by

) 0 o0al 9 obl 9
2 ak 4 nm

*(axi) “ox o oxl  Oxt Oxb,.

(5.32)

On the other hand, as shown by Cordero at al. [CDLe|, any invariant hori-

zontal vector field on H?(B) is of the form

0 0
- Thky!
ox’ ”XTaxﬁ

s m s m_l
- (Pimxrk + File'r Xk)

- (5.33)
x5,
where I'’s are functions of position. Consequently, the generalized Christoffel

symbols of the principal material connection of the second-grade hyperelastic

material induced by the material reference [? are given as

dak
k — T —1\7r
Fis - 8Xi (X )57 (534)
2 avri tyn—tykygs _ OPhe  1ye o
Fépq = I (X l)s(X 1)p(x I)ZXnk B aXik (X l)p(X 1)1; (535)
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6. INTEGRABLE MATERIAL STRUCTURES: HOMOGENEITY

We have shown so far that if the k-grade hyperelastic body B is lo-
cally smoothly uniform then there exists the corresponding material structure
MPF¥(B) being a reduction of the bundle of holonomic k-frames to the symmetry
group of B. This material structure is defined uniquely up to a conjugation
by the elements of G*, the structure group of H*(B). We have determined
also that the uniformity of the material body B is equivalent to the existence
of the so-called k-order principal material connection being any integrable k-
connection on the subbundle M*(B) locally induced by the material sections.
As Proposition 5.6 shows every such a connection is uniquely characterized
by its own 1-projection and the induced material connection (Definition 5.5).
What remains to be shown is under what condition the arrangement of local
configurations of a truly uniform material body into a local material reference
can possibly be chosen such a way that it is locally generated by a (global)
configuration. The afforded degree of freedom of choice comes naturally from
the symmetry group of the body B. This problem will be investigated in this
chapter.

Definition 6.1 The materially uniform k-grade hyperelastic body B is
said to be locally homogeneous if for every material point X € B there
exist an open neighborhood U(X) and an integrable (local) material refer-
ence ¥ : UX)—HF(B), i.e., there exists a local (about the origin) diffeo-
morphism x : U(0) C IR"—B such that x(0) = X, x(U(0)) C U(X) and
*(U(X)) = j5xU(0)). Such an integrable material reference will be called the

homogeneous material reference.

Suppose then, that [¥ : 2/(X)—H*(B) is a homogeneous material reference
at X € B. Given some chart o : Y C S—IR" such that a(U) C U(0) there
obviously exists at X a local embedding (configuration) ¢ : V(X) C B—S
such that j¥(a 0 )~! = j*x on some neighborhood of the origin of IR". We

shall call such a configuration the homogeneous configuration at X. We have
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agreed in Chapter 4 on how to identify J*(B,S) with the bundle of holonomic

k-frames and so the above argument proves that:

Proposition 6.1 If the materially uniform k-grade hyperelastic body B
is locally homogeneous at X then there exists a subbody V(X) C B and a
configuration 1 : V(X) — S such that the k-jet extension j¥v is a material

reference at X.

Intuitively speaking, in the case of the material having at each point a
stress-free uniform reference, the homogeneity means that in a vicinity of X
one can arrange the stress-free pieces into a global configuration in such a way
that no internal stress is introduced. The equilibrium of a finite sample with

the free boundary can be maintained with no internal stress.

As we know from our previous considerations, Theorem 4.1 in particular,
if the k-grade hyperelastic body B is smoothly materially uniform then there
exists the corresponding material structure M*(B) c H*(B). In fact, as stated
by Corollary 4.1, if the symmetry group of B is a continuous closed subgroup of
G* there exists a whole conjugate class of material structures. Furthermore, if
the material body is locally homogeneous and so at every material point there
is an integrable material reference, say [¥, one can find the material structure
such that the material reference [¥ is its local section. Consequently, as stated
in the definition of local homogeneity, given a material point X € B there
exists at X a coordinate chart §: U € B—IR" such that the k- jet extension of

B~ s 1s identical, at some neighborhood of X, with the material reference
~.

Let us recall that two k-order G-structures M*(B) and M*(B) on B
and B, respectively, where G is a subgroup of the structure group G¥, are
said to be equivalent if there exist a diffeomorphism f : B—B such that f7 :
M¥(B)—MP¥(B) given by the usual composition of jets is the principal bundle

isomorphism over f. In particular, the structure is called locally flat if, and
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only if, it is locally equivalent to the flat G-structure, i.e., the trivial bundle
R™ x G. It is not hard to show (Sternberg [S], for k¥ = 1 and Saunders [Sa]
for k > 1) that the G-structure M*(B) is locally flat if near every point on
the manifold B there is a coordinate system {x’,---,x"} the k-jet extension of
which is a local section of the G-structure in question. Invoking Definition 4.2
and the discussion thereafter, as well as Corollary 4.1, one immediately gets
that:

Theorem 6.1 (Elzanowski at al. [EEpS2] for k = 1) If the k-grade hy-
perelastic body B is locally homogeneous then there exists a material structure
MF(B) which is a locally flat g,’;k -structure over B where Q{;k denotes the sym-
metry group of B relative to some homogeneous material reference h* .25

Let w* (resp. &%) be a k-order G- connection on MF*(B) (resp. M*(B)).
We say that these two connections are equivalent if there exists a principal
bundle isomorphism f? : M¥(B)—M¥*(B) such that f*&* = w*. We also say
that w” is a locally flat k-connection if it is locally equivalent to the canonical
flat connection on the trivial bundle IR™ x G. It is then immediate that a
k-order G-structure is locally flat if, and only if, it admits a locally flat k-order
G-connection. The corresponding principal bundle isomorphism is induced by
the homogeneous material reference.

Thus, having a locally homogeneous k-grade hyperelastic body B there ex-
ists the material structure M*(B) which is locally flat. There exist, therefore,
a locally flat connection on M¥(B). As every locally flat G—valued connection
is locally generated by a section into the subbundle M*(B) c H*(B) and as
any local section of a material structure is a material reference, M*(B) admits

a locally flat principal material connection. Such a connection being locally

25 Recall that although not every material reference of the given material structure
Mk(B) is a homogeneous reference ( if there is any at all ) the symmetry groups rela-
tive to any material reference, homogeneous or not, of the particular structure are always

identical.
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equivalent to the canonical connection on the corresponding trivial bundle is
locally induced by a coordinate system on the body manifold 5. The above

discussion yields therefore that:

Theorem 6.226 A k-grade hyperelastic body B is locally homogeneous if,

and only if, there exists a locally flat principal material connection.

Indeed, given the locally homogeneous material body B there exists a
locally flat principal material connection generated by the corresponding ho-
mogeneous material reference, say h¥. Any other principal material connection
generated by some other material reference does not need to be locally flat as
gauging by the symmetry group g{;k (see the relation (5.4)) takes the homo-
geneous material reference into, in general, arbitrary local material reference.
Unless, the symmetry group Q{fk is a discrete subgroup of G* or the corre-
sponding gauge is induced by the coordinate change on the body manifold
B. In the discrete case, due to the smoothness of any material reference, the
homogeneous material reference is unique. On the other hand, if the gauge is
generated by the coordinate change on B it is only natural, as evident from
Definition 6.1, that a homogeneous material reference is taken into another

homogeneous material reference.

Given some principal material connection to determine that it is locally
flat is to show that its horizontal distribution is locally induced by some homo-
geneous material reference. In the linear case (k=1, simple elasticity), when
the vanishing of the torsion form (see e.g., Sternberg [S]) guarantees the flat-
ness, this amounts, as shown by Noll [N] and Wang [W], to finding, through
gauging by the symmetry group, the (principal) material connection with zero
torsion. In the case of the second and the higher grade materials the van-

ishing of the torsion is only, as we show below, a necessary but certainly not

26 This theorem was originally proved by Noll [N] and Wang [W] for k=1 (see also
Elzanowski at al. [EEpS2]). For the second-grade hyperelastic material the same was shown

by Elzanowski and Prishepionok [EP2] and independently by de Leon and Epstein [LeEl].
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a sufficient condition for the principal material connection to be locally flat.
However, we will be able to invoke some other geometric objects, which a way,
similar to the torsion, measure the local flatness of a principal material con-
nection and so characterize the local homogeneity. To be able to do this we
need first to introduce the notion of the prolongation of a k-connection and

the concept of a simple connection.

Definition 6.2 Given the k-connection w® let e*t1 be its generating &-
connection, ¢* : H*(B) — HFTY(B) the corresponding G'-equivariant section
and Nk its characteristic manifold. The prolongation of w* is the (k+1)-
connection P(w¥) such that its horizontal space at any p*t1 € ¢*(N,) is the

q*-lift of the horizontal space of w*, i.e., for any p* € N«

hoqu(pk)P(wk) =g~ (horpkwk).

The following facts are easy consequences of the definition of the prolon-

gation.

Proposition 6.2
a. Given the k-connection w* there is only one prolongation P(w*).
b. projiP(w*) = w*.

k+

c. The connection w*T1 is the prolongation of its projection proj;w*+!

if, and only if, N k1 = qk(NpmjlwkH).

Definition 6.3 (Yuen [Yu] )  The k-connection w* is called simple, and
we write W* = PFL(wl), if it is the (k — 1)-prolongation of some linear

connection w'.

It appears that any simple k-connection can be characterized by the ”po-
sition” of its horizontal distribution relative to its characteristic manifold.

Indeed, we have:
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Proposition 6.3  If w® is a simple connection then its horizontal distri-

bution is tangent to its characteristic manifold at all points.

Proof. It is enough to point out that if the 2-connection w? is the prolon-
gation (simple) of some linear connection w! then, by the definition of a simple
connection, horq1(p1)w2 = gl(horpiw') for any p' € N,i.  However, accord-
ing to Proposition 6.2(c) ¢! (H!(B)) = ¢ (N,1) = M,1 = N,2. Therefore,
the definition of the prolongation implies immediately that horP*(w')|x_, C

TN,z2. Applying this argument recursively proves the original claim &

In fact, somewhat more general statement can be made.

Theorem 6.3 The connection w*

on the bundle of holonomic k-frames
H*(B) is the (k—s)-prolongation of its projection projy_sw* if, and only if, its
horizontal distribution is tangent to the induced by the characteristic manifold
N+ G*-reduction of the bundle H*(B), i.e., if it is tangent to Ny N5_;(n). In

k

particular, w® is simple if, and only if, its horizontal distribution is tangent to

its characteristic manifold.?”

Proof.  The above condition is obviously necessary as easily attested by
the definition of the prolongation of connection and Proposition 6.3. Also, as
the projection of the characteristic manifold of a connection is the characteris-
tic manifold of the projected connection N, r = 7% (N ). Therefore, the
horizontal distribution of proji_.w* is tangent to Nproji_.wtNe_1 = H*(B).
Consequently, the sequence of invariant sections {ql}l:S7.,,7k_1, corresponding
to the sequence of prolongations of proj,_sw* to H*(B), maps the horizontal
distribution of the (k — s)-projection of w* onto the horizontal distribution of

w* satisfying conditions of Definition 6.2

If the horizontal distribution of w* is locally integrable Theorem 6.3 has

particularly far reaching consequences.

27 n fact, the same is true in the semi-holonomic case.
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Corollary 6.1 A locally integrable k-connection w® is simple, i.e., W" =

PEL(projr_1w®), if and only if, i1w* = projiw”.

Proof. If the connection w”

is simple then, by Theorem 6.2, horx wk C
T,xN,x for every p¥ € Ngs. On the other hand, as w¥ is locally inte-
grable, for any 7%(p¥) there exists a local section [¥ : &/ ¢ B—H*(B) such
that horyew® = T, [*(U). This implies that Ty« [¥(U)CT,x N« for any p* €
Ngx. Moreover, as N is a Gl-reduction of H*(B), (U)G! = N k|, and
Nprojiwr = mp_1(Nyx) = mp_(I"G') = N, ,« by the definition of the in-
duced connection (Definition 5.4). Therefore, the induced connection i;w”
has the same characteristic manifold as the 1-projection of w¥. Having the
same characteristic manifold the connections do not need to be the same.
However, i1w* and projiw® not only have the same characteristic manifolds
but also have the same generating q-sections as M,,.; ,» = Nyr = kUGt =

k k = projiw* then

M;, ,=. Conversely, if for some integrable connection w"”, i;w
T 1 (Nyr) = Nppojiwr = Ny oo = 7k, (F(U)G'). This, in general, may not
guarantee yet that the horizontal distribution of w* is tangent to its charac-
teristic manifolds but as the corresponding generating g-sections are identical

it indeed does conclude the proof &

Applying the above argument recursively one can easily conclude the fol-

lowing:

Corollary 6.2  Let the k-connection w* be a simple connection, i.e., w* =
PE=L(projr_1w*). Then, the horizontal distribution of w* is locally integrable

if, and only if, the horizontal distribution of proji_1w® is locally integrable.

We are ready now to determine under what conditions a k-order holonomic
connection is locally equivalent to the standard flat connection on IR"™ x G*.
To this end, let us recall first that it was shown by Yuen [Yu] and in the
context of continuum mechanics by Elzanowski and Prishepionok [EP2], and

independently by de Leon and Epstein [LeE1], that:
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Theorem 6.4 The k-connection w® is locally flat if, and only if, it is
simple and its curvature and torsion vanish, i.e., w* = P*~Y(proji_1w*) and
Qur =0, and O_x = 0, where the curvature Q. of the k-connection w* is
the gk -valued 2-form dw*|,,,.+ while the torsion Ok is the IR" © gk~ -valued

2-form dO¥| ok -

Note that the curvature and torsion of the j*P-projection of w* are respec-
tively defined by the following identities (¢f. Cordero at. al. [CDLe]):

kx . ~k—1
Wk—j@pTOjjwk = idpn X ﬂ-k:—j—l*ewkv (6.1)
kx* _ ~k
ﬂ-k—jgp’rojjwk = ﬂ-k:—j*QUJk' (62)

Thus, if the connection w” has vanishing torsion and/or curvature then its

projections projjwk have the same properties.

Although Theorem 6.4 sets explicit sufficient and necessary conditions for
the k-connection to be locally flat they are difficult to verify. We shall try to
determine if these conditions could not be weaken, in particular, in the locally
integrable case, i.e., when €_» = 0. This case is of special interest to us as
every principal material connection is curvature-free. To this end let us recall

that it was proved by Garcia [G] and Yuen [Yu] (see also Kolar [KI]) that:

Lemma 6.1 Let the (holonomic) connection w* be induced by the E- con-

nection e*t1 : HY(B) — H*+1(B) into the holonomic frame bundle. Then, w*

has vanishing torsion.?

This simple fact enables us to show that:

28 This can be shown directly from Proposition 5.4 using the definition of the torsion

form.
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Corollary 6.3 If the k-connection w* is holonomic and curvature-free

then the induced connection i1w® has vanishing torsion.

Proof. Let ¥ :U C B — H*(B) define locally the horizontal distribution
of w*. The corresponding £-connection of i;w* is a section into the holonomic
k-frame bundle (see Definition 5.5). This, according to Lemma 6.1, guarantees

the vanishing of the torsion of i;w* &
Moreover,

Proposition 6.4 A k-connection (locally integrable or not) cannot be pro-
longed (see Definition 6.2) into the holonomic frame bundle H**1(B) unless it

has vanishing torsion.

Proof. Suppose that w* has a non-vanishing torsion and let P (w") be its
prolongation into the holonomic frame bundle H***(B). As this prolongation
is holonomic M« = Npi(,ry C H**1(B). This, however, means that the &-
connection inducing w¥ is a section of the holonomic frame bundle implying,

due to Lemma 6.1, that wF has a vanishing torsion &

We have finally come to the point when we can conclude our analysis
of simple connections by proving two important statements about the locally
flat connections. Some other interesting intermediate cases will be presented
elsewhere (cf., Elzanowski and Prishepionok [EP5]) as they require somewhat
deeper look at the form of k-connections (Theorem 5.1 and Proposition 5.4)

and the properties of their curvature and torsion forms.

Proposition 6.5 A simple holonomic k-connection w* is locally flat if,

and only if, w' = projp_1w* is locally flat.

Proof. If the (k—1)-prolongation P*~1(w!) is locally flat then obviously
w! is locally flat as w! = proj_1P*¥~1(w!). We also know, from Corollary 6.1,

that w! is curvature free if, and only if, its prolongations are curvature free.
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What remains to be shown is that if the torsion of w! vanishes then any
of its prolongations has vanishing torsion. This is, however, immediate by

Proposition 6.4 and the uniqueness of the prolongation &

Proposition 6.6 Let the holonomic k-connection w* be simple and cur-

vature free. Then, it is locally flat.

k

Proof. If a holonomic connection w” is simple and curvature-free then

*. Moreover, because w® = P(i;w), the in-

by Corollary 6.1 i,w® = projiw
duced connection has vanishing torsion as otherwise, according to Proposition
6.4, it could not be prolonged into the holonomic frame bundle. This proves
that projiw® is locally flat as it simple (is a projection of a simple connec-
tion), locally integrable (Corollary 6.2) and has no torsion being identical to
iww®. This, in fact, concludes the proof as the prolongation of a locally flat

connection is a locally flat connection as attested by Proposition 6.5 &

The message of the Proposition 6.6 is that for a locally integrable holo-
nomic k-connections to be locally flat is equivalent to being simple. Combining

this with Corollary 6.1 enables one to state that:

Theorem 6.5 A curvature-free holonomic k-connection w* is locally flat
if, and only if, its projection projiw® is identical to its induced connection
i1k,

For a curvature-free linear connection to be locally flat is to be symmetric,
i.e., to have vanishing torsion. Similarly, for a curvature-free holonomic k-
connection, k > 2, the local flatness is equivalent to the vanishing of the

tensor (gF-valued tensorial 1-form) D« = projiw® —i;w". We therefore have:

Proposition 6.7 Let w* be a curvature-free holonomic connection and let
k> 2. Then,

(1) w¥ is locally flat if, and only if, D =0,

(2) if Dy =0 then Dpppj, 00 =0,

67



(3) if Dprojrwe = 0 then projiw® is a simple connection but, in general,
D #0.

Proof.
(1) This statement is equivalent to the statement of Theorem 6.5 and is a

straightforward consequence of Proposition 6.6 and Corollary 6.1.2°

(2) Dprojywt = proji(projiw®) —ii(projiw®) = projsw® — proji (iiw*) =
proji1(D,r) by Proposition 5.5. Therefore, if © » vanishes so does
its projection ®,,,.;, +. Note that the tensor D,,,;, ,+ is indeed well
defined as if w* is curvature-free so is its projection guaranteeing the
existence of the induced connection il(projlwk).

(3) If Dpojiwr = 0 then projiw® is a simple connection as stated in

k

(1). However, even if ®,,,;, ,+ vanishes w" may not be simple. In-

k' a curvature-free holonomic con-

deed, it is enough to choose as w
nection which projection is simple but which has an arbitrary n’gfl—

component (see Egs. (5.15) and (5.20))é

We are now in a position to go back the main topic of this presentation and

with the general results we have obtained above to continue the analysis of the

29 We would like to add that somewhat similar, but not identical, statement can be made
in case w¥ is a semi-holonomic connection. The similarity comes from the fact that in order
to secure the local flatness of a curvature-free semi-holonomic connection one must require,
like in the holonomic case, that the tensor ®  vanishes. To make the condition sufficient
one must also demand vanishing of the torsion of projk_lwk. The difference between
the semi-holonomic case and the holonomic case comes from the fact that, in general, semi-
holonomicity of w¥ does not guarantee the vanishing of the torsion of the induced connection
ilwk. Consequently, the vanishing of ®  although makes projlwk = ilwk it does not
force it to have a zero torsion. If however @projk_1wk = 0 and ®_» = 0 then the linear
connection pT’Ojkflwk is locally flat making, by virtue of (2), the 2-connection pTOjk,Q(uk

holonomic and simple. Iterating this upwards will imply that wk is simple and holonomic

and so locally flat.
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problem of the local homogeneity of smoothly uniform hyperelastic material
bodies. To this end let us recall once again that every principal material
connection of a k-grade hyperelastic material body B is by definition holonomic
and curvature-free as it is locally induced by a material reference being a
local section into the holonomic frame bundle H¥(B). It always generates
locally the induced material connection as well as its projections. As we have
argued before (Theorem 6.2), the local homogeneity of B is equivalent to the
existence of a locally flat principal material connection, say w®. The local
flatness of the principal material connection of a simple uniform elastic body
is guaranteed by the vanishing of its torsion while for the second-grade and
higher grade materials it corresponds to the vanishing of the appropriate tensor
D%, as shown by Proposition 6.7. For this reason in the context of continuum
mechanics we shall call the tensor ® . the inhomogeneity tensor.

The discussion above can now be summarized in the following form:

Theorem 6.5 A smoothly uniform k-grade hyperelastic body B is locally
homogeneous if, and only if, there exists a principal material connection, say
Wk, such that:

(1) if k=1 its torsion O =0,

(2) if k> 1 its inhomogeneity tensor D = 0.

We can now go back to our second-order holonomic example from the
end of Chapter 5. We point out that, as stated above, the principal material
connection w? induced by the section [*(y*) = (y*,a}(y"), ; L (v")) is simple if,

and only if,

(Do)l =Tk, — T4 =0 (6.3)

where the Christoffel symbols '}, and f’;k are defined by Egs. (5.29) and
(5.31), respectively. The vanishing of the inhomogeneity tensor implies that
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dal .
a—xiaf =Dh’,. (6.4)

As b;'-l is always symmetric the above relation is, in fact, the integrability

condition for af. Thus, there exist smooth functions ¢*(x*) such that the
gauge pé- = gﬁ; and qék = 8)(8;7(%;,“ proving that if the inhomogeneity tensor

vanishes the body is locally homogeneous.

The importance of the simplicity condition for determining the local flat-
ness of the principal material connection can be illustrated by the following
example. Let us assume that our second-grade hyperelastic material body B
is not locally homogeneous (there is no locally flat principal material connec-
tion) but there exists a principal material connection w? such that its projected
material connection proj;w? as well as the induced connection ijw? are both
locally flat but different. Therefore, there is no coordinate system in which the
corresponding Christoffel symbols Ofék and Ofék vanish simultaneously. The
inhomogeneity tensor ®,: does not vanish, it only becomes symmetric. The
principal material connection w? has a vanishing torsion but it is not a pro-
longation of the locally flat linear connection projjw?. Despite the fact that

2

wy is curvature-free and has no torsion it is not locally induced by a single

coordinate system.

In the case of a simple elastic material the torsion of the material connec-
tion is, in some way, a measure of the density of the distribution of dislocations
[Kr], [W]. Following this line of interpreting the geometric quantities appear-
ing in the theory one might say that the curvature of the induced connection
measures the distribution of disclinations (cf., Anthony [An]) while the non-
vanishing of the symmetric inhomogeneity tensor (like in the example above)
can possibly be regarded as the indication the presence of some intrinsically
second order defects, as suggested in [EEp2]. Note also that in order to be

able to detect the presence of these second order defects one must have no first
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order defects - the second-grade, non-simple, curvature- free, symmetric case.
Otherwise, the non-vanishing of the inhomogeneity tensor indicates only that
there are all kinds of defects present.3°

We end this chapter by reiterating once again that to determine if the ma-
terial body, possessing a continuous symmetry group, is locally homogeneous,
one must find a locally flat principal material connection. Normally, there are
many principal material connections available (compare Egs. (5.5) and (5.7)
as well as Proposition 5.2) and only through gauging them by the symmetry
group one can possibly determine if there exists any connection which is locally
flat. One must find such a principal material connection which is a prolonga-
tion of a locally flat linear connection. It must be stressed here that gauging
does not, in general, preserve the differential lifting (prolongation) as evident
from Proposition 6.3. The non-vanishing of the inhomogeneity tensor for some
choice of the principal material connection does not prejudice its vanishing for
some other principal material connection, as ® « is not invariant under the
action of the symmetry group. The analysis of how these changes occur will
be presented in [EP5].

30 We would like to point out here that the theory of non-holonomic frame bundles can
also be utilized to model the uniformity of material bodies w microstructure. For example,
the uniformity of a first-grade material body consisting of a rigid matrix and a smoothly
distributed micro-inclusions described by the deformable triads of vectors could be modeled
by the analogous theory on semi-holonomic frame bundles. Indeed, the deformation of the
triad can be presented as a 2 X 2 matrix while its deformation gradient is not symmetric due
to the fact that the distribution of these bases is, in general, non-integrable. In such a case
the local homogeneity is guaranteed by the existence of the principal material connection
such that not only its inhomogeneity tensor vanishes but also the projected to the first level

material connection is symmetric (see footnote 29 and also [LeE2]and [EP5]).
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7. UNIFORM ELASTIC STRUCTURES, EXAMPLES

We have showed in the previous sections, using the language of connec-
tions on frame bundles of a manifold, that for a uniform multipolar elastic
body a connection on the appropriate holonomic frame bundle can be de-
fined in a manner consistent with the given response functional of the body.
Specifically, the existence of a flat (integrable) principal material connection
was shown to be equivalent to the local homogeneity of the (uniform) body.
However, as we have mentioned in the Introduction, the process of analyzing
a particular material body is done in two stages. First, one needs to ascertain
whether or not, the given constitutive functional (the density of the strain en-
ergy function) defines a uniform material structure. Only after this has been
successfully established, and thus principal material connections become avail-
able, it is possible to address the question of homogeneity. Even if the first step
is successfully tackled - and the general solution to this problem is far from
being known (see some attempts in [EEpl]) - in order to answer the second
part of the question one needs to determine, utilizing the material isotropy
group, if within the variety of principal material connections there exists a flat
one. This proves to be technically a very difficult task if approached directly
(cf., Cohen and Epstein [CoEp]).

In this last chapter of our exposition we intent to show how one can
possibly avoid, at least in some special cases, such difficulties in solving the
problem of homogeneity. Assuming, as usually, that the uniformity of the
material body has already been somehow established, we attack the local
homogeneity problem not by searching the variety of the principal material
connections for the flat connection but rather trying to establish the flatness
of the associated material structure. To do this we try to compare some
typical geometric characteristics of the given G-structure with the geometric
characteristics of its standard flat counterpart. This is done by introducing the
concept of the characteristic object of a G-structure, such as a volume form, a

Riemannian metric etc., [EEpS2].
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We present this method only for the first order structures. The general-
ization of the method of a characteristic object to the higher order structures
although possible is lucking interesting examples, both from the continuum
mechanics as well as mathematical standpoint [Ya]. Some analysis of the so-
called solids and fluids of second-grade is presented in de Ledén and Epstein
[LeE1].

Although very direct and straightforward, the method of characteristic
objects has its limitations as it appears that not every G-structure has a nat-
ural and useful (see the comments below) geometric object which can be rec-
ognized as its characteristic object. Moreover, even if the answer to the local
homogeneity questions is affirmative one still does not know the corresponding
homogeneous configurations.

This is because the method of characteristic objects enables one to deter-
mine the local flatness of the structure in question but it has no mechanism
of finding the corresponding homogeneous configurations. If we are therefore
interested in knowing these homogeneous configurations we must resort to yet
another method.

Looking at the material symmetry group as the gauge group and at the
changes of material references as gauge transformations we show, by means
of examples, how starting from an arbitrary uniform configuration one is able
to generate the system of partial differential equations for the gauge trans-
formation (point dependent deformation with values in the symmetry group)
leading to another material reference possessing the expected geometrical -
and mechanical -, characteristics (e.g., the torsion of the principal material

connection)3!.

31 1t is believed (cf., Lardner [La]) that in the case of simple elasticity the torsion of the
material connection measures the density of the distribution of dislocations. Similarly, in
the multipolar elasticity, the density of the distribution of defects could be measured, as
we argued earlier, by the inhomogeneity tensor. We would like to stress however that in

the case of a locally homogeneous simple elastic (respectively multipolar) body with the
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We start by recalling the definition of an associated bundle of the bundle
of linear frames. Let W be a finite dimensional vector space with the differ-
entiable action of GL(n,IR) on the left, and let £(W) = H! xg1 W be the
space of all equivalence classes in H!(B) x W under the following equivalence
relation: (p}, w;) € H(B) x W is equivalent to the pair (pi, ws) if, and only
if, there is g' € GL(n, IR) such that R, (p1) = (p3) and wy = £z1)-1wy. The
space £(W) defined this way is called the associated bundle of H' (B) with the
typical fibre W. Each equivalent class {(p, w)} defines a geometric quantity of
type W.

A local section s : U C B—E(W) (a field of quantities of type W) induces
a function s* : H!'(B)—W such that given some frame p! with 7'(p') € U the

equivalence class

This, in turn, implies that

s (R (p1)) = Lg1)-1 (s5(0")) (7.2)

for every linear frame p! and any g! € GL(n, IR).

continuous symmetry group the presence of non-zero torsion (respectively non-zero inhomo-
geneity tensor) reflects only the ”wrong” choice of reference crystals. On the other hand, if
the material body is genuinely inhomogeneous - and the torsion of any material connection
does not vanish - the question of finding the material configuration possessing the prescribed
geometric characteristics arises in the context of finding the distribution of internal stresses
due to a given arrangement of imperfections. This in turn relates to the boundary-value

problem for a sample with continuously distributed defects.
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Let M!(B) be a material structure of the simple elastic body B with the
isotropy group G C G!, or in general, just a reduction of H'(B) to the group
g.

Definition 7.1 The local characteristic field of the structure M*(B),
with G' as its structure group, is a local section s of some associated bundle
E(W) such that G is the mazimal group for which

sHE (sF(0Y)lg" € G = M (B)lm ) (7.3)

for any pt € MY(B)|y, and such that there exists a section v : U C B—H!(B)
on the image of which s' is constant. In particular, if the characteristic field
is such that the orbits {L41(s*(p'))|gt € G} are singletons then it is called the

characteristic object.

We say that the given material structure admits a characteristic field
if for every X € B there exists a neighbourhood & C B admitting a local

characteristic field.

The name ”characteristic” is justified by the observation that given the
characteristic object of some reduced bundle M (B) the relation (7.3) is sat-
isfied for any closed subgroup of its structure (isotropy) group. We should
note here that we do not know whether every reduction of the bundle of linear
frames to a subgroup of its structure group possesses a characteristic object as
defined in Definition 7.1. However, as we have mentioned in Chapter 4, every
reduction of H'(B) to G C G' possesses a characteristic field in the general-
ized sense, namely, the section of the associated bundle H!(B) xg1 G!/G. The
characteristic object of any reduced bundle is its structure group. Such an
object always exists but, from our point of view, is not particularly useful. We

also realize that in general, a given characteristic field may not be unique as
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it is observed in the case of a k- dimensional differential distribution. If, how-
ever, M!(B) admits the characteristic object s then such an object is globally
defined, i.e., s is a global section of £(W) as easily attested by its definition.

The importance of characteristic fields of material structures, in particu-
lar, characteristic objects lies in the fact that they provide convenient criteria
for the local flatness (integrability) of these structures. Indeed, one can prove

that:

Proposition 7.1  Let M1 (B) be a material structure and let G be its struc-
ture (isotropy) group. Suppose that s : B—E(W) is its characteristic object.
Then, MY (B) is locally flat if, and only if, for every X € B there exists a
neighbourhood U(X) and a coordinate map 3 : U(X)—IR" such that 3(X) =0

and s* o j1 37 is constant on U(X).

Proof. Obviously, if M!(B) is locally flat then there exists a coordinate
map ( the jet extension of which is a section of this structure. The existence
of the characteristic object of M?!(B) renders that s* o j13~1 is constant.
Conversely, if there is a coordinate map [ such that s* o j15~! is constant
then, due to the maximality of the group G (see Definition 7.1), j'371 is a
section of M (B) proving that the structure is locally flat. &

To show how this fact can be utilized to determine whether a particu-
lar material structure is locally homogeneous let us consider some particular
structures. We start by looking at the so-called elastic fluid, i.e., a uniform
elastic material the typical symmetry group of which is the special linear group
SL(3, IR). The characteristic object of such a structure is a volume form, i.e., a
nowhere zero maximal exterior differential form on B. As it is well known (cf.,
Moser [Mo]) any two volume forms on a closed connected manifold which yield
the same total volume can be transformed into each other by the pull-back
of a diffeomorphism of B. This proves that any SL(n, IR) based structure is

locally flat warranting the following statement:
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Corollary 7.1  Every uniform elastic fluid body is always locally homoge-

neous.

Now, we turn our attention for a moment to the isotropic solid, i.e., a
uniform elastic body such that there exists a material reference relative to
which the typical symmetry group is the proper orthogonal group of IR, i.c.,
SO(3, IR). The characteristic object of this structure is a Riemannian metric
on B, being the pull-back of the cartesian inner product of IR* through the
undistorted chart, and a Riemannian volume element. As the Riemannian
volume element is parallel with respect to any Riemannian parallel transport
(cf., Poor [Po]) and as in 3-dimensions the Riemannian curvature tensor is

proportional to the Ricci tensor one gets that:

Corollary 7.2 (cf., Wang [W]) A uniform isotropic elastic solid body is
locally homogeneous if, and only if, the Ricci tensor of its intrinsic (material)

metric vanishes.

The last example in this category , we consider here, is the so-called
transversely isotropic elastic solid. This is an isotropic elastic solid with the
intrinsic smooth field of unit vectors, say e : B—TB.32 The typical symmetry
group of this material is the SO(1, IR) x SO(2, IR) group. It defines a Rie-
mannian metric and an orientation (Riemannian volume element) on B. This
Riemannian structure (called sometimes the associated Riemannian metric) is
often viewed (cf., Poor [Po]) as an embedded SO(2, IR)-structure. It is obvious
that the characteristic object of such a structure is the associated Riemannian
metric, its volume element and the distribution e. It can be shown (cf., Chern

[Ch]) - and we rephrase it for our needs - that:

Corollary 7.3  The transversely isotropic uniform elastic body is locally

homogeneous if, and only if, its associated Riemanian metric is locally flat,

32 provided B admits such a global section.
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and the intrinsic vector field e is materially constant33.

As examples of material structures which do not admit any characteristic
object, but only the characteristic fields, one could take the anisotropic elastic
fluid crystal of the first and the second type. These are uniform elastic fluid
structures possessing at each material point some intrinsic orientation given
respectively by a fixed line or a fixed plain in the tangent space of the body.
The characteristic fields they admit are the corresponding 1-forms defining the

distributions. The Frobenius theorem implies that:

Corollary 7.4 Every uniform elastic fluid of the first type is locally homo-
geneous while, an elastic fluid crystal of the second type is locally homogeneous

only if its intrinsic 2- dimensional distribution is integrable.

As we have mentioned earlier and as evident from the examples we pre-
sented above the method of a characteristic object can only detect whether or
not the given material structure is locally homogeneous. In case it is, it does,
however, nighter tell how the homogeneous configurations look like nor how to
get from an arbitrary material reference to any homogeneous reference. This
is the reason why we present how searching through the variety of material
connections such an information can possibly be extracted. To this end let us
suppose that w! represents some material connection of the material structure
MY(B). Let G denote its structure (isotropy) group and b its Lie algebra.
Suppose also that 7 is a h- valued 1-form on M!(B). Invoking Proposition
5.2 and utilizing the first Bianchi identity (see e.g., Sternberg [S]) and the fact

that every material connection is curvature-free we can easily conclude that:

Proposition 7.2 (¢f., Elzanowski and Prishepionok [EP1])  Given the IR®-

valued torsion form ©, w' + 7 is a material connection with the torsion © if

33 eis covariantly constant (holonomic) with respect to the induced Levi-Civita connec-

tion, i.e., the connection on the associated bundle T induced by the Riemannian connec-

tion on Hl(B), (cf., Poor [Po]).
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DaT+1TAT=0 (7.4)

and

D0 +7N0' =0 (7.5)

where D1 denotes the covariant derivative of w' and A is the exterior product

of differential forms.

Moreover, if g is a smooth (local) gauge by the group G (see Chapter
5) then, the material connections w! and w! + 7 satisfy Eqn. (5.5). This,
through rather straightforward calculations, leads to the following equation

for the form 7:

7 =ad(o Hw' +5°(¢) — w. (7.6)

The definitions of the covariant derivative and the torsion form, and Eqn.
(7.5), yield that by gauging the material connection w! by the group G one

obtains a new material connection w! + 7 the torsion of which is given by

O = (ad(o™ Hw! + () A O + db’*. (7.7)

As every material connection is a pure SL(3, IR)-gauge, i.e., it is locally
defined by a section, say [!, into the reduction of the holonomic frame bundle
H!(B) to the special linear group the new connection w! + 7 is then locally
defined by a section such that for every X in its domain s'(X) = R,x) I (X).
Given the torsion of the new material connection the inducing section s', if it

exists, can be found from
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0 = (s)"ld(s' A Y (7.8)

where s! is viewed as being G- valued.?* Tt is now evident that s' is a homo-

geneous material section if, and only if, © vanishes.

Now, let the body B be equipped with the coordinate system {x!,x? x3}
and let the material reference [*(x!) = (x/, al (x!)) be given. Choosing a basis in
GL(3, IR) and recalling the form of the Christoffel symbols Fé p (Eqn. (5.29))
one obtains that the new material connection w! + 7 is torsion-free if there

exists a G-valued gauge g§ (x*) such that

- Oak Ogk “0al . OgF
—1yi 7 J ro_ —1yi % J n
((a )] axn )gr 6Xn ((a )J aXT )gn axr :

(7.9)

Solving this system of partial differential equations for g§ in a particular matrix
group (corresponding to G) may answer explicitly the homogeneity question.
This is usually done at the expense of going through rather tedious if not
sometimes quite impossible calculations. On the other hand this method can
sometimes be rather effective.

To make this point clear let us look again at the uniform elastic fluid body.
We showed earlier (Corollary 7.1) that it is always locally homogeneous. Let
us now assume, without loss of generality, that we place the body B in an
"incompressible” material reference ['. Then, g = (I!)~! is an admissible
gauge bringing the body into a homogeneous reference. In general, as it is

easy to see, s' is homogeneous if, and only if, it can be obtained from [! by

34 This can be easily achieved by choosing some local trivialization of M (B) (not neces-
sarily material) and so identifying the fibers with the structure group. Such an identification
enables one to represent the connection form of any integrable G-connection as (5 1)_1d51

(see Eqn. (5.29)).
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. . k
the gauge transformation gj = (= %fj where ¥ is any smooth volume

preserving IR3-valued function on B.

Finally, let us consider again the anisotropic elastic fluid crystals of the
first and the second type. The typical material symmetry groups of these
material structures are the maximal parabolic subgroups of SL(n, IR), i.e., the
groups IP1 and IP5 the elements of which can be represented by the following

matrices:

gl gt g gl gt g
Pr=|0 g} gi|, Px=|gl g3 g3 (7.10)
0 g g 0 0 g

It should be noted here that the flatness (local homogeneity) of a material
structure depends not only on the form of its isotropy group but also on the
availability of material references. This is to say that in order to establish
whether a particular uniform material body is locally homogeneous one needs
to determine the form of its typical material symmetry group but also the
admissibility of local material configurations. This may be important for the
technical reasons also. In the case of an anisotropic fluid crystal it is, however,
possible to show (see Elzanowski and Prishepionok [EP1]) using the so-called
Bruhat decomposition of linear connected semi-simple groups (cf., Warner
[Wr]) that one can always place a neighbourhood of a material point in a
material reference represented by the following lover-triangular subgroups of

SL(n, IR). Namely,

N, = N, = (7.11)

< >
O = O
—_ o O
> O
<> — O
—_ o O

for the IP; and IP5 structures, respectively, where A and ¢ are arbitrary smooth

real-valued functions. Therefore, in the case of the first type elastic fluid
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crystal, starting from the INj-configuration one gets from the system (7.9),
through tedious but elementary calculations, that the gauge gé leads to a

homogeneous reference if, and only if,

(¢l
1_ 77 12
8i = 5 (7.12)
for any real-valued function ¢ on B and

o\ o\
gt = AR + [ (el — shgy)ax (7.130)

oY 09
e = AU ) + [ (6l o — sk g)ax (7.130)

for k = 2,3. The functions ¢ and A’s can now be chosen so as to have a
volume preserving gauge.

In contrast, starting from a INs-configuration of a uniform elastic fluid
crystal of the second type one arrives at the following condition, both for the

initial configuration and the gauge g}:

o\ oY o\ 09
g%@—l—g%@:g%@—kg%@. (7.14)

A simple change of coordinates shows that the above equation may have a
solution only if % = %. Incidently, a INi-material reference is a homoge-
neous configuration only if it is x? and x® independent while only a constant

IN 5-configuration is homogeneous.
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