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Abstract The notion of the stress space, introduced by Schaefer [14], and further
developed by Kr̈oner [7] in the context of materials free of defects, is revisited. The
comparison between the Geometric Theory of Material Inhomogeneities and the
Stress Space approach is discussed. It is shown how to extend Kröner’s approach to
the case of the material body with inhomogeneities (defects).

1 Introduction

The work presented in this note is a continuation of the earlier work by Ciancioet
al [3]. Its main objective is to investigate the relation between the Geometric Theory
of Material Inhomogeneities (Epstein and Elżanowski [4], Wang and Truesdell [16])
and the description of the continuous distribution of defects based on the concepts
of the intermediate configuration and the stress space (Bilby [2], Kröner [6], [7],
Lee [9], Stojanovic [15]).

We are particularly interested in describing effectively the residual stresses as-
sociated with the presence of material inhomogeneities (defects). To this end, we
employ the Bilby-Kr̈oner-Lee multiplicative decomposition of the deformation gra-
dient (and the concept of the intermediate configuration) as well as the notions of
the stress and strain spaces of Schaefer [14] and Kröner [7]. Using the language
of modern Differential Geometry we show that the multiplicative decomposition of
the deformation gradient, exemplifying the elasto-plastic material behavior, leads
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to the introduction of the uniformity tensor which plays the role similar to that of
the material isomorphism of the Geometric Theory of Material Inhomogeneities.
When discussing the role of the uniformity tensor, and its uniqueness, we show the
importance of the concept of the intermediate configuration.

In employing the notion of the stress space we follow Kröner’s idea (see Krö-
ner [7]) of the non-holonomic transformation between the spaces of strain and
stress. This allows us to introduce the residual stress metric, the Ricci tensor of
which is interpreted as the residual stress tensor. The said non-holonomic transfor-
mation, known as the residual stress function, represents a constitutive law relating
the residual stress to the material strain of the intermediate configuration of the inho-
mogeneous material body. We show how to reconcile the introduction of the residual
stress function with the existence of the uniformity tensor.

The paper has the following layout. In the next section we introduce the basic
notions of Continuum Mechanics and the Geometric Theory of Material Inhomo-
geneities. In Section 3 we discuss the Bilby-Kröner-Lee multiplicative decompo-
sition of the deformation gradient introducing the concept of the uniformity tensor
and the notion of the material strain. In Section 4 the construction of the stress space
is presented. The paper is concluded by a couple of examples in Section 5.

2 Hyperelastic unifomity

We start by reviewing some basic concepts of Continuum Mechanics and the Ge-
ometric Theory of Material Inhomogeneities restricting our presentation to hypere-
lastic materials only.

2.1 Configurations and the Cauchy metric

In Continuum Mechanics thematerial body is usually represented by a connected
3-dimensional smooth oriented manifoldM with a piece-wise smooth boundary
∂M. However, as the issues discussed in this paper are of the local nature only,
it is sufficient to considerM as a connected, open domain inR3 with coordinates
{XI}, I = 1,2,3. We assume that thephysical spaceour body is placed in is the
3-dimensional Euclidean vector spaceE3 equipped with the (flat) Euclidean metric
h. Given a global Cartesian coordinate system{xi}, i = 1,2,3, in E3, de facto al-
lowing us to identifyE3 with R3, the metrich takes the formhi j dxidxj where the
standard summation convention is enforced. Aconfiguration of the bodyM, often
called itsplacement, is an (differentiable) embeddingφ : M→R3. Its deformation
gradient at a pointX ∈M is a linear isomorphism from the tangent spaceTXM into
the tangent spaceTφ(X)R3. Namely,

F(X)≡ φ∗(X) : TXM → Tφ(X)R3, (1)
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whereφ∗ denotes the tangent map ofφ . The deformation gradient at a material point,
sayY ∈ M, is represented (in the given coordinates systems onM andE3) by the
non-singular matrix of partial derivatives ofφ , that is,

F i
I (Y) =

∂φ i

∂XI (Y)≡ φ
i
,I (Y), (2)

whereφ i(X1,X2,X3) = xi , i = 1,2,3. The material equivalence of the special metric
h, relative to the placementφ the body is at, is the rightCauchy-Green defor-
mation tensor C obtained by the pull-back of the Euclidean metrich to the body
manifoldM. That is,

C≡ φ
∗h, (3)

whereφ ∗ denotes the pull-back map. The matrixCIJ = hi j φ
i
,I φ

j
,J evaluated at the

pointX is the coordinate representation of the tensorC.

2.2 Material uniformity

Recall, that the material is calledhyperelastic if its constitutive response is com-
pletely determined by a single scalar-valued function, sayW, called theelastic en-
ergy density (per unit reference volumeυ0

1). We assume thatW is a function of a
material point and the deformation gradient at this point, that is,W = W(X,F(X)).

The material bodyM is considereduniform if it is made of the same material at
all points. In mathematical terms, this means that for any pair of material points, say
X andY, there exists a linear isomorphism, referred to as amaterial isomorphism

KY
X : TXM → TYM, (4)

between the corresponding tangent spaces such that

W(Y,F(Y))KY
X
∗
dυ0(Y) = W(X,F(Y)KY

X)dυ0(X) (5)

holds for all possible deformation gradientsF, whereKY
X
∗ denotes the pullback of a

3-form by the mappingKY
X . Equivalently, the material body is considered uniform,

if there exist material isomorphisms

PX : TX0M → TXM, (6)

called theimplants, from a fixed pointX0 ∈ M to every pointX ∈ M such that
KY

X = PY ◦P−1
X and the equation (5) holds. The said fixed pointX0 can be arbitrarily

chosen. In fact, it is often convenient to think about its tangent spaceTX0M as a

1 Although we do not explicitly utilize here the concept of the reference configuration, we assume
that assigning coordinates to the body manifoldM ⊂ R3 is equivalent to selecting its reference
configuration; see Epstein and Elżanowski [4].
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standing alone vector spaceV with the orthogonal frame{ei}, i = 1,2,3, and its
own metric being the the Euclidean (flat) metrich at the origin.

Having the implantsPX available we can “pull-back” the Euclidean volume ele-
ment of thearchetypeV to the material manifoldM. Indeed, let

υP(X)≡ P−1
X (e1∧e2∧e3) (7)

and letJP : M → R be a real-valued function such that

υP(X) = JP(X)υ0(X) (8)

at everyX ∈M. LetGL(V) be the group of all linear automorphism of the archetype
V and define a real-valued function̂W : M×GL(V)→ R by

Ŵ(X,A)≡ J−1
P (X)W(X,AP−1

X ), (9)

for all X ∈M and anyA ∈GL(V). It should now be easy to see that the uniformity
condition (5) is equivalent to

Ŵ(X,A) = Ŵ(Y,A) (10)

for all A ∈GL(V) and any pair of material pointsX andY. In other words, the ma-
terial bodyM is uniform if its archetypical energy densityfunctionŴ is material
point independent. Consequently, the strain energy density function of the uniform
material bodyM is such that

W(X,F(X)) = JP(X)Ŵ(F(X)PX) (11)

for any (non-singular) deformation gradientF and some archetypical energy func-
tion Ŵ obeying the relation (10). For the clarity and the simplicity of our presenta-
tion we assume here that that archetypical energyŴ has the trivial isotropy group2.

2.3 Material connections

It is normally assumed that the material isomorphisms, consequently the implants,
are locally smoothly distributed onM. This implies that the materially uniform body
M can be equipped with the (locally smooth) global materialuniform frame field

pJ(X)≡ PX(eJ) = PI
J

∂

∂XI , I = 1,2,3. (12)

2 Note, that if the isotropy group of̂W is nontrivial the material implantsPX are not necessar-
ily uniquely defined. Indeed, suppose that the archetypical energy functionŴ has a continuous
isotropy group, sayG⊂ GL(V). Then, given an implantPX , PXG is also an implant as long as
G ∈G, Epstein and Elżanowski [4].
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The material isomorphismsKY
X , or equivalently the material implantsPX, establish a

long distance parallelism onM asKY
X(pJ(X))= pJ(Y), j = 1,2,3. Such a parallelism

defines amaterial connection, sayω, the curvature of which vanishes identically.
Indeed, as evident from the definition of the global uniform frame field (12), the
corresponding parallel transport is curve independent. The torsion of the connection
ω provides the measure of the non-integrability of the material frame fieldpJ, J =
1,2,3. This, in turn, is accepted as a “measure” of the localnon-homogeneityof
the given material body. More precisely, the hyperelastic bodyM, as defined by
the strain energy density functionW, is considered locallyhomogeneousprovided
there exists3 a material connectionω such that its torsion vanishes identically.

As we have mentioned earlier, the implant maps induce the uniform material
frame field (12). They also induce the correspondinguniform material metric g
defined by the pull-back of the Euclidean metric of the archetype. That is,

g≡ P−1
X

∗
h (13)

or
gIJ = (P−1

X )K
I (P−1

X )L
JhKL (14)

in the corresponding local coordinate systems. The availability of the metricgallows
one to consider the corresponding Levi-Civita connectionωg, that is the connection
in which the material frame fieldpI , I = 1,2,3, is parallel andg-orthonormal. It can
be shown that the curvature of the connectionωg is defined by the torsion of the
material connectionω, Wang and Truesdell [16].

3 The multiplicative decomposition of the deformation gradient

In this section we will look at the uniformity and the homogeneity of a material body
from a somewhat different perspective, that is, using the concept of an intermedi-
ate configuration. To this end, suppose that we are given the material bodyM in a
configurationφ : M → R3. Its deformation gradientF can be viewed as a two-point
tensor field onM, i.e., the tangent bundle mappingφ∗ : TM → TR3 over the base
mapping (configuration)φ : M → R3. Let

F = FeFp (15)

be the Bilby-Kr̈oner-Lee multiplicative decomposition (BKL-decomposition, in
short) of the deformation gradient whereFe is understood as the elastic part of

3 If the isotropy groupG of the archetypical energy function̂W is nontrivial and continuous, dif-
ferent material parallelisms, and different material connections are possible, all gauged by the
isotropy groupG. However, if the isotropy groupG is discrete the corresponding material connec-
tion is unique, as implied by the local smoothness of the distribution of implants. In this instance
and, in particular, when the groupG is trivial, the torsion ofω may be considered the true measure
of the local non-homogeneity, Epstein and Elżanowski [4].
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the deformation gradient whileFp is its inelastic (plastic) component (see for ex-
ample Bilby [2], Kr̈oner [6] and Lee [9]). Assume, that every time the deformation
gradient of a material configuration is available4 we have means of identifying its
BKL-decomposition. Interpreting the relation (15) as the composition of (tangent)
bundle maps it is only natural (at least from the mathematical stand point) to con-
sider theintermediate configuration φ̂ : M → R3 as the base map for the bundle
mapFp. Indeed, ifFe andFp are to represent bundle maps one is required to intro-
duce a configuration̂φ , which we assume to be a (differential) embedding, such that
the composition

ψ̂ ≡ φ ◦ φ̂
−1 (16)

is well defined and the bundle mapsFe andFp are based over̂ψ andφ̂ , as illustrated
by the following diagram

TM
Fp

−−−−→ Tφ̂(M) Fe

−−−−→ Tφ(M)y y y
M

φ̂−−−−→ φ̂(M)
ψ̂−−−−→ φ(M)

Thus, given the material pointX ∈M, Fp(X) ∈ T
φ̂(X)R

3 while Fe(φ̂(X)) ∈ Tφ(X)R3.

Realize that despite the fact that the deformation gradientF is the tangent map of its
base mapping (configuration)φ , the elements of the BKL-decomposition (15) are,
in general, nonintegrable. That is, the inelastic partFp is not necessarily the tangent
map of the intermediate configuration5 φ̂ and the elastic partFe is not the gradient
of its base map̂ψ. Still, both elements of the BKL-decomposition, viewed as the
bundle maps, are based over the corresponding base mapsφ̂ andψ̂. All that implies
that there exists a tangent bundle mapD : TM→ TM, over the identity map ofM,
such that

Fp = φ̂∗ ◦D (17)

and
Fe = φ∗ ◦ (φ̂∗ ◦D)−1. (18)

We shall call the tensorD theuniformity tensor . Note thatD, when evaluated at a
material point, sayX, is effectively the implant map (6). Indeed, given the material
point X ∈ M the BKL-decomposition can be presented, using the language of the
Geometric Theory of Material Inhomogeneities, asFe = FPX andFp = PX

−1, where
PX denotes the corresponding material isomorphism from the fixed material point
X0 (or the archetypeV) to X; see for example Maugin and Epstein [12]. Invoking

4 The strain tensor may be a better measure of the deformation, see Remark 1
5 It is often argued that the (inelastic) intermediate configurationφ̂ is defined uniquely by the
material and the history of the deformation leading to the current configurationφ . See Lee and
Agah-Tehrani [10] where the relaxation (unloading) of the material to the intermediate configura-
tion is discussed.
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the Euclidean parallelism inR3, which allows us to viewPX as a map fromTXM to
itself with PX0 = I , we can equate the uniformity tensorD(X) with P−1

X .
It seems that the BKL-decomposition of the deformation gradientF and the inter-

mediate configuration̂φ define completely6 the uniformity structure of the material.
Note however that given the deformation gradientF its BKL-decomposition is not
necessarily uniquely defined. Indeed, replace the configurationφ̂ with φ̃ = β ◦ φ̂ ,
whereβ is a diffeomorphism of the physical spaceE3 (or simply a change of its co-
ordinate system). Then, the plastic part of the deformation gradient corresponding
to the new intermediate configuratioñφ is given by

Fp
β

= β∗ ◦Fp (19)

subsequently changing the form of the elastic part. The tensorD is not affected,
however, by such a change of the intermediate configuration. On the other hand, if
the intermediate configuration̂φ gets replaced bŷφ ◦α, whereα can be interpreted,
using the language of the Geometric Theory of Material Inhomogeneities, as the
change of the archetypeV7, then all the elements of the BKL-decomposition do
change. Indeed, the new uniformity tensor

Dα = α
−1
∗ ◦D◦α∗ (20)

and the new inelastic part of the deformation gradient is

Fp
α = Fp◦α∗. (21)

Once the uniformity tensorD is available the uniform material metricg, (13), can
be represented as

gKM = DI
KDJ

MhIJ . (22)

The metricg is, in general, not flat. Hence, the corresponding material Levi-Civita
connectionωg has non-vanishing curvature. On the other hand, the vanishing of the
curvature tensor, sayRg, of the connectionωg, or equivalently its Ricci tensorRcg,
implies the flatness of the metricg, Kobayashi and Nomizu [5]. The flatness of the
material metric should be viewed as the indication of the local material homogene-
ity. In fact, when the metricg is flat, one is allowed to select the uniformity tensor
D as the identityI rendering the choice of the intermediate configurationφ̂ arbitrary
and the BKL-decomposition integrable.

Remark 1.The commonly used measure of the deformation of a material body, par-
ticularly well suited for the theory of the small deformations, is thestrain tensor

E =
1
2

ln(h−1C)∼=
1
2

h−1(C−h) (23)

6 See also Ciancioet al. [3].
7 See Epstein and Elżanowski [4] for the discussion of this point.



96 Serge Preston and Marek Elżanowski

comparing the metric of the deformed stateφ and the metric of the undeformed (ref-
erence) state, Marsden and Hughes [11]. Utilizing this measure of the deformation
the inelastic strain of the BKL-decomposition takes the form

Ep =
1
2

ln(h−1DĈDT)∼=
1
2

h−1(DĈDT −h) (24)

where

Ep
in =

1
2

ln(h−1Ĉ)∼=
1
2

h−1(Ĉ−h) (25)

is its integrable part,DT denotes the transpose, and the coordinate representation of
the Cauchy-Green tensor of the intermediate configurationĈ≡ φ̂ ∗h is given by

ĈIJ = hi j φ̂
i
,I φ̂

j
,J. (26)

In this framework thematerial strain

Em =
1
2

ln(h−1DhDT)∼=
1
2

h−1(DhDT −h) (27)

may be viewed as a measure of inhomogeneity of a material.

4 The stress space

We are now ready to present the construction of the stress space of Stojanovic [15]
and Kr̈oner [7] modified to encompass inhomogeneous materials. First, let us as-
sume that the linear isomorphism

F : T∗M → TM, (28)

relating the covariant and contravariant tensor fields on the body manifoldM, is
given8. We shall call the isomorphismF the residual stress functionand use it
to pull back the kinematic objects, such as deformation or strain, from the tangent
spaceTM to the cotangent bundleT∗M, establishing this way thestress space. In
particular, let

θ ≡ F∗h (29)

be theresidual stress metriconT∗M corresponding to the intrinsic (flat) Euclidean
metrich of the body manifoldM. Although the metrich is flat, the stress metricθ
is, in general, not flat, unless the isomorphismF is holonomic. Denote byωθ the
Levi-Civita connection of the metricθ and letRθ be its Riemannian curvature ten-
sor. Finally, letRcθ be the corresponding Ricci tensor andRθ its scalar curvature.
Following Kröner’s lead, let us postulate that theresidual stressmeasured at the

8 This should be viewed as an additional constitutive postulate we will try to reconcile later with
the previously made assumptions leading to the introduction of the uniformity tensorD.
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intermediate (unloaded) configuration̂φ is represented by the Ricci tensorRcθ of
the Levi-Civita connectionωθ . If, in addition, we assume that the isomorphismF is
such that the Levi-Civita connectionωθ has constant scalar curvatureRθ , then the
first Bianchi identity (∇θ Rθ = 0, where∇θ denotes the covaraint derivative of the
connectionθ ) implies, as often postulated in the literature (see Kröner [7], Mino-
gawa [13], Stojanovic [15]), that the residual stresses are self-equilibrated, that is,
that

divθ Rcθ = 0 (30)

where divθ denotes the covariant divergence.

Remark 2.The Einstein tensor

Eθ ≡ Rcθ −
Rθ

2
θ , (31)

rather than the Ricci tensorRcθ , is the geometric object which in dimension 3 is
always the covariant divergence free, Besse [1]. However, in dimension 2, as the
Einstein tensor is identically zero, the Ricci tensor becomes its natural substitute. It
is not self-equilibrated but the vanishing of its covariant divergence is equivalent, as
we mentioned earlier, to postulating that the scalar curvatureRθ is constant.

Having the residual stress defined by the Ricci tensorRcθ , we are now in the
position to look again at the constitutive assumption (28) that there exists a linear
transformation relating the material tangent and cotangent spaces. But first, viewing
the material strain as the natural counter part of the residual stress, let us postulate
that

Em =
1
2
F∗Rcθ . (32)

For this definition to be consistent with the earlier definition of the material strain
tensor (27) the material metricg, as given by the equation (22), must obey the fol-
lowing relation:

g = hexp(Em) = hexp(F∗Rcθ ). (33)

In other words, postulating the above relation (32), between the residual stress and
the material strain, we de facto assume that given the intermediate configurationφ̂

and the uniformity tensorD there exists an isomorphismF such that

ln(DDTh−1) = F∗Rcθ (34)

whereθ = F∗h. Conversely, given the constitutive isomorphismF the stress metric
θ defines the stress space and the uniformity tensorD is given (up to an isometry
of the metrich) by the equation (34). The relation (32), between the Ricci (residual
stress) tensorRc and the material strain tensorEm, plays the role of the Hooke’s law
of the linear elasticity. When presented in coordinates, it takes the form

Em
KJ = FM

K FN
J RcMN (35)
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where the tensorFM
K FN

J may be viewed as an (inelastic) analog of the material mod-
ula. Following this line of thought, we may want to replace the constitutive isomor-
phismF by a more general linear isomorphismϒ between the bundles of covariant
(0,2)-tensors on the tangent and cotangent spaces of the body manifoldM. Indeed,
given the isomorphism

ϒ : S2(T∗M)→ S2(TM), (36)

whereS2(·) denotes the bundle of covariant symmetric(0,2)-tensors, the stress met-
ric θ = ϒ−1h and the material strain

Em
KL = ϒ

IJ
KLRcIJ , (37)

while the uniformity tensorD is such that

ln(DDTh−1) = ϒ Rcθ . (38)

Note that the existence of the isomorphismϒ implies the existence of the isomor-
phismF as its base map.

5 Examples

We present here two simple examples of the stress space and the objects associated
with it.

Example 1.Einstein metric
Consider a test case when the stress metricθ is the Einstein metric in dimension 3,
that is, when

Rcθ =
Rθ

3
θ . (39)

In such a stress space the uniform material metricg, the uniformity tensorD, and
the material strainEm are given by:

g = e
Rθ

3 h,

D = e
Rθ

6 h, (40)

Em = e
Rθ

6 h.

Example 2.Isotropic material
Consider the material isomorphismϒ such that the tensor

ϒ
KL

IJ =− λ

2µ(3λ +2µ)
hIJhKL +

1
2µ

δ
K
I δ

L
J . (41)

It can be interpreted as the inverse elasticity tensor of an isotropic material with the
inhomogeneous Lame constantsλ andµ, Landau and Lifshitz [8]. The correspond-
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ing residual stress metricθ is conformally equivalent to the metrich, that is, given
a material pointX

θ(X) = ϒ
−1h(X) =

1
3K(X)

h, (42)

whereK(X) = µ(X)+ 2
3λ (X) is the inhomogeneous bulk module. The Levi-Civita

connection ofθ has the Christoffel symbols given by

Γ
i

JL = δ
I
JN,L +δ

I
LN,J−hIShJLN,S (43)

whereN(X)≡−1
2 ln(3K(X)). Hence, the Ricci tensorRcθ is represented by a ma-

trix with coordinates:

RcKL = N,KL−3N,KN,L +[||dN||2−4N]hKL, (44)

Besse [1]. This, in turn, implies that the material strain (37) has the following rep-
resentation:

Em
IJ =− λ

18K2µ
Rθ hIJ +

1
6Kµ

RcIJ . (45)

One may view this relation as the residual stress analog of the (linear) Hooke’s law
for an isotropic material.
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