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What is HDG? UF L08R T5A

e Hybridizable DG methods (HDG) were discovered in

> [Cockburn, G., Lazarov, 2009] “Unified hybridization of DG, mixed, and CG
methods for second order elliptic problems”, SINUM.

» Many authors analyzed HDG, and extended to various applications.

@ This talk is on an HDG method for Stokes flow:

> [Cockburn, & G., 2009] “The derivation of hybridizable discontinuous
Galerkin methods for Stokes flow”, SINUM.
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Stokes System ml‘umvmsxn of

—Au+gradp =f, on Q,
divu = 07 on Q,
u=0, on 99.

Since —Au = curlcurlu — grad div u, the Stokes equations can be
rewritten using vorticity w:

w —curlu=0, on Q.
curlw +gradp =f, on Q,
divu = 07 on Q
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Velocity-vorticity formulation UF BUSRIA

w—curlu=0 = (w, 7)o — (u,curlT)g =0
curlw+gradp=f = (v,curlw)q = (v,f)o
divu=0 = (imposed in the space).

w,T € H(curl)
u,v e {ve H(div): divv=0, v-n|sa=0}.
Known approaches:

@ Use stream function [Girault & Raviart, 1986]
@ Use a double hybridization [Cockburn & G., 2000]
e Use DG [Carrero, Cockburn, Schotzau, 2006]

This talk’s approach: hybrid DG
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DG methods UF kit

w—curlu=0 =
(wh, T)k — (up,curl T)k + (Up, N X T)gx = 0,
curlw+gradp=f —
(wh,curlv) ik + (@Wh, v X Yok — (pr, divv)k + (P, v - Mok = (F,v)k,
divu=0 =
—(up, grad q)k + (Up - n, q)ok =0,

e Numerical traces: u, x n, wy, xn, p, Uy XN
o Element spaces: wp, 7 € W(K), upveV(K), pnqgeP(K).

Various DG methods are obtained by prescribing various numerical traces
and element spaces.
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HDG method UF B 6RiA

Q: Are there choices of numerical traces u, X n, Wy, XN, pp, U, XN
that yield a hybridizable method?  A: (our main result) Yes!
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HDG method UF 58

Q: Are there choices of numerical traces U, X n, Wy X n, pp, U, XN

that yield a hybridizable method?  A: (our main result)

(ah)t:<r:(wt)_f+ﬁ(w;) >+<T+T> [y  n].

T¢ —I—Tt —I—T

+
(iih)e :(Tt (Uhthi:Z Uh) > < - > [n x wil,
+
(@) =) j; )+ <T — ) [en ol
@ [---] — jump, (-)¢ — tangential, (:), — normal

o K>
@ 7,7, — two stabilization parameters

@ =+ indicate values from adjacent elements K*.
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Solvability UF S aatn

Theorem
Assume that T; and T, are positive everywhere. Assume also that

curl V(K) © W(K),
grad P(K) C V(K),
div V(K) € P(K),

for every element K € Q. Then there is one and only one (wp, up, pp)
satisfying the equations of the method (including the numerical trace
expressions and boundary conditions).

If W(K), V(K), P(K) are set to polynomials of degree dw, dv, dp, resp., then for any
k > 1, we may choose (dw, dv, dp) to

(k, k—1, k), (k+1, k—1, k),

(k, Kk, k), (k+1, Kk k),
(k, k+1, k), (k+1, k+1, k).

(k—1, k-1, k),
(kila ka k)7
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TransmiSSion conditions ml‘umvlmsrn( of

There are 4 transmission conditions for Stokes flow:
[w x n]= 0, [uxn] =0, [u-n] =0, [pn] = 0.

Hybridization strategy:

@ Pick two as unknowns, and find equations by the remaining two!

nknowns: u, X n prn
Type Léquafionss: Ghun] =0, [anon] =0
Type Il
Type IlI:
Type IV:
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Transmission conditions UF [FLORIDA
There are 4 transmission conditions for Stokes flow:
[w x n]= 0, [uxn] =0, [u-n] =0, [pn] = 0.

Hybridization strategy:

@ Pick two as unknowns, and find equations by the remaining two!

Type I:

Type I

Type Il
Type IV:
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Unknowns:
Equations:

Unknowns:
Equations:

ﬁhXI’I,
[&n x n] =0,

ﬁth,
[&n xn] =0,

PN
[Gr-n] =0
ﬁh -n
[prn] =0



Transmission conditions

UF [FLORIDA

There are 4 transmission conditions for Stokes flow:

[w x n]= 0,

[uxn] =0,

Hybridization strategy:

[u-n] =0,

[pn] = 0.

@ Pick two as unknowns, and find equations by the remaining two!

Type I:

Type I

Type IlI:

Type IV:
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Unknowns:
Equations:

Unknowns:
Equations:

Unknowns:
Equations:

ﬁhXI’I,
[&n x n] =0,

ﬁth,
[&on x n] =0,

(:\Jthl,
[up x n] =0,

Prn
[up-n] =0
ﬁh -n
[pnn] =0
/lih -n
[pnn] =0



Transmission conditions

UF [FLORIDA

There are 4 transmission conditions for Stokes flow:

[w x n]= 0,

[uxn] =0,

Hybridization strategy:

@ Pick two as unknowns, and find equations by the remaining two!

[u-n] =0,

[pn] = 0.

Type I:

Type I

Type IlI:

Type IV:

Discard the remaining two choices.
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Unknowns:
Equations:

Unknowns:
Equations:
Unknowns:
Equations:

Unknowns:
Equations:

ﬁhXI’I,
[&n x n] =0,
ﬁth,
[&n xn] =0,
(:\Jthl,
[up x n] =0,
a\)th,
[up x n] =0,

PN
[ -n] =0
ﬁh -n
[Bn] = 0
/lih -n
[en] = 0
PN
[[G,, : n]] =0



Results on Type | hybridization UF [ 5]15A

Unknowns: u, X n, Ppn

Type I: Equations: [&h x n] =0, [Gr-n] =0
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Results on Type | hybridization UF 1568 T5A

Unknowns: At p

Type : Equations: [&n x n] =0, [up-n] =0

@ The “Equations” give a uniquely solvable condensed system

A BY\ (A
(B C) ( p) =r.hus, (plus one eq. for mean(p))

with locally computable operators A, B, C, on appropriate piecewise
polynomial spaces on element interfaces.
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Results on Type | hybridization UF 1568 T5A
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@ The solution (A, p) gives the same numerical traces stated earlier.
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Results on Type | hybridization UF [FLORIDA

Tvoe |- Unknowns: At p
S Equations: [&n x n] =0, [up-n] =0

@ The “Equations” give a uniquely solvable condensed system

A BY\ (A
(B C) ( p) =r.hus, (plus one eq. for mean(p))

with locally computable operators A, B, C, on appropriate piecewise
polynomial spaces on element interfaces.
@ The solution (A, p) gives the same numerical traces stated earlier.
@ On any element K, all variables are recovered locally from (A, p) by:

( w—curlu=0 in K,
. curlw+gradp =f in K,
Solve for wy, up, pp using ) )
) o divu=0 in K,
the HDG discretization of
(u)r = A¢ on 0K,
p=p on OK.




Results on Type |l hybridization UF [#16RTBA

Unknowns: uy X n, U, n

Type IlI: Equations: [&h x n] =0, [Pen] =0
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UNIVERSITY of

Results on Type Il hybridization UF [FiORIDA

Unknowns: At An
Equations: [&n x n] =0, [prn] =0

Type II:

@ Local recovery from A = (A, A,) ?

w—curlu=0 in K,
. . curlw +gradp =f in K,
Solving for wy, up, pp using ) )
) L divu=0 in K,
the HDG discretization of
(u)r = A¢ on 0K,
(u)n =g on OK.

is possible only if

/ A-n=0 o
oK
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Results on Type Il hybridization UF 51 8855

Unknowns: At An
Equations: [&n x n] =0, [prn] =0

Type II:

@ Revised local solver:

w—curlu=20 in K,
curlw +gradp =f in K,
Solve for wy, up, pp using divu=0 in K,
the HDG discretization of
u=X\-— / A-n  on JK,
oK
mean(p) = p,

after solving a condensed system for (A, p):
Ay B3\ (A
(2 %) () =en
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Results on Type Il hybridization UF 51 8855

Unknowns: At An
Equations: [&n x n] =0, [prn] =0

Type II:

@ Revised local solver:

w—curlu=20 in K,
curlw +gradp =f in K,
Solve for wy, up, pp using divu=0 in K,
the HDG discretization of
u=X\-— / A-n  on JK,
oK
mean(p) = p,

after solving a condensed system for (A, p):

Ay B\ (A
(2 %) () =en

@ The solution A gives the same numerical traces stated earlier.
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Conclusion UF 51 8855

° - an HDG method for velocity-vorticity formulation of Stokes
flow.

o While it may appear that there are - ways to hybridize, all four
ways give the S8l global HDG method.

@ Proof of error estimates is an - question, as of now.
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