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ABSTRACT. This paper shows that the test spaces in discontinuous Petrov Galerkin (DPG)
methods can be reduced on rectangular elements without affecting unisolvency or rates of con-
vergences. One reduced case is obtained by decreasing the polynomial degree of a standard test
space in both coordinate directions by one. A further reduction of test space by almost another
full degree is possible if one is willing to implement a nonstandard test space. The error analysis
of such cases is based on an extension of the second Strang lemma and an interpretation of the
DPG method as a nonconforming method. The key technical ingredient in obtaining unisol-
vency is the identification of a discontinous piecewise polynomial on the element boundary that
is orthogonal to all continuous piecewise polynomials of one degree higher.

1. INTRODUCTION

The development of discontinuous Petrov Galerkin (DPG) methods [6, [7] opened an avenue
to construct methods whose stability is inherited from a residual minimization in a dual norm.
When the minimization is carried out in a discrete (or approximate) dual norm, discrete stability
depends on the choice of the finite dimensional spaces used. A few possible options for such
choices on rectangular meshes are the subject of this short note.

We consider the primal DPG method introduced in [8] applied to a model Dirichlet problem.
For triangular elements, it yields (a) an approximation wuy to the solution w of the Laplace
equation, which is of degree k, on each mesh element, and (b) an approximation to the flux ¢
which is of degree k4 on each mesh edge. The degrees k, and k, form the so-called “trial space”
degrees and the method’s convergence rates depend on them. In addition, the method uses a
discrete “test space,” on which the stability of the method depends. The variational equations
are imposed using these test functions, which are in a space Y, (K) on each mesh element K. In
the DPG method, these test functions have no interelement continuity constraints.

We are interested in making Y, (K') as small as we can, while maintaining stability and rates
of convergence. This has been the theme of at least two previous works. In the context of the
so-called “ultraweak” DPG formulation on simplicial meshes, this issue was studied in [5]. In the
context of the primal DPG method, which we shall be concerned with in this paper, the same
issue was studied in [1] for triangular meshes. In fact, this study can be viewed as a continuation
of [1] for rectangular element shapes. For the reader’s convenience, the comparable findings of [1]
are reproduced in Table |1l The table shows a comparison of a reference case (Case 1) with a
reduced test space case (Case 3). We see that while maintaining the degrees k, and k, (and
thus maintaining the same rate of convergence), it is possible to reduce the dimension of the
element test space Y, (K).

Key words and phrases. Discontinuous Petrov Galerkin, DPG method, Strang lemma, unisolvency,
quadrilateral.
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ky | kq dim Y3 (K) lu = unl g1 (o)
Case 1 of [1]: k+1] k| (k+3)(k+4)/2 O(h*+1)
Case 3 of [1], even k only: | k+ 1| k | (k+2)(k+3)/2 O(hF+1)
TABLE 1. Known results in the triangular case (k = 0)

Results of this paper are in the same spirit, but for rectangular elements. In this case, k,
represents the polynomial degree of u within each element in each coordinate. Precise definitions
of the involved spaces appear later, but to provide an immediate summary of the results proved
in later sections, we present Table

ke kq dim Yh(K) Hu - uhHHl(Q)
Case A | k+1|k+1| (k+4)? O(hF+1)
Case B|k+1| k (k +3)2 O(hF+1)
Case C | k+1| k |[(E+2)2+1 O(hF+1)
TABLE 2. Summary of the cases studied in this paper (k > 0) and the conver-

gence rate findings for rectangular elements

Comparing Tables [I] and [2| we observe a few interesting differences between the triangular
and rectangular cases. First, in the rectangular case, we are able to reduce the dimension of the
space Y;(K) more than in the triangular case without altering the provable convergence rates.
This requires the construction of a nonstandard polynomial test space, as we shall see. Second,
unlike the triangular case, there are no even-odd discrepancies in the results of the rectangular
case. The main new technical ingredient in this paper is motivated by the classical work of [12]
and involves the identification of a null space on the boundary of a square element. This gives
insight into a smaller test space that can be used without losing solvability.

We begin by describing the DPG method and the three cases of Table [2] precisely in Section [2
The motivation for the reduced degree cases becomes clearer in Section (3| where unisolvency of
the various cases is discussed. Section |4 proves that each of the three cases produces a numerical
approximation uj, that converges at the same rate. We conclude in Section [f| by reporting results
of numerical experiments that match the theory.

2. THREE CHOICES OF SPACES ON RECTANGULAR MESHES

We study the DPG approximation to the Dirichlet problem

—Au=f on {2, (1a)
u=0 on 0f2. (1b)

Here {2 is a bounded open Lipschitz polygon in R? that is meshed by (2, a geometrically
conforming, finite element mesh of rectangles. Note that since the boundary 042 is Lipschitz,
(2 is not on both sides of 0f2 at any point of df2. Let h = maxgeq, diam(K). We assume for
simplicity that all element sizes are comparable, i.e., there are fixed constants ¢; and co such
that c1h < diam(K) < coh for all K € §2;,. Finally, let 0(2;, denote the collection of all element
boundaries 0K for all elements K in {2,
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2.1. The formulation and the method. It is based on the following variational formula-
tion [4, 8]: Find (u,¢,) € Xo x X satisfying

(grad u, grad v) o, — (Gn,v)on, = (f,v)n,, YvEY, (2)
where
XO = H(%(“Q)v
Y = H' () = {v: vlx e H(K), VK e 2} = || H'(K),
Kef2y,

X = HV2(002,) = {n e [ [H'*(0K) : 3r e H(div,£2) such that
K

Nox =r-nlox, YKEe Qh}.

Here and elsewhere n denotes the unit outward normals on the boundary of mesh elements.
Above, the derivatives are calculated element by element, and we have used the following ab-
breviated notations for summing over mesh elements:
(7’, S)Qh = Z (7’, S)K) <€’ w>aﬂh = Z <£) w>1/2,5Ka
Kegy, Kefy,
where (-,)x denotes the L?(K)-inner product and (£, -) 5 55 denotes the action of a functional
¢ in H-'Y2(9K). The space X = H~12(042;,) is normed, as in [12], by
||fn\|X = inf{||r\|H(diV79) : r € H(div, §2) such that 7,|ox =7 -nlox VK € _Qh}. (3)
Throughout, all function spaces are over R. The wellposedness of this formulation was first
proved in [§]. The proof was later considerably simplified in [4].
The DPG discretization uses finite element subspaces X0 < Xo, X5, < X, and Y}, C Y.
Setting
b((w, ), v) = (gradw, grad v)n, — {(Fn,v)o0, (4)
we can formulate the equations of the DPG method as follows: Find ej, € Y}, u € X3, and
dn,h € X}, satisfying

(e, v)y + b((un, dnp) v) = (fiv)0, Vv e Yy, (5a)

b( (w,7),ep) =0 Yw € X0, 7n € Xp. (5b)

Here (r,s)y = (gradr, grad s)g, + (7, s)q, denotes the Y-inner product. We will also often write
X =Xox X, Xy, = Xpo x Xp.

2.2. Three cases. We want to study the effect of various finite element space choices in . To
this end, we define certain standard spaces of polynomials [I1] and one non-standard polynomial
space [12]. Let Py(D) to be the set of polynomials of total degree at most k, restricted to the
domain D, whenever k& > 0, and the empty set when k < 0. Let Q4 (D) be the space of
polynomials of the form
pla,y) = D, cya'y’
0<i,j<k

on D. For the interface variables we need local polynomial spaces defined on the element
boundary 0K:

P.(0K) = {pe L*(0K) : p|g € P.(E) for all edges E of K},
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Also set Qpx(2n) = {v : v|k € Qrr(K) for all K € £2,} and set P(042;) to the set of functions
v on Ugen, 0K having the property that v|g € P(E) for all edges of 0K and for all K € (2.
Using these, the discrete spaces X; = X}, o x Xj, are set below for various cases. In all cases,

Y, = H Y (K
KE.Qh

but the element space Y}, (K) is not the same for all cases.
For any integer k£ > 0, we consider these three cases:

Case A Case B Case C
Xno = Qrs1,k+1(21) n Xo Xno = Qre1,k+1(21) n Xo Xno = Qrs1,k+1(2n) N Xo,
Xp = Pe1(02,) n X Xy = Py(02) n X Xy, = Pu(02,) 0 X,
Yi(K) = Qgi3p43(K) Yi(K) = Qpe2,+2(K) Yi(K) = Qf 1 oy (K),

where Q;’i(K ) is the pullback of the following space defined on the reference element K =
[0,1] x [0, 1].

Definition 2.1. If k is odd, set

p(z,y) = [¢(1 —2) —y(1 —y)] [(w(l — )R (1 - y))(kfl)/z] :

and if k is even, set

p(z,y) = [z(1 —x) —y(1 —y)](2z — 1)(2y — 1) [(a:(l _ ) ®D2 (1 — y))(k,Q)/Q] .
Then define
Z;r,k(f{) = Qpx(K) + span(p).

Definition is motivated by a similar space used in [I2] which they use for different pur-
poses (to construct a hybrid method that is not a DPG method). When there is potential for
confusion between the cases, we will explicitly indicate the case as a superscript in the notation
for underlying spaces and operators, e.g., X }(Lj and th denote the spaces of Case C. Note that
the spaces in the Cases A and B are standard. Case C however requires implementation of
the nonstandard space QJr1 ( A) This is not difficult since the space is obtained by adding to

the standard Q1 (K ()-space a single interior basis function (p). Case C is the most attractive
practically, because it has the lowest number of degrees of freedom among the three cases. The
rationale behind Definition and the choice of spaces will become clear in the next section.

3. UNISOLVENCY

In this section, we will show the unisolvency of the DPG method in each of the above-
mentioned three cases. Although unisolvency alone does not give us a complete error analysis,
it serves to motivate our choices of the spaces in the three cases. Let By, : X} — Y;* be the
operator generated by the form in , ie.,

(Brhrn)(y) = b(zh,y), Vap € Xy, y € Yy
Similarly, let By, : Xj, — Y;* be defined by

(Bnzn)(y) = —Cns vDocy, V2, € Xp, y € Vi (6)
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It is obvious from the structure of the mixed method that
(5) is uniquely solvable <= By, is injective. (7)
Furthermore, by [I, Theorem 2.8],
By, is injective <= By, is injective. (8)

Using these facts, we will show below that By, in each of the three cases (namely B;’?, BE, and
B,?)7 is injective.

3.1. The standard case (Case A). Among the previously presented cases of DPG methods,
we consider Case A to be the standard case for rectangular elements, because it is suggested by
the analysis of [2].

Specifically, in [2, Lemma 4.3], they exhibited a bounded Fortin operator for rectangular
meshes ITy, : H'($2;,) — Qr+2,k+2(92y) satisfying

(Ukz,’l))[( = (Z,U)K VUGQqu(K), (9)
Tz, wyp = {2, W) Yw € Py(0K) (10)

for all K € (2. This implies, by integration by parts element by element, that
b((wh,rn,h), Hk+11) — U) = 0, A (wha""n,h) € Qk,k(K) X Pk(aK), (11)

for all v € H(£2;). Equation verifies a basic assumption in one of the known techniques [3, 9]
of error analysis.

The injectivity of B;? in Case A follows from . Indeed, if B,/?xh = 0, then b(zp,yp) = 0 for
all y, € Yy, so in particular, b(zp, [Ix+1y) = 0. But this implies, due to , that b(xp,y) = 0
for all y € Y. Hence the wellposedness of the undiscretized problem implies x; = 0.

As we shall see next (in the remaining cases), it is possible to reduce the space Y} without
losing the injectivity of Bj,.

3.2. Unisolvency of Case B. In this case, we reduce the degree of Y} (K) by one. To prove
that Bj, remains injective, first observe from Case A that , with k£ — 1 in place of k, implies

b((wn, rp), Hgv — v) = 0, (12)

for all wy, € Qrk(£21) N Xo, T.n € Pr(002) N X and v e H'(£2;). Since the corresponding By, is
injective, by , the associated Bh is also injective, namely if r,, ;, € P, (0(2) satisfies

{Poshs VRDa0, = 0, Yoy € Qry2,k+2(2n), (13)

then r,, 5, = 0. But this is exactly the same as the injectivity of E,]? Using again, we conclude
that BE’ is injective.

3.3. Unisolvency of Case C. This case is more involved. The degree of Y} (K) is further
reduced by one, but an extra dimension is added. To understand the need for this extra di-
mension, consider an 7, € Py(0K), which as in , satisfies (ry, n,vn)ox = 0, but now only
for all vy, € Qrt1,6+1(K). This is a square system of equations for 7, ;, because dim Py (0K)
and the number of nontrivial equations both equal 4(k + 1). Unfortunately, this system has a
one-dimensional null space as seen in Lemma, below. The addition of an appropriate extra
equation — which corresponds to the addition of an extra dimension to Y, (K) — will remove this
null space, as we shall see below.
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e @@r jo(1 - 2) j% @Qr je(1 - 2) j@@
s i s v
€3 €1 2 s 2 %
ag €0 a @@ k() (-D@ @@ Jk (@) @@
(A) Notations (B) Even k (c) Odd k

FIGURE 1. The unit square element and sign patterns of v on its boundary

Let J; B (8) denote the family of Jacobi polynomials, indexed by degree k, orthogonal with
respect to the weight function w(5) = (1 — §)%(1 + §)® on the interval [~1,1]. Let us recall the
properties specific to the case a = f = 1. Mapping to [0, 1], set

ge(s) = I 2s —1),  0<s<1.

Then, with respect to the mapped weight w(s) = s(1 — s), we have

1
fo w(s) ju(s) p(s) ds =0, Vpe Poy([0,1]). (14)

Let s1,...,5,_1 denote the roots of ji(s). Its well known that the nodes of the Gauss-Lobatto
quadrature on [0,1] are 0 = sg < s1 < -+ < sp_1 < S = 1. If the corresponding weights are wy,
then the quadrature is exact for polynomials of degree at most 2k — 1, i.e.,

1 k
J w(s)p(s) ds = Z wip(s;), p € Por_1([0,1]). (15)

0

Next, consider the unit square K = [0,1] x [0,1] in the (z,y)-plane with vertices ag = (0, 0),
a; = (1,0), ag = (1,1), az = (0,1) and edges ey, ..., e3 as shown in Figure By mapping j to
the four edges of the unit square K, we define a function v on 0K as follows.

Jr(z), O<z<l, y =0,

.9) Jr(1l —x), O<zx<l, y =1,
vi(z,y) = )

HEYITA ), =0, O0<y<l,

_jk(l_y)7 r =1, O<y<lLl

The next result is essentially contained in [I2, Lemma 8], but we state and prove it in a different
form more suitable for our purposes.

Lemma 3.1. Suppose € Py_1(0K) satisfies
f _pv = O, Yov € Qk,k(K) (16)
oK

Then, there is a c € R such that

U= CVk_1.
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Proof. Let w € Qg—2—1(K). In (I6), put v = 2(1 — 2)(1 — y)w(z,y). Then
0= f uv = f z(1—2z)(1 —y)u(z,0)w(x,0) d.
oK eo

Hence, there is a scalar ¢o € R such that p(z,0) = cojp—1(z) — see (14). Arguing similarly on
remaining edges, we find that there are constants ¢; € R such that ple, = ¢;jr—1 for each edge e;.
Next, let vy € Pg([0, 1]) satisfy vo(s;) = 0 for all ¢ = 1,...,k and vo(sp) = 1. Then, putting
v(z,y) = vo(x)ve(y) in (L6)), and using (1F]), we obtain
1

0= LOUEB po = L coJk—1(x)vo(z)ve(0) do + Jo c3jk—1(y)vo(0)vo(y) dy

= (C() + 63)jk,1(0)v0(0)2w0.
Thus we obtain a condition at the vertex ag, namely cg + c3 = 0, i.e., the two limits of y at ag
are equal in magnitude and opposite in sign. Using a smilar argument at the remaining vertices,
we find that sum of the two limits of u at each vertex a; must be zero.

Recall that J,i’l is even or odd, depending on whether k is even or odd, respectively. Hence,
fitting together the mapped orthogonal polynomials on each edge, reflecting about edge mid-
points as needed to satisfy the sign change constraint at each vertex (see Figure , we find that
1 must coincide with a scalar multiple of vy_. ]

Lemma 3.2. Suppose p is any smooth scalar function on K that is linearly independent from
Qr.kx(K) and satisfies

J Vg—1p #F 0. (17)
oK

Then the only € P,_1(0K) that satisfies

[ =0 weQuk)@span(y) (18)
oK

1s the zero function.

Proof. By Lemma equation for all v e Qkk(f() implies that u = cvi_1 for some c € R.
Hence, putting v = p in , we find that

CJ vp—1p = 0.
oK

Due to , this implies that ¢ = 0, so u = 0. [l

Clearly, one can design many functions p that satisfy the conditions of Lemma One
possible choice is the one we have settled on in Definition We conclude this section by
summarizing the results in the next theorem.

Theorem 3.3. In Cases A, B, and C, the DPG method is uniquely solvable.

Proof. We have already indicated the proofs in Cases A and B. To complete the proof for Case C,
we verify that the p set in Definition [2.1] satisfies the conditions of Lemma [3.2] Indeed, for that
p, the integral of v_1p over all edges of 0K are equal, and

f Vgp =
0K

1
4f (1 = ) jo_1(z) [2(1 — 2)]F V72 da, if k is odd,
0

1
4j (1 — ) je_1(z) (1 —22) [z(1 — 2)]*D/2 dz, if k is even.
0
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The functions [z(1 — :15)](19_1)/2 and (1 —2z) [z(1 — x)](k_2)/2, for odd and even k respectively,
are polynomials of strict degree k — 1, hence the integrals on the right hand side above cannot
vanish. Thus having verified the conditions of Lemma its conclusion implies that 3,(5 is
injective. By , we conclude that the DPG method is uniquely solvable in Case C. 0

3.4. A necessary condition for unisolvency. DPG methods are usually designed with a
rich enough space Y} that makes By injective. We quantify this as a condition on the degrees
of freedom that is necessary for unisolvency of :

Proposition 3.4. The system is uniquely solvable only if
dim(Xp) < dim(Y3). (19)

Proof. Let nx = dim(X},) and ny = dim(Y};). By , unisolvency of implies that By, is
injective. Therefore, the ny x nx stiffness matrix of By, denoted by B, has the trivial nullspace.
By the rank-nullity theorem, rank(B) = my. Now the result is obvious from the fact that
rank(B) < min(nx, ny). O

Since we have already verified unisolvency of all the cases previously, the necessary condi-
tion must hold in each case. To provide more insight into this condition, we now count the
degrees of freedom to provide an alternate verification that the necessary condition holds in the
two nonstandard cases we studied.

Proposition 3.5. In Cases B and C' on a mesh of ng rectangular elements, we have
dim(Yh) — dim(Xh) = 2ng — 1.

Proof. Decomposing (2 into disjoint connected components, it suffices to prove the stated in-
equality on each component. Hence without loss of generality, we assume that {2 is a multiply
connected domain with m holes. Furthermore, we may restrict ourselves to the Y} of Case C
since it the smaller of the two cases. We will prove that in Case C

dim(Y) — dim(X},) = 2ng +m — 1. (20)

Let ny,ng, n@, and n% denote the number of vertices, edges, boundary vertices, and boundary
edges, respectively. Removing the dimensions corresponding to the Dirichlet boundary condi-
tions, we have dim(Xoyp) = ny + ngk + ngk® — n%k: — n% Using n@ = naE together with
dim(X}) = ng(k + 1), we obtain dim(X}) = ny + ng(2k + 1) + ngk? — ng(k + 1). Simplifying

using the Euler relations (see e.g., [11, Lemma 1.57]) ny = ng—nx+1—m and ZnE—n% = 4dng,
dim(Xp) =ng(k+3)(k+1)+1—m.
Subtracting this from dim(Y},) = nx((k + 2)? + 1), the proof of is complete. O

4. ERROR ANALYSIS

In this section we show that all the three cases admit the same convergence rate for uy. The
method of analysis for Cases B and C is different from that proposed in [9], but is the same as
the one found in [I] and is akin to the second Strang lemma using the non-conforming space

Yio={veY,: {rpnvian, =0 foralr,,e Xh}

We use ¢ to denote a generic constant, independent of h, whose value at different occurrences
may vary.
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Theorem 4.1. In Cases A, B, and C, the solution up, of the DPG method satisfies
||u—uh\|H1(Q) < Chk+1’u‘Hk+2(_Q). (21)

Proof. For Case A, the Fortin operator of [2] satisfies , thus verifying the assumptions of [9,
Theorem 2.1], which together with the Bramble-Hilbert lemma, gives the stated error estimate.

For Cases B and C, we adopt the approach in the proof of [I, Theorem 3.5]. We use a
characterization of the DPG solution u; using the so-called weakly conforming optimal test
space Y,fgt = Ty Xpp, where T}, : Xp 9 — Yj0 is defined as the solution of (Thwp, )y =
(grad wh;grad 2n) g, for all z, € Yy, o. It is easy to see that for all wy, € Xp, 0,

sup (grad wy, grad vg) o, — sup (gradwh,gradvh)ﬂh‘ (22)
’L}hEYh10 th”Y vhey;%t th“Y

Also recall that by [I, Theorem 2.6], uy, satisfies
(grad up, grad vy) e, = (f,vh)0,. Yoy, € Y}th. (23)

We use these facts in the argument below.
If ¢, is the Poincaré constant such that ||w| g1 (o) < ¢pf grad w2 () for all w e HE(£2), then,
for any wy, € Xy,

grad(uy, — wy,), grad zp) 0
lun — whl o) < ¢ sup (grad( ) ),
2n€Xn0 th”Hl(Q)
d — d
< 6129 sup (gra (Uh 'U)h), gra Uh)Qh ’ as Xh,() c Yh,07
'UhEYh,() HUI’LHY
9 (grad(up, — ), grad vy) g, + (grad(u — wp),vp) 0,
=c, Ssup ,
oReYPRt lvnlly

due to ([22)). Focusing on the first term in numerator, for any v;, € Y}, 8t,

(grad(up —u), gradvp)p, = (f,vn)e, — (gradu, grad vy) g, by
= —(dnsV)on, by
= —Gn — Tn,hs Vh)o02y,

for any 7, 5, € X, (since vy, € Y}, 0). Therefore,
2 b((w — why Gn — Fnn)s V)

Up — Wh| gL(Q) < C, Sup
fun = nlir i < G ub fonly

< ¢ (lgn = Pnpl g + v = wal i) -
Thus, by triangle inequality,

g+ fu— wh||H1(Q)>-

Ju—unlinga < inf (nqn ol
Wh,Tn,n)EXH

It only remains to estimate the right hand side. The argument is standard: Let Rj denote
the Raviart-Thomas subspace [12] of H(div, {2) consisting of all vector functions which when
restricted to an element takes the form xp; + pe for some p; € P(K) and some py € Py(K)2.
Since 7, and ¢, are element-by-element traces of an r;, € Ry and the exact flux ¢ = gradu,

respectively, by ,

5 < lla =l .oy < b (Jul gy + 1 divalge g ) -

Together with the well-known bounds for H'(§2)-best approximation, the estimate is proved. [J
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FIGURE 2. Observed convergence rates of the three cases

5. NUMERICAL RESULTS

For numerical illustration of the previously established theoretical results, we solve the Poisson
equation with Dirichlet boundary condition using the three cases of the DPG method.

The domain {2 was set to the unit square. The function f was chosen so that the exact
solution is u = sin(rx)sin(ry). We construct an n x n uniform mesh by dividing {2 into n?
congruent squares. Its mesh size is b = v/2/n. The method is applied on a sequence of such
meshes with geometrically increasing n.

All three cases were implemented using the open source NGSolve finite element library [14].
Since the test space of Case C is not a standard space, it is not available in NGSolve. So we
have implemented it within a DPG shared library freely available in an online repository [10].
This code uses existing NGSolve classes to make a new finite element class representing Q,: &
(as well as the corresponding finite element space it generates). Upon compilation it provides a
shared library that can be loaded into NGSolve’s (python or other) interfaces at run time.

Figure [2 shows plots of the error |[u — up| () as a function of n = +/2/h in all three cases.
The error decreases at the rate O(n®). Slopes of regression fits to each data set determine an
approximate observed convergence rate «, which is also marked in the figure. They are in good
agreement with the theoretically predicted rates for all orders except k = 2. The observed
convergence rate for k = 2 is inexplicably one order higher than what is expected from our
theory.
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