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544 Chapter 11 B Response Surface Methods and Designs

Most of the quantities on the EVOP calculation sheet follow directly from the analysis
of the 2F factorial design. For example, the variance of any effect, such as 3
(y3 + Y5 — ¥, — y4), is simply o?/n where o is the variance of the observations (y). Thus,
two standard deviation (corresponding to 95 percent) error limits on any effect would be
+20/\V/n. The variance of the change in mean is

1- - _
V(CIM) = V[S(yz tysty,tys— 4)’1)]

D g 2 _ (20) o
= 55 o + 160%) (25) L

Thus, two standard deviation error limits on the CIM are +(2V 20/25)0'/\/5 = +1.78¢/Vn.

The standard deviation o is estimated by the range method. Let y,(n) denote the obser-
vation at the ith design point in cycle n and y;(n) the corresponding average of y,(n) after n
cycles. The quantities in row (iv) of the EVOP calculation sheet are the differences y,(n) — y;
(n — 1). The variance of these differences is

I _ 2 2 1 — 2 _n
Vivin) = yn — Dl =0op =0 |:1+(n—1)]_0- nm—1

The range of the differences, say R, is related to the estimate of the standard deviation of the
differences by ¢, = Rp/d,. The factor d, depends on the number of observations used in com-
puting Rj,. Now Ry/d, = 6V n/(n — 1), so

- 1R
b= [T = ke =

can be used to estimate the standard deviation of the observations, where k denotes the num-
ber of points used in the design. For a 2? design with one center point, we have k = 5 and for
a 2° design with one center point, we have k = 9. Values of f; , are given in Table 11.27.

m TABLE 11.27 Valuesof f; ,
n= 2 3 4 5 6 7 8 9 10

k=5 0.30 0.35 0.37 0.38 0.39 0.40 0.40 0.40 0.41
9 0.24 0.27 0.29 0.30 0.31 0.31 0.31 0.32 0.32
10 0.23 0.26 0.28 0.29 0.30 0.30 0.30 0.31 0.31

11.8 Problems

[I] 11.1. A chemical plant produces oxygen by liquifying

: AREl PRel 5 Temperature (£,) Pressure Ratio (£,) Purity
air and separating it into its component gases by fractional
distillation. The purity of the oxygen is a function of the —225 1.1 82.8
main condenser temperature and the pressure ratio between —-225 1.3 83.5
the upper and lower columns. Current operating conditions -215 1.1 84.7
are temperature (£;) = —220°C and pressure ratio (&,) = _
. . . 215 1.3 85.0
1.2. Using the following data, find the path of steepest
. —220 1.2 84.1
ascent:
—220 1.2 84.5
—220 1.2 83.9

—220 1.2 84.3



11.2. An industrial engineer has developed a computer
simulation model of a two-item inventory system. The deci-
sion variables are the order quantity and the reorder point for
each item. The response to be minimized is total inventory
cost. The simulation model is used to produce the data shown
in Table P11.1. Identify the experimental design. Find the path
of steepest descent.

s TABLE P11.1
The Inventory Experiment, Problem 11.2

Item 1
Order Reorder
Quantity (&) Point (&)

100 25
140 45
140 25
140 25
100 45
100 45
100 25
140 45
120 35
120 35
120 35

Item 2

Order Reorder Total

Quantity (£;) Point (£,) Cost

250 40 625
250 40 670
300 40 663
250 80 654
300 40 648
250 80 634
300 80 692
300 80 686
275 60 680
275 60 674
275 60 681

11.3. Verify that the following design is a simplex. Fit the
first-order model and find the path of steepest ascent.

X1 X X3 Yy

0 V2 -1 18.5
-2 0 1 19.8

0 -2 -1 17.4
V2 0 1 225

545

11.8 Problems

11.4. For the first-order model

$ =60+ 1.5x, — 0.8x, + 2.0x;

find the path of steepest ascent. The variables are coded as —1
=x =1

11.5. The region of experimentation for three factors are
time (40 = 7, = 80 min), temperature (200 = 7, = 300°C),
and pressure (20 = P = 50 psig). A first-order model in coded
variables has been fit to yield data from a 2° design. The
model is

v =230 + 5x; + 2.5x, + 3.5x;

Is the point 7}, = 85, T, = 325, P = 60 on the path of steepest
ascent?

11.6. The region of experimentation for two factors are
temperature (100 = 7 = 300°F) and catalyst feed rate (10 =
C = 30 Ib/in). A first-order model in the usual =1 coded vari-
ables has been fit to a molecular weight response, yielding the
following model:

$ = 2000 + 125x, + 40x,

(a) Find the path of steepest ascent.

(b) It is desired to move to a region where molecular
weights are above 2500. On the basis of the informa-
tion you have from experimentation in this region,
about how many steps along the path of steepest
ascent might be required to move to the region of
interest?

11.7.  The path of steepest ascent is usually computed
assuming that the model is truly first order; that is, there is
no interaction. However, even if there is interaction, steep-
est ascent ignoring the interaction still usually produces
good results. To illustrate, suppose that we have fit the
model

v =20 + 5x;, — 8x, + 3xx,

using coded variables (—1 = x; = +1).

(a) Draw the path of steepest ascent that you would obtain
if the interaction were ignored.

(b) Draw the path of steepest ascent that you would obtain
with the interaction included in the model. Compare
this with the path found in part (a).

11.8. The data shown in the Table P11.2 were collected in
an experiment to optimize crystal growth as a function of
three variables x,, x,, and x;. Large values of y (yield in grams)
are desirable. Fit a second-order model and analyze the fitted
surface. Under what set of conditions is maximum growth
achieved?
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s TABLE P11.2

The Crystal Growth Experiment, Problem 11.8

X1 X3 X3 y
-1 -1 -1 66
-1 -1 1 70
-1 1 -1 78
-1 1 1 60

1 -1 -1 80

1 -1 1 70

1 1 -1 100

1 1 1 75
—1.682 0 0 100

1.682 0 0 80

0 —1.682 0 68

0 1.682 0 63

0 0 —1.682 65

0 0 1.682 82

0 0 0 113

0 0 0 100

0 0 0 118

0 0 0 88

0 0 0 100

0 0 0 85

11.9.  The data in Table P11.3 were collected by a chemi-
cal engineer. The response y is filtration time, x, is tempera-
ture, and x, is pressure. Fit a second-order model.
(a) What operating conditions would you recommend if
the objective is to minimize the filtration time?
(b) What operating conditions would you recommend if
the objective is to operate the process at a mean filtra-

tion rate very close to 46?

s TABLE P11.3
The Experiment for Problem 11.9

X, X, y
-1 -1 54
-1 1 45
1 -1 32
1 1 47
—1.414 0 50
1.414 0 53
0 —1.414 47
0 1.414 51
0 0 41
0 0 39
0 0 44
0 0 42
0 0 40

11.10.  The hexagon design in Table P11.4 is used in an exper-
iment that has the objective of fitting a second-order model:

m TABLE P11.4

A Hexagon Design

X1 X2 y
1 0 68
0.5 V.75 74

-0.5 V075 65

-1 0 60

—0.5 -VO0.75 63
0.5 —-V0.75 70
0 0 58
0 0 60
0 0 57
0 0 55
0 0 69

(a) Fit the second-order model.

(b) Perform the canonical analysis. What type of surface
has been found?

(¢) What operating conditions on x; and x, lead to the sta-
tionary point?

(d) Where would you run this process if the objective is to
obtain a response that is as close to 65 as possible?
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QUTPUT:
Factorial Regression: yield versus A, B, CenterPt

Analysis of Variance

Source DF Adj SS Adj MS F-Value P-Value
Model 4 2.83022 0.70756 16.45 0.009
Linear 2 2.82500 1.41250 32.85 0.003
A 1 2.40250 2.40250 55.87 0.002
B 1 0.42250 0.42250 9.83 0.035
2-Way Interactions 1 0.00250 0.00250 0.06 0.821
A*B 1 0.00250 0.00250 0.06 0.821
Curvature 1 0.00272 0.00272 0.06 0.814
Error 4 0.17200 0.04300
Total 8 3.00222
Model Summary
S R-sq R-sq(adj) R-sq(pred)
0.207364 94.27% 88.54% *
Coded Coefficients
Term Effect Coef SE Coef T-Value P-Value VIF
Constant 40.425 0.104 389.89 0.000
A 1.550 0.775 0.104 7.47 0.002 1.00
B 0.650 0.325 0.104 3.13 0.035 1.00
A*B -0.050 -0.025 0.104 -0.24 0.821 1.00
Ct Pt 0.035 0.139 0.25 0.814 1.00

Regression Equation in Uncoded Units

yield = 40.425 + 0.775 A + 0.325 B - 0.025 A*B + 0.035 Ct Pt

Alias Structure

Factor Name

A A
B B
Aliases

1

A

B

AB

Fits and Diagnostics for Unusual Observations

std

Obs yield Fit Resid Resid
1 39.300 39.300 0.000 * X
2 40.900 40.900 0.000 * X
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3 40.000 40.000 0.000
4 41.500 41.500 0.000

X Unusual X

STEP 2:

Fit a regression line

Hy:no curvature

H;:there is curvature

e - el
[ Ble Bt Ogte Cok| 5tat| Guph Edtor Jooh Window Help Awatant
30 Ry e Seimics ‘RSB E e ORG R TR SN 2|
T B i ®||# peted Line Plot._
& = ANOVS - Regression. I
i 1 i
45 Sesmion poe +|[£7 Menfingar Ragression... —J-_, =aa
Lontrol Charts " Fit Rngressicm Model -
bty Study Model the relatrormbep bet
Factorinl Regressic M_T"‘“ & o :mgnmulu(mms;:um
5 atslity . and one responte. Lasly inchude
Rnalyais of Varisnce 5 i B e — ::;::.l::mnn:a:l-m o
r T eiponie d nerded.
e e deokes L ey v e Pl
Lineas 1 - "
‘: ; i Binary Logntis Regression
IR (e Grdemal Logitic Regression...
2-May Interastiond b 2 L Meeninal Logistic Regressien.
[ Bowa s Stngie Sized

Curvarure
Eerar
Toeal
Model Sussary

5 Resa R-

TN TLO0ETE |
4 0.47200 0.04300

t 300332

3ia8))  Resgipred)

Pejsian Regression

L (a3

© B e s e

HS LGS CIE S P A

2 =] ca

Mok e B ka0 @

- o P

T | Stdedor | Runedar| Contarbt | Blocks |

1
1
1
1
1
1
1
i
1

s ale e o = bled

IR I - I

&

£t

CIEEIEEIEIEIE T b

e | cog G0 | on L qr | G | oW |
tamp | yleld  StdOedar) | RunCrded i Slocks | | Contariit 1| StdOrdes 3 Rundedar 3| fincks 3

150 M3 1 1 1

150 409 2 2 1

160 400 3 3 1

160 415 4 4 1

155 403 5 5 1

188 405 & L] 1

135 407 T T 1

155 402 B [ 1

155 a06 9 L] 1

1

(=t]

1

® e e s e

s

1

LRI

_cue

ar | as | o9 | oo | e | cm | 8 | ar

Page 7 of 16



Response surfaces

] Minitals - Unttied

DoBle Edn Dgte Cele Sl Geeph Egor Teok Windew Help  Assatapl

Bl ol b

1~ - s 03 " oL R =L TOT AE RAL ] Jm ) M 2
[ E] [ L%
§ Sessron S
Ragrestion ===
C1 swoner Rgspenses:
€2 Rurdrder
€1 Centerpt wid
C4  pocks
cs A
0
7 e
Heasl s G e uE
_ € yeld
Fep Resgiad)l Resatpred) €10 SadOrder_L
C11 Runorde 1
) Workchest d Ciz Bods_t ol[@ =
€13 Contibt
" = [ =) ca = [ [ CH Sasede 2 . 1 ar s [27) €20 ca cz2 s -
GH Bl | comgenca e
ul Stdfwedar| Rundedar| Contarbt | Blocks | A [ tima. CIf  Auntrde (i >
il 1 3 1 1 1 o 1
2 2 a 1 1 41 40
3 3 7 i 1 1 »
1 4 N 1 1 1 a0 wooe. | ootem. | cogrp.. | stepwse.. |
5 & o o a 35
6 6 5 [ 0 [ e g | gemss. Sperage...
7 7 3 o ) [ e
8 B 1 o o Q 5 FHelp I o Cancel
o 9 2 o 0 0 Fl
10
1
12
13
" —
15
15
7 '

OuUTPUT

Regression Analysis: yield versus A, B

Analysis of Variance

Source DF Adj SS Adj MS F-Value

Regression 2 2.82500 1.41250 47.82
A 1 2.40250 2.40250 81.34
B 1 0.42250 0.42250 14.30

Error 6 0.17722 0.02954
Lack-of-Fit 2 0.00522 0.00261 0.06
Pure Error 4 0.17200 0.04300

Total 8 3.00222

Model Summary

S R-sq R-sq(adj) R-sq(pred)
0.171863 94.10% 92.13% 91.81%
Coefficients
Term Coef SE Coef T-Value P-Value
Constant 40.4444 0.0573 705.99 0.000
A 0.7750 0.0859 9.02 0.000

P-Value
0.000
0.000
0.009

0.942

VIF

1.00
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Response surfaces

B 0.3250 0.0859 3.78 0.009 1.00

Regression Equation

yield = 40.4444 + 0.7750 A + 0.3250 B

NEW DATA

L Mt - Untied 3 I#

[ Ble B0 s G St Guph Eddor ook Window Hop Asatant

H=a: -1 ] 3 Hm 1 - L 2,
L Bessron =lgla
ft s are e 9
T Warkthaet 1 @rjia
T Warkshast 7
I Wedshase 7
i a Q (=3 (=3 (=] (=] (=} (= i) 1 Qa1 2 f=t) (=13 Qs 16 ar s a9 Q0 1 c2 f=i] L=2)
Stdirder | Runtirder CenterPt Blocks A B time temp yiedd
1 1 9 1 1 -1 < 20 1 TS
2 H 4 1 1 1 1 %0 170 80
3 B 1 1 1 1 a0 180 70
4 1 1 1 1 1 w0 180 Tas
5 5 7 0 1 Q o 8% 175 99
& L] 3 a 1 a o 23 113 800 :l
7 7 2 ] 1 [ [] 85 175 %3
8 ] L o 1 4] o /s 175 ™7
1 9 9 & o 1 o o & 175 Ta
]
L L
1 n
1 12
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Response surfaces

Step 1 output for new data

Factorial Regression: yield versus A, B, CenterPt

Analysis of Variance

Source
Model
Linear
A
B

2-Way Interactions

A*B
Curvature
Error
Total

Model Summary

S R-sq R-sq(adj)

0.230217 98.68%

Coded Coefficients

Term Effect
Constant

A 2.000
B 1.000
A*B 0.500
Ct Pt

ORRPRRPRERRNDNT

Adj SS
15.9080
.0000
.0000
.0000
.2500
.2500
.6580
.2120
.1200

=
[oNecNoNeoNoN I e]

[

=
OQOOOFrRA~ANMNW

Adj Ms
.9770
5000
.0000
.0000
.2500
.2500
.6580
.0530

R-sq(pred)

SE Coef T-Value

97.37%

Coef
77.750 0.115
1.000 0.115
0.500 0.115
0.250 0.115
2.190 0.154

Regression Equation in Uncoded Units

675.45
8.69
4.34
2.17

14.18

F-Vvalue
75.04
47 .17

18.87

201.09

P-value
0.000
0.001
0.012
0.096
0.000

P-Va

eNeoNeoNoNoNoNa)

lue

.001
.002
.001
.012
-096
-096
-000

yield = 77.750 + 1.000 A + 0.500 B + 0.250 A*B + 2.190 Ct Pt

Alias Structure

Factor Name

A A
B B
Aliases

1

A

B

AB

Fits and Diagnostics for Unusual Observations

Obs yield

1 76.500 76.500 0.000
2 78.000 78.000 0.000

Std

Fit Resid Resid

*

*

X
X
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Response surfaces

3 77.000 77.000 0.000 *
4 79.500 79.500 0.000 *

x X

X Unusual X

After this, since p-value<0.05 we will do the following:

] Minitats - Untotied
i ple Edt Dyte GCokc| 5tot| Goph Eddtor Tooh Windew Help Assatagt

Rveic Satwoce b X TR =L - TOX I RAR 1| = FR]E JE D 2
Gapaaiin oo ol T sk 2
BNOVA » St
poe ¥ F=la] &
Control Charts » Re -.* [« e gn_ g
Daality Tools * Mgtue | iy Define Custom Response Serface De™— iz 7
RefistslitySurvieal ¥ Taguehi v| @ Sefect Optimal Desig Crasts Responas Surfsta Dasign
- e e s et
e 18 Divplay Design.. = g
Tuties " | =% B
0220117 W6tk Merparametrics »
Fbaleca Testt  + [ *]
Coded Coefficients Bower aed Sarmple Sizes
Megressicn Epsavion in Unesded Tnizs =
= k
] T Werksheet 1 = =@
. =1 [=] [=] 4 =] o6 o7 [ g c11 €12 <13 c1a €15 C16 (=] Cig (=0 <20 c21 (=] [=2) i
S1d0rder | RunOrdes Centert | Blocks A [ tme | temp | yieid | S100rdert| RunGrder ] Blocks 1
1 1 4 1 1 - -1 80 170 765 1 1 1
2 H 1 1 1 1 1 El 1m0 T80 2 z 1
3 3 8 1 1 1 80 180 o 3 3 1
4 4 1 1 1 1 %0 180 a5 4 4 1
H 5 7 o 1 o o as 175 798 5 5 1
3 & 3 [ 1 o ] S 175 200 6 & 1
7 T 2 o 1 o o #s 178 03 7 7 1
& L] 5 Q 1 o ° 85 175 ™7 8 L] 1
9 9 @ 0 1 o o 85 175 798 @ 9 1
10
1
1z
13
1
= 15
F '
o :

Current Worksheet: Worksheet 3
- -

e B 8
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Response surfaces
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=& o
0.000 o
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‘ v
. [ r—— vosier .
TP Warkshes 1 Burber of categorical fockors: [0 w [ =T= 0
. <1 2 3 <4 <5 6 7 L C16 €17 (=t] <19 C20 21 22 <23 [=2]
StdOrder | RunOrder  CenterPt Rlocks A B time
1 1 @ 1 1 -1 1 80 E _I
2 2 4 1 1 1 90
3 3 8 1 1 1 80 3 3 1
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5 5 7 a 1 o o &5 175 TS 5 5 1
1] & 3 L 1 o o 85 175 200 & & 1
7 T 2 o 1 o o a5 175 =03 T T 1
& L] 5 Q 1 o ° 85 175 7 8 L] 1
9 9 & a 1 o o 85 175 TR a° 1
10
1
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13
14
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Response surfaces

It gives us
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Results for: Worksheet 5

Central Composite Dasign
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= T Worksfest 5
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1 1
4 15
15 .
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Find A”2, BA2 and A*B
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Response surfaces
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Response surfaces

Now run regression with all the quadratic forms that was created in last step.

Regression Analysis: yield versus A, B, a2, b2, ab

Analysis of Variance

Source DF Adj SS Adj MS F-Value P-Value

Regression 5 28.2478 5.6496 79.85 0.000
A 1 7.9198 7.9198 111.93 0.000
B 1 2.1232 2.1232 30.01 0.001
a2 1 13.1761 13.1761 186.22 0.000
b2 1 6.9739 6.9739 98.56 0.000
ab 1 0.2500 0.2500 3.53 0.102

Error 7 0.4953 0.0708
Lack-of-Fit 3 0.2833 0.0944 1.78 0.290
Pure Error 4 0.2120 0.0530

Total 12 28.7431

Model Summary

S R-sq R-sq(adj) R-sq(pred)

0.266000 98.28% 97 .05% 91.84%

Coefficients

Term Coef SE Coef T-Value P-Value VIF

Constant 79.940 0.119 672.00 0.000

A 0.9950 0.0940 10.58 0.000 1.00

B 0.5152 0.0940 5.48 0.001 1.00

a2 -1.376 0.101 -13.65 0.000 1.02

b2 -1.001 0.101 -9.93 0.000 1.02

ab 0.250 0.133 1.88 0.102 1.00

Regression Equation

yield = 79.940 + 0.9950 A + 0.5152 B - 1.376 a2 - 1.001 b2 + 0.250 ab
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Response surfaces

NEW STEP
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