












 



t80 twctton 3.71 
3.12 Suppose X has a binomia.l(n,p) distribution a.nd let Y have a negative binomial(r,p) 

distribution. Show that Fx (r - 1) 1 Fy(n - r) . 
3.13 A truncated discrete distribution is one in which a. particular class cannot be observed 

and is eliminated from the sample space. In particular, if X has range 0, 1, 2, . . .  and 
the 0 class cannot be observed (as is usually the case), the O-truncated random variable XT has pmf 

P (X x) P (XT = X) = P (X > O) ' x = 1, 2, . . . .  

Find the pmf, mean, and variance of the O-truncated random varia.ble starting from 

(a) X "" Poisson(.:\). 
(b) X ",  negative binomial(r, p), as in (3.2.10). 

3.14 Starting from the O-truncated negative binomial (refer to Exercise 3.13), if we let r -+  
0, we get an interesting distribution, the logarithmic series distribution. A random 
variable X has a logarithmic series distrihution with parameter p if 

P(X = x) 
-(1 - p)'" 

x logp 
, x 1 , 2, . . .  , O < p < 1 . 

(a) Verify that this defines a legitimate probability function. 
(b) Find the mean and variance of X. (The logarithmic series distribution has proved 

useful in modeling species abundance. See Stua.rt and Ord 1987 for a more detailed 
discussion of this distribution.) 

3.15 In Section 3.2 it was claimed that the Poisson(.:\) distribution is the limit of the negative 
binomial(r,p) distribution as r -+ 00, P -+ 1 ,  and r(l -p) -+ .:\. Show that under these 
conditions the mgf of the negative binomial converges to that of the Poisson. 

3.18 Verify these two identities regarding the gamma function that were given in the text: 

(a) r(a + 1) = ar(a) 

(b) r(� )  = Vi 
3.1 T Establish a formula simila.r to (3.3.18) for the gamma distribution. If X rv gamma(a, (3) ,  

then for any positive constant v, 

EX'" 
(3"'r(v + 0) 

reo) 

3.18 There is an interesting rela.tionship between negative binomial and gamma. random 
variables, which may sometimes provide a useful approximation. Let Y be a negative 
binomial random variable with parameters r and p, where p is the success probability. 
Show that as p --+ 0, the mgf of the random variable pY converges to that of a gamma 
distribution with parameters r and 1 .  

3.19 Show that 

a ::  1, 2, 3, . . . .  

. \ (Hint: Use integration by parts.) Express this formula as a probabilistic relationship 
between Poisson and gamma random variables. 



�lon 3.7 lSi 

•. 20 Let the random variable X have the pdf 

f(x) 2 _",2/2 
..j2ii

e , 0 <  x < 00 . 

(a) Find the mean and variance of X. (This distribution is sometimes called a folded 
normal.) 

(b) If X has the folded normal distribution, find the transformation g(X) = Y and 
values of Q and /3 so that Y ""  gamma(a, /3). 

S.21 Write the integral that would define the mgf of the pdf 

1 1 
f(x) = 11' 1 + x2 ' 

Is the integral finite? (Do you expect it to be?) 
3.22 For each of the following distributions, verify the formulas for EX and Var X given in 

the text. 

(a) Verify Var X if X has a Poisson(>.) distribution. (Hint: Compute EX(X - 1) = 
EX2 EX.) 

(b) Verify Var X if X has a negative binomial(r, p) distribution. 
(c) Verify Var X if X has a gamma(o, f3) distribution. 
(d) Verify EX and Var X if X has a beta(o, f3) distribution. 
(e) Verify EX and Var X if X has a double exponential(j1., a) distribution. 

3.23 The Pareto distribution, with parameters Q and /3, has pdf 

/3oi3 
f(x) = x/9+l ' Q < X < 00 ,  a > 0, /3 > O. 

(a) Verify that f(x) is a pdf. 
(b) Derive the mean and variance of this distribution. 
(c) Prove that the variance does not exist if /3 :$ 2. 

3.24 Many "named" distributions are special cases of the more common distributions al
ready discussed. For each of the following named distributions derive the form of the 
pdf, verify that it is a pdf, and calculate the mean and variance. 

(a) If X "" exponential(f3), then Y = Xl/,,( has the Weibullb, /3) distribution, where 
'Y > 0 is a constant. 

(b) If X rv exponential(/3), then Y (2X/ /3) 1/2 has the Rayleigh distribution. 
(c) If X ",  ga.mma(a, b), then Y 1/X has the inverted gamma IG(a , b) distribution. 

(This distribution is useful in Bayesian estimation of variances; see Exercise 7.23.) 
(d) If X rv gamma(� , /3), then Y = (X//3?/2 has the Maxwell distribution. 
(e) If X ""  exponential(l) ,  then Y = Q - 'Y log X has the Gumbel(o, ,) distribution, 

where -00 < Q < 00 and 'Y > O. (The Gumbel distribution is also known as the 
extreme value distribution.) 

8.25 Suppose the random variable T is the length of life of an object (possibly the lifetime 
of an electrical component or of a subject given a particular treatment). The hazard 
function hT (t) associated with the random variable T is defined by 

h ( ) 1· 
P (t :$ T < t + 6'/T > t) 

T t = Im6 ...... 0 --· 6' 
• 
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Show that if X is a random va.rla.ble with pdf (l/(1)/(tx - p,)/O') and :e", = 0'%", + 14, 
then P(X > xo) = Q. (Thus if a ta.ble of z'" values were available, then values of XQ 
could be easily computed for any member of the location-scale family.) 

3.39 Consider the Cauchy family defined in Section 3.3. This family can be extended to a. 
location-scale family yielding pdfs of the form 

l(xlp" O') = ( 2) ' 0'1'( 1 + (7) 
1 -00 < x < 00. 

The mean and variance do not exist for the Cauchy distribution. So the parameters 
p, and 0'2 are not the mean and variance. But they do have important meaning. Show 
that if X is a random variable with a Cauchy distribution with parameters p, and 0', 
then: 

(a) p, is the median of the distribution of X, tha.t is, P(X :::: p,) :::: P(X :5 p,) = � .  
(b) p, + (J" and p, - 17 are the quartiles of the distribution of X,  that is, P(  X :::: p, + (1)  = 

P(X :5 p, - u) = i . (Hint: Prove this first for p, = 0 and u = 1 and then use 
Exercise 3.38.)  

3.40 Let I(x) be any pdf with mean p, and variance (12. Show how to create a location-scale 
family based on f (x) such that the standard pdf of the family, say r (x), has mean 0 
and variance L 

3.41 A family of cdfs {F(xlll), ll E e} is stochastically increasing in 0 if 111 > 82 :::} F(xI81) 
is ,stochastically greater than F(xI02) .  (See Exercise 1 .49 for the definition of stochas
tically greater.) 

(a) Show that the n(p" (72) family is stochastically increasing in p, for fixed (12. 
(b) Show that the gamma(Q, (J) family of (3.3.6) is stochastically increasing in !3 (scale 

parameter) for fixed Q (shape parameter) .  

3.42 Refer t o  Exercise 3.41 for the definition of a stochastically increasing family. 

(a) Show that a location family is stochastically increasing in its location parameter. 
(b) Show that a scale family is stochastically increasing in its scale parameter if the 

sample space is [0, 00) . 

3.43 A family of cdfs {F(xIO), 8  E O} is stochastically decreasing in 0 if 81 > 82 :::} F(xI82) 
is stochastically greater than F(xI81) .  (See Exercises 3.41 and 3.42.) 

(a) Prove that if X ",  Fx(xlll), where the sample space of X is (0, 00) and Fx(xlll) is 
stochasticaJly increasing in 0, then FY(YI8) is stochastically decreasing in 8, where 
Y = l/X. 

(b) Prove that if X '" Fx(xI8), where Fx(xIO) is stochastically increasing in 0 and 
8 >  0, then Fx(xI 1 )  is stochastically decreasing in O. 

3.44 For any random variable X for which EX2 and EIXI exist, show that P(IXI :::: b) does 
not exceed either EX2/b2 or EIXI/b, where b is a positive constant. If I(x) = e-% for 
x > 0, show that one bound is better when b = 3 and the other when b = V2. (Notice 
Markov's Inequality in Miscellanea 3.8.2.) 

3.45 Let X be a random variable with moment-generating function Mx(t), -h < t < h. 

(a) Prove that P(X :::: a) :5 e-a.t Mx(t), 0 < t < h. (A proof similar to that used for 
Chebychev's Inequality will work.)  


