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Example 3.6.9 (Higher-order Poisson moments) For X '" Poisson{A) , take 
g(x) = x2 and use (3.6.5): 

E(AX2 )  = E (X(X - 1)2) E(X3 - 2X2 + X) .  

Therefore, the third moment of a Poisson().) is 

EX3 = )'EX2 + 2EX2 - EX 

= ).(). + ).2) + 2()' + ).2) _ ). 

= ).3 + 3).2 + ).. 

For the negative binomial, the mean can be calculated by taking g(x) = r + x in 
(3.6.6): 

so, rearranging, we get 

or 

(EX) ( 1 - p) - 1)  = -r(l p) 

EX = 
r(l - p) . p 

Other moments can be calculated similarly. I I  

3.7 Exercises ______________________ _ 

3.1 Find expressions for EX and Var X if X is a random varia.ble with the genera.l discrete 
uniform(No, N1) distribution that puts equal probability on each of the values No, No + 
1 ,  . . .  , Nl . Here No :$ Nl and both are integers. 

3.2 A manufacturer receives a lot of 100 parts from a vendor. The lot will be unacceptable if 
more than five of the parts are defective. The manufacturer is going to select randomly 
K parts from the lot for inspection and the lot will be accepted if no defective parts 
are found in the sample. 
(a) How large does K have to be to ensure that the probability that the manufacturer 

accepts an unacceptable lot is less than . 10? 
(b) Suppose the ma.nufact urer decides to accept the lot if there is at most one defective 

in the sample. How large does K have to be to ensure that the probability that 
the manufacturer accepts an unacceptable lot is less than . 10? 

3.3 The flow of traffic at certain street corners can sometimes be modeled as a sequence 
of Bernoulli trials by assuming that the probability of a car passing during any given 
second is a constant p and that there is no interaction between the passing of cars at 
different seconds. If we treat seconds as indivisible time units (trials), the Bernoulli 
model applies. Suppose a pedestrian can cross the street only if no car is to pass during 
the next 3 seconds. Find the probability that the pedestrian has to wait for exactly 4 
seconds before starting to cross. 
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3.4 A man with n keys wants to open his door and tries the keys at random. Exactly one 
key will open the door. Find the mean number of trials if 

(a) unsuccessful keys are not eliminated from further selections. 

(b) unsuccessful keys are eliminated. 

3.5 A standard' drug is known to be effective in 80% of the cases in which it is used. A new 
drug is tested on 100 patients and found to be effective in 85 cases. Is the new drug 
superior? (Hint: Evaluate the probability of observing 85 or more successes assuming 
that the new and old drugs are equally effective.) 

3.6 A large number of insects are expected to be attracted to a certain variety of rose plant. 
A commercial insecticide is advertised as being 99% effective. Suppose 2,000 insects 
infest a rose garden where the insecticide has been applied, and let X = number of 
Burviving insects. 

(a) What probability distribution might provide a reasonable model for this experi
ment? 

(b) Write down, but do not evaluate, an expression for the probability that fewer than 
100 insects survive, using the model in part (a) . 

(c) Evaluate an approximation to the probability in part (b) .  

8 . 7  Let the number of chocolate chips i n  a certain type of cookie have a Poisson distribu
tion. We want the probability that a randomly chosen cookie has at least two chocolate 
chips to be greater than .99. Find the smallest value of the mean of the distribution 
that ensures this probability. 

3.8 Two movie theaters compete for the business of 1 ,000 customers. Assume that each 
customer chooses between the movie theaters independently and with "indifference." 
Let N denote the number of seats in each theater. 

(a) Using a binomial model, find an expression for N that will guarantee that the 
probability of turning away a customer (because of a full house) is less than 1%. 

(b) Use the normal approximation to get a numerical value for N. 

3.9 Often, news stories that are reported as startling "one-in-a-million" coincidences are 
actually, upon closer examination, not rare events and can even be expected to occur. 
A few years ago an elementary school in New York state reported that its incoming 
kindergarten class contained five sets of twins. This, of course, was reported throughout 
the state, with a quote from the principal that this was a "statistical impossibility" . 
Was it? Or was it an instance of what Diaconis and Mosteller (1989) call the "law of 
truly large numbers" ? Let's do some calculations. 

(a) The probability of a twin birth is approximately 1 /90, and we can assume that 
an elementary school will have approximately 60 children entering kindergarten 
(three classes of 20 each) . Explain how our "statistically impossible" event can be 
thought of as the probability of 5 or more successes from a binomial(60, 1 /90). Is 
this even rare enough to be newsworthy? 

(b) Even if the probability in part (a) is rare enough to be newsworthy, consider that 
this could have happened in any school in the county, and in any county in the 
state, and it still would have been reported exactly the same. (The "law of truly 
large numbers" is starting to come into play.) New York state has 62 counties, and 
it is reasonable to assume that each county has five elementary schools. Does the 
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3.12 Suppose X has a binomia.l(n,p) distribution a.nd let Y have a negative binomial(r,p) 

distribution. Show that Fx (r - 1) 1 Fy(n - r) . 
3.13 A truncated discrete distribution is one in which a. particular class cannot be observed 

and is eliminated from the sample space. In particular, if X has range 0, 1, 2, . . .  and 
the 0 class cannot be observed (as is usually the case), the O-truncated random variable XT has pmf 

P (X x) P (XT = X) = P (X > O) ' x = 1, 2, . . . .  

Find the pmf, mean, and variance of the O-truncated random varia.ble starting from 

(a) X "" Poisson(.:\). 
(b) X ",  negative binomial(r, p), as in (3.2.10). 

3.14 Starting from the O-truncated negative binomial (refer to Exercise 3.13), if we let r -+  
0, we get an interesting distribution, the logarithmic series distribution. A random 
variable X has a logarithmic series distrihution with parameter p if 

P(X = x) 
-(1 - p)'" 

x logp 
, x 1 , 2, . . .  , O < p < 1 . 

(a) Verify that this defines a legitimate probability function. 
(b) Find the mean and variance of X. (The logarithmic series distribution has proved 

useful in modeling species abundance. See Stua.rt and Ord 1987 for a more detailed 
discussion of this distribution.) 

3.15 In Section 3.2 it was claimed that the Poisson(.:\) distribution is the limit of the negative 
binomial(r,p) distribution as r -+ 00, P -+ 1 ,  and r(l -p) -+ .:\. Show that under these 
conditions the mgf of the negative binomial converges to that of the Poisson. 

3.18 Verify these two identities regarding the gamma function that were given in the text: 

(a) r(a + 1) = ar(a) 

(b) r(� )  = Vi 
3.1 T Establish a formula simila.r to (3.3.18) for the gamma distribution. If X rv gamma(a, (3) ,  

then for any positive constant v, 

EX'" 
(3"'r(v + 0) 

reo) 

3.18 There is an interesting rela.tionship between negative binomial and gamma. random 
variables, which may sometimes provide a useful approximation. Let Y be a negative 
binomial random variable with parameters r and p, where p is the success probability. 
Show that as p --+ 0, the mgf of the random variable pY converges to that of a gamma 
distribution with parameters r and 1 .  

3.19 Show that 

a ::  1, 2, 3, . . . .  

. \ (Hint: Use integration by parts.) Express this formula as a probabilistic relationship 
between Poisson and gamma random variables. 


