






 



PROBABILITY THEORY Section 1.7 

1 .37 Here we look at some variations of Example 1.3.4. 

(a) In the warden's calculation of Example 1 .3.4 it was assumed that jf A were to be 
pardoned, then with equal probability the warden would tell A that either B or C 
would die. However, this need not be the case. The warden can assign probabilities 
'Y and 1 - 'Y to these events, as shown here: 

Prisoner pardoned Warden tells A 

A 
A 
B 
C 

B dies 
C dies 
C dies 
B dies 

with probability 'Y 
with probability 1 - 'Y 

Calculate P(AIW) as a function of 'Y. For what values of 'Y is P(AIW) less than, 
equal to, or greater than t? 

(b) Suppose again that 'Y = 4 ,  as in the example. After the warden tells A that B 
will die, A thinks for a while and realizes that his original calculation was false. 
However, A then gets a bright idea. A asks the warden if he can swap fates with C. 
The warden, thinking that no information has been passed, agrees to this. Prove 
that A's reasoning is now correct and that his probability of survival has jumped 
to i !  

A similar, but somewhat more complicated, problem, the "Monte Hall problem" is 
discussed by Selvin ( 1975). The problem in this guise gained a fair amount of noto
riety when it appeared in a Sunday magazine (vos Savant 1990) along with a correct 
answer but with questionable explanation. The ensuing debate was even reported on 
the front page of the Sunday New York Times (Tierney 1991).  A complete and some
what amusing treatment is given by Morgan et al. ( 1991 )  [see also the response by vos 
Savant 1991]. Chun (1999) pretty much exhausts the problem with a very thorough 
analysis. 

1 .38 Prove each of the following statements. (Assume that any conditioning event has pos
itive probability.) 

(a) If PCB) = 1 ,  then P(AIB) = peA) for any A. 
(b) If A c B, then P(BIA) = 1 and P(AIB) = peAl/PCB) . 
(c) If A and B are mutually exclusive, then 

peA) P(AIA U B) = 
peA) + PCB) 

(d) peA n B n C) = P(AIB n C)P(BIC)P(C) . 
1 .39 A pair of events A and B cannot be simultaneously mutually exclusive and independent. 

Prove that if peA) > 0 and PCB) > 0, then: 

(a) If A and B are mutually exclusive, they cannot be independent. 
(b) If A and B are independent, they cannot be mutually exclusive. 

1.40 Finish the proof of Theorem 1 .3.9 by proving parts (b) and (c) . 
1.41 As in Example 1 .3.6, consider telegraph signals "dot" and "dash" sent in the proportion 

3:4, where erratic transmissions cause a dot to become a dash with probability i and 
a dash to become a dot with probability k .  
(a) If a dash is received, what is the probability that a dash has been sent? 
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(b) Assuming independence between signals, if the message dot-dot was received, 
what is the probability distribution of the four possible messages that could have 
been sent? 

1.42 The inclusion-ea;clusion identity of Miscellanea 1 .8. 1 gets it name from the fact that 
it is proved by the method of inclusion and exclusion (Feller 1968, Section IV.1 ) . Here 
we go into the details. The probability P(Ui=IAi) is the sum of the probabilities of 
all the sample points that are contained in, at least one of the A,s. The method of 
inclusion and exclusion is a recipe for counting these points. 

(a) Let Ele denote the set of all sample points that are contained in exactly k of the 

events AI , A2, . . .  , An. Show that P(Uf=IA;) = L:�l peE, ). 
(b) If EI is not empty, show that peEl ) L:�l P(A.) . 
(c) Without loss of generality, assume that E", is contained in AI ,  A2 , . . .  , Ale. Show 

that peEk} appears k times in the sum PI , (�) times in the sum P2, (�) times in 
the sum Pa, etc. 

(d) Show that 

(See Exercise 1 .27.) 
(e) Show that parts (a) - (c) imply peE;)  = H - P2 = . . .  ± Pn1 establishing 

the inclusion-exclusion identity. 

1.43 For the inclu.sion-exclusion identity of Miscellanea 1 .8 .1 :  
(a)  Derive both Boole's and Bonferroni's Inequality from the inclusion-exclusion iden

tity. 
(b) Show that the g satisfy Pi � Pj if i � j and that the sequence of bounds in 

Miscellanea 1 .8.1 improves as the number of terms increases. 
(c) Typically as the number of terms in the bound increases, the bound becomes more 

usefuL However, Schwager ( 1984) cautions that there are some cases where there 
is not much improvement, in particular if the A,s are highly correlated. Examine 
what happens to the sequence of bounds in the extreme case when Ai = A for 
every i. (See Worsley 1982 and the correspondence of Worsley 1985 and Schwager 
1 985.) 

1.44 Standardized tests provide an interesting application of probability theory. Suppose 
first that a test consists of 20 multiple-choice questions, each with 4 possible answers. 
If the student guesses on each question, then the taking of the exam can be modeled 
as a sequence of 20 independent events. Find the probability that the student gets at 
least 10 questions correct, given that he is guessing. 

1.45 Show that the induced probability function defined in (1 .4 . 1 )  defines a legitimate 
probability function in that it satisfies the Kolmogorov Axioms. 

1.46 Seven balls are distributed randomly into seven cells. Let Xi the number of cells 
containing exactly i balls. What is the probability distribution of Xa? (That is, find 
P(Xa = x) for every possible x.) 

1.41 Prove that the following functions are cdfs. 

(a) � + �tan-l (x), X E (-oo, oo) (b) (l + e-X)-l , X E (-OO, OO) 
(c) e-e-"' , x E (-oo, OO) (d) 1 - e-"' , x E (0, oo) 
(e) the function defined in ( 1 .5.6) 

1.48 Prove the necessity part of Theorem 1 .5.3. 
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1.49 A cdf Fx is stochastically greater than a cdf Fy if Fx (t) � Fy(t) for all t and Fx (t) < 
Fy (t) for some t. Prove that if X ",  Fx and Y '" FYI t hen 

and 

P(X > t) 2: P(Y > t) for every t 

P(X > t) > P(Y > t) for some t, 

that is, X tends to be bigger than Y. 
1.50 Verify formula ( 1.5.4) , the formula for the partial sum of the geometric series. 
1.51 An appliance store receives a shipment of 30 microwa.ve ovens, 5 of which are (unknown 

to the manager) defective. The store manager selects 4 ovens a.t random, without 
replacement, and tests to see if they are defective. Let X = number of defectives 
found. Calculate the pmf and cdf of X and plot the cdf. 

1 . 52 Let X be a continuous random variable with pdf !(x) and cdf F(x) . For a fixed number 
xo, define the function 

g(x) = { !(X)/ [l - F(xo)] x 2: Xo 
o x < Xo . 

Prove that g(x) is a pdf. (Assume that F(xo) < 1.) 
1 .53 A certain river floods every year. Suppose that the low-water mark is set at 1 and the 

high-water mark Y has distribution function 

Fy(y) = P(Y � y) 

(a) Verify that Fy (1/) is a cdf. 
(b) Find h (y), the pdf of Y. 

1 1 - - 1 � 1/ < 00. 
1/2 '  

(c) If the low-water mark is reset at 0 and we use a unit of measurement that is l� of 
that given previously, the high-water mark becomes Z = lO(Y - 1). Find Fz(z) .  

1 .54 For each of the following, determine the value of c t hat makes lex) a pdf. 
(a) lex) c sin x, 0 < x < rr/2 (b) lex) = ce- 1z" -00 < x < 00 

1 .55 An electronic device has lifetime denoted by T. The device has value V 5 if it fails 
before time t = 3; otherwise, it has value V = 2T. Find the cdf of V, if T has pdf 

! (t) = �e-t/(L5) t 0 T 1 .5 , >  . 

1.8 Miscellanea ____________________ _ 

1 .B. l  Bonferroni and Beyond 
The Bonferroni bound of (1 .2.10) ,  or Boole's Inequality (Theorem 1 .2 .11) ,  provides 
simple bounds on the probability of an intersection or union. These bounds can be 
made more and more precise with the following expansion. 
For sets Al ,  A2! . . .  An. we create a new set of nested intersections as follows. Let 

n 
PI = L P(Ai) 

i=l 


