ATMOSPHERIC
ENVIRONMENT

www.elsevier.com/locate/atmosenv

ELSEVIER Atmospheric Environment 37 (2003) 5083-5096

Direct and adjoint sensitivity analysis of chemical kinetic
systems with KPP: Part I-—theory and software tools

Adrian Sandu?, Dacian N. Daescu®, Gregory R. Carmichael®*

& Department of Computer Science, Virginia Polytechnic Institute and State University, 660 McBryde Hall, Blacksburg, VA 24061, USA
® Institute for Mathematics and its Applications, University of Minnesota, 400 Lind Hall, 207 Church Street S.E., Minneapolis,
MN 55455, USA
¢ Center for Global and Regional Environmental Research, University of lowa, 204 IATL, Iowa City, 1A 52242-1297, USA

Received 26 January 2003; accepted 7 August 2003

Abstract

The analysis of comprehensive chemical reactions mechanisms, parameter estimation techniques, and variational
chemical data assimilation applications require the development of efficient sensitivity methods for chemical kinetics
systems. The new release (KPP-1.2) of the kinetic preprocessor (KPP) contains software tools that facilitate direct and
adjoint sensitivity analysis. The direct-decoupled method, built using BDF formulas, has been the method of choice for
direct sensitivity studies. In this work, we extend the direct-decoupled approach to Rosenbrock stiff integration
methods. The need for Jacobian derivatives prevented Rosenbrock methods to be used extensively in direct sensitivity
calculations; however, the new automatic and symbolic differentiation technologies make the computation of these
derivatives feasible. The direct-decoupled method is known to be efficient for computing the sensitivities of a large
number of output parameters with respect to a small number of input parameters. The adjoint modeling is presented as
an efficient tool to evaluate the sensitivity of a scalar response function with respect to the initial conditions and model
parameters. In addition, sensitivity with respect to time-dependent model parameters may be obtained through a single
backward integration of the adjoint model. KPP software may be used to completely generate the continuous and
discrete adjoint models taking full advantage of the sparsity of the chemical mechanism. Flexible direct-decoupled and
adjoint sensitivity code implementations are achieved with minimal user intervention. In a companion paper, we present
an extensive set of numerical experiments that validate the KPP software tools for several direct/adjoint sensitivity
applications, and demonstrate the efficiency of KPP-generated sensitivity code implementations.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction nonlinear differential equations
. . . . dy_ . 0y _ .0 0 F
The mathematical formulation of chemical reaction a =f(Ly;p), Y=y, C<tI<r. (1

mechanisms is given by a coupled system of stiff . ) )
The solution y(f)eR" represents the time evolution of

the concentrations of the species considered in the
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production/loss function f = (fi, ..., f,)", which depends
on a vector of parameters pe R™. In practice, the vector
p may represent reaction rate coefficients, the initial state
of the model (p = y°), additional source/sink terms (e.g.
emission rates), etc. We assume that problem (1) has a
unique solution y = y(¢,p) once the model parameters
are specified. Comprehensive atmospheric reaction
mechanisms take into consideration as many as 100
chemical species involved in hundreds of chemical
reactions (see e.g. Carter, 2000), such that to efficiently
integrate system (1) fast and reliable numerical methods
must be implemented (Byrne and Dean, 1993; Jacobson
and Turco, 1994; Sandu et al., 1997a, b). In addition, the
model parameters are often obtained from experimental
data and their accuracy is hard to estimate. The
development and validation of chemical reactions
mechanisms require a systematic sensitivity analysis to
evaluate the effects of parameter variations on the model
solution.

The sensitivities S,(f)eR”" are defined as the deriva-
tives of the solution with respect to the parameters

si0=21
pe

I</<m. ?2)

A large sensitivity value S,(7) shows that the para-
meter p, plays an essential role in determining the model
forecast y(f), therefore one problem of interest is to
evaluate the sensitivities S(r)e R for * <r<¢F. Some
practical applications (e.g. data assimilation) require the
sensitivity of a scalar response function
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with respect to the model parameters
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Depending on the problem at hand, an appropriate
method for sensitivity evaluation must be selected. The
most popular and efficient techniques for sensitivity
studies are the direct-decoupled and the adjoint sensi-
tivity methods. These approaches are complementary;
for example, a single direct sensitivity calculation could
provide [y1(2), ..., ya(D)/Oyi (%) for all LO<i<dF,
while a single adjoint calculation provides &y;(¢F)/
Ay1(2), ..., ya(?)] for all 2<t<F. The sensitivity infor-
mation provided by the direct method may be used to
asses how parametric uncertainties propagate in the
system; the adjoint method is more suitable for inverse
modeling and may be used to identify the origin of
uncertainty in a given model output. In this paper,
special emphasis is given to the adjoint technique which
has not been used as extensively as the direct method in
the context of chemical systems.

Given the multitude of applications, the continuous
development of new reaction mechanisms and the

frequent modifications of the existing ones, there is a
need for software tools that facilitate the sensitivity
analysis of general chemical kinetic mechanisms. The
kinetic preprocessor (KPP) (Damian-lordache et al.,
1995) has been successfully used in the forward
integration of the chemical kinetics systems (Sandu
et al., 1997a, b; Verwer et al., 1999). The new release
(KPP-1.2) presented in this paper implements a com-
prehensive set of software tools for direct and adjoint
sensitivity analysis. Given a chemical mechanism de-
scribed by a list of chemical reactions, KPP generates a
flexible code for the model, its forward integration and
the direct-decoupled/adjoint sensitivity analysis.

The paper is organized as follows: a review of the
direct-decoupled sensitivity analysis and extensions to
Runge—Kutta and Rosenbrock stiff integration methods
are presented in Section 2. In Section 3, we review the
continuous and discrete adjoint sensitivity methods and
discuss practical issues of the adjoint code implementa-
tion for chemical kinetics systems. The KPP tools that
facilitate the implementation of the sensitivity methods
are presented in Section 4. Tutorial examples for
building the direct-decoupled code and the adjoint code
with KPP are presented in Sections 5 and 6, respectively.
In Section 7, we outline the new numerical methods for
sensitivity calculations available in the KPP numerical
library. A summary of the results and concluding
remarks are presented in Section 8.

2. Direct sensitivity analysis

For the direct analysis we consider the parameters p to
be constant, i.e. they do not change in time. By
differentiating (1) with respect to the parameters one
obtains the sensitivity equations (variational equations)

ds,

O =J(t,y:p)Ss + 15, (8, y; ),

0 ° ,
S/()==—, 1</<m, ®)
e
where J is the Jacobian matrix of the derivative function
and f,, are its partial derivatives with respect to the
parameters

Afis st
J(t,y:p) = [[f’._.Jyr]]

: Aty oS

fp,(t,y;p):%, 1</<m. (©)

If the parameter p, represents the initial concentration
of the /th species, p, = )Y, then f,, =0 and S/(°) =
0,...,0,1,0, ...,O)T, the /th vector of the canonical
basis in #"; otherwise, S;(1°) = 0

The variational equations (5) are linear. The direct
method solves simultaneously the model equation (1)
together with the variational equations (5) to obtain
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both concentrations and sensitivities. The combined
system (1)—(5) has the Jacobian

of, IS+ fors oo s IS+ f3,.]

a[y’Sl,-n,Sm]
JS), +Jp T 0

S| e ()
USw)y+Jp, 0 o T

where the subscripts in the component sub-matrices
denote partial differentiation. The eigenvalues of the
combined Jacobian (7) are the eigenvalues of J (the
Jacobian of the model equations), with different multi-
plicities; therefore, if model (1) is stiff the sensitivity
equations (5) are also stiff. To maintain stability, an
implicit time-stepping method is needed. Implicit meth-
ods solve linear systems with the “‘prediction” matrix
(I — hyJ), where h is the stepsize and y a parameter
determined by the method. In the naive approach one
would have to solve linear algebraic systems of
dimension n(m+ 1) x n(m+ 1) corresponding to
Eq. (7). The direct-decoupled method (Dunker, 1984)
exploits the special structure of the combined Jacobian
(7); specifically, one only computes the LU factorization
of the n x n model prediction matrix I — hyJ = PT-L-
U. Then the n(m + 1) x n(m + 1) prediction matrix for
Jacobian (7) has the LU factorization

PT.L 0 0
—m[(JS), +J,JUT PT-L 0
—m)[(ISm), +Jp, ] U0 e PTLL
U 0 0
o U - 0

X . . . . (8)
0O 0 ..U

The direct-decoupled method was developed and is
traditionally presented in the context of BDF time-
stepping schemes (Dunker, 1984; Caracotsios and
Stewart, 1985; Leis and Kramer, 1986). In what follows
we review this approach, then we extend the direct-
decoupled philosophy to Runge—Kutta and Rosenbrock
integrators.

2.1. Direct-decoupled backward differentiation formulas

Model (5) is approximated by the k-step, order k
linear multistep formula

k-1
yi+l _ Z Otjy'ﬂ 4 h/))f'(tH»l’yH»l;p)’ h = ti+l _ ti. (9)
Jj=0

The formula coefficients o;, f are determined such that
the method has order k of consistency. Relation (9) is a

nonlinear system of equations which implicitly defines

»*1 and which must be solved by a Newton-type
i1

iterative scheme. Typically, the solution Vigsny at
iteration ¢ + 1 is computed as
[ = Iy IOy — i)
k—1
= oy B ) = (10)
=0

which requires one factorization of I — hfJ and one
backsubstitution per iteration.

Discretization of the continuous sensitivity equation: In
this approach (Dunker, 1984; Caracotsios and Stewart,
1985; Leis and Kramer, 1986) one discretizes the
continuous sensitivity equation (5) with the same BDF
method used for discretizing model (9)

k—1
S =" oSy hpIE ) Sy
=0

+ hBfy, (£, Y ),

Note that system (11) is linear, therefore it admits a
noniterative solution

[1 — hBJ(£ ™,y pylSit!

1</<m. (11)

k-1
=3 oS+ hpfy, (1Y), I<s<m (12)
Jj=0

The direct-decoupled method solves Eq. (10) first for the
new-time solution y*!'. The matrix I — hBJ(F*', y"*1; p)
is computed and factorized; and systems Eq. (12) are
solved for / =1 through m. Note that all systems (12)
use the same matrix factorization, and this factorization
is also reused in Eq. (10) for computing »**2 during the
next time step. Therefore, the solution together with m
sensitivities are obtained at the cost of a single matrix
factorization per time step.

Discrete sensitivity equation: In this approach one
considers directly the sensitivities of the numerical
solution. A discrete equation involving these entities is
obtained by taking the derivative of Eq. (9) with respect
to p, ; it is easy to see that the process leads again to
Eq. (11). Therefore, the numerical solutions of the
variational equations S’ are also the sensitivities of the
numerical solution dy’/dpy.

2.2. Direct-decoupled Runge—Kutta methods

A general s-stage Runge—Kutta method is defined as
(Hairer and Wanner, 1991, Section 1V.3)

Y=y h Y bk, T =1+ gh,
=1
Y=y +h Y agkl, K =f(T,Y;p), (13)
q=1
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where the coefficients aj,, b; and ¢; are prescribed for the
desired accuracy and stability properties. The stage
derivative values k0 are defined implicitly, and require
solving a (set of) nonlinear system(s). Newton-type
methods solve coupled linear systems of dimension (at
most) 1 X s.

Discretization of the continuous sensitivity equation:
Application of this method to the sensitivity equation (5)
gives

ST =Si4+h Y bk! for 1</<m,
Jj=1

K/ =J(T', Y'; p) <S§ +hYy aj,,k;>

q=1
+ fp, (T, Y p). (14)

System (14) is linear and does not require an iterative
procedure.

Discrete sensitivity equation: Clearly, Eq. (14) can be
obtained by differentiating Eq. (13) with respect to p,
and setting &/ = dk] /dp,, therefore the Runge-Kutta
numerical solutions of the sensitivity equations are equal
to the sensitivities of the Runge-Kutta numerical
solution of the model equation.

Computational considerations: One first solves Eq. (13)
for concentrations, which gives all stage derivative
vectors kY, ..., kY. Next one solves Eq. (14) for sensitiv-
ities; each set k{ , ...k’ is the solution of an (ns) x (ns)
linear system. The matrix of this system is the same for
all 1 </ <m, but is different than the matrix used in the
Newton iteration that solves Eq. (13). One can reuse the
matrix factorization of Eq. (13) if the linear systems (14)
are solved by an iterative method. However, due to the
repeated LU factorizations or the repeated Jacobian
evaluations involved the standard Runge-Kutta
methods do not seem suitable for direct sensitivity
calculations.

2.3. Direct-decoupled Rosenbrock methods

An s-stage Rosenbrock method (Hairer and Wanner,
1991, Section IV.7) computes the next-step solution by
the formulas

S
yrl =yl ¢ Z bk, T =t +ah,
J=1

j-1

S SP)
q=1

Iy

i

[LI - J(t’,y’;p)] K =f(T, Y p)

Jj— af o
f] . i .
E: h + hy; 5 (V) (15)

where s is the number of stages. The formula coefficients
(b, ajg» ¢jg> 0,7;> and y;) give the order of consistency
and the stability properties. At each stage of the method,
a linear system of equations with unknowns k¢ and
matrix 1/(hyjj)1 — J must be solved. Methods for which
Y11 = -+ =7, are of particular interest since in this case
only one LU matrix decomposition is required per
integration step (Sandu et al., 1997b, Verwer et al., 1999,
Djouad et al., 2002). Form (15) is advantageous for
implementation purposes and is equivalent with
the standard formulation (Hairer and Wanner, 1991,
Section 1V.7).

Discretization of the continuous sensitivity equation: To
apply method (15) to the combined sensitivity equations
(1)~(5), we need to make explicit use of the combined
Jacobian (7). One step of the method updates the
solution with Eq. (15) and the sensitivities using

Sirl = S/+Z bik{ for 1</<m, (16)
Jj=1

hy

1 .
{—1 —J(t, ) p):| ki
g/l

= J(T’, Y/; p) (S', +y ajqk;> + £, (T, Y/: p)

q=1
i1,
J4q 1./

+ > Sk

g=1

oJ . . oJ . . .
i kO e R i kO
+ (ap/ (t:y 7[))) i + <ay (t:y 717) X S/) j
+ hyJ (1, Y p)S) + oy fo, (2 Y ),

where J, =0J/0t, [y, = 0fp, /Ot If ;= =7, a
single n x n matrix LU decomposition is required per
step to obtain both the concentrations and the
sensitivities.

Discrete sensitivity equation: We note that the
derivative of method (15) with respect to p, leads also
to Eq.(16). Consequently, the sensitivities of the
numerical solution coincide with the numerical solutions
of the sensitivity equations.

Computational considerations: Formula (16) requires
the evaluation of the Hessian, i.e. the derivatives of the
Jacobian with respect to y, as well as the Jacobian
derivatives with respect to the parameters; these entities
are 3-tensors. In addition, an extra Jacobian evaluation
and one Jacobian-vector multiplication is needed at each
stage. The need for Jacobian derivatives prevented
Rosenbrock methods to be used extensively in direct
sensitivity calculations. However, the new automatic
differentiation and symbolic differentiation technologies
make the computation of these derivatives feasible.

To avoid computing the derivatives of the Jacobian
one can approximate Jacobian (7) by diag(J, ...,J) and
use a Rosenbrock-W integration formula (Hairer and
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Wanner, 1991, Section IV.7). The resulting method gives
consistent approximations of the sensitivities of the
continuous solution, but these are now different than the
sensitivities of the numerical solution.

Remark 1. Seefeld and Stockwell (1999) present an
extension of the direct-decoupled method to systems
with time-varying parameters. In their approach, a time-
dependent parameter is expressed as the product of a
time-varying profile and a time-independent multiplier:
pi(®) :p_;—“(z) x ¢; with the nominal value of the multi-
plier chosen to be unity. The direct-decoupled method is
then used to compute the derivatives of the concentra-
tions with respect to the time-independent multiplier.

3. Adjoint sensitivity analysis

The direct-decoupled method is known to be very
effective when the sensitivities of a large number of
output variables are computed with respect to a small
number of input parameters. The adjoint method
provides an efficient alternative to the direct-decoupled
method for evaluating the sensitivity of a scalar response
function with respect to the initial conditions and model
parameters. Mathematical foundations of the adjoint
sensitivity for nonlinear dynamical systems and various
classes of response functionals are presented by Cacuci
(1981a, b). The construction of the adjoint operators
associated with linear and nonlinear dynamics and
applications to atmospheric modeling are described in
detail by Marchuk (1995) and Marchuk et al. (1996).
Menut et al. (2000) and Vautard et al. (2000) use the
adjoint modeling for sensitivity studies in atmospheric
chemistry. A review of the adjoint method applied to
four-dimensional variational atmospheric chemistry
data assimilation is presented in the work of Wang
et al. (2001).

We will refer to the dynamical model (1) as a forward
(direct) model. Given a scalar response function

g =g, p)) (17)

we are interested to evaluate the sensitivities

0 - og 0y; 0
2 _ 3 <ij) _ <ﬁ, S/,>
Opr = \O¥jOpr) —iry \O¥ n(t=1F)
for 1</ <m, (18)

where {-,-», denotes the inner product in %",

(u,vd, = vl

In the typical case where the cost functional is given
by a time integral (3), the sensitivity problem (3)—(4) may
be reduced to problem (17)—(18) by augmenting the state
vector y with a new component y,,;; whose time

evolution is governed by the equations

At
= 0w,y () = 0. 19
Then

Iuir () = / 601, p)) dr (20)

and the adjoint sensitivity is applied to the augmented
system (1)—(19), with the state vector Y = (yT,y,,H)T
and the response functional g = y,41(¢F, p).

In the adjoint sensitivity one must distinguish between
the continuous and the discrete adjoint modeling (Sirkes
and Tziperman, 1997). While in general the derivation of
the continuous adjoint model is presented, often in
practice it is a discrete adjoint model that is implemen-
ted. This distinction is of particular importance in the
context of stiff chemical reactions systems that require
sophisticated numerical integrators.

3.1. Continuous adjoint sensitivity

Traditionally, the adjoint model equations are derived
using the Hilbert spaces theory and variational techni-
ques (Wang et al., 2001). The continuous adjoint model
is obtained from the continuous forward model using
the linearization technique. To first-order approxima-
tion, a perturbation dp in the input parameters leads to a
perturbation in the response functional

89 =g, p + op)) — 91", p))

og >
(%5 @1
<6y n(t=tv)

where the state perturbation Jy(ff) is obtained by
solving the tangent linear model problem

iy _

0 F
r<t<t, 22
ar (22)

J(t,y;p)oy + fp(t,y; p)op,

(%) = 6y’ (23)

In the direct sensitivity approach, for each parameter
variation dp;, | <I<m, a new system (22)—(23) must be
solved to compute 6y(¢F). The adjoint model is used to
express explicitly the perturbation dg in terms of
parameter variations dp as follows: we introduce the
adjoint variable A(f)e #" (to be precisely defined later),
take the scalar product of Eq. (22) with 4 and integrate
on [{°, fF] to obtain:

* i
[ () a= [ ey
0 dr . 10
+ Jp(t,y;p)op >, di. (24)

Integrating by parts the left-hand side of Eq. (24), using
matrix transposition on the right-hand side, and
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rearranging the terms give the equivalent formulation

" ds
. F
Cuovnll = [ <—+JT<z,y;p)z,5y>
o \dt n

+ () (6y3p)2 3p )y dt. (25)

Therefore, if 4 is defined as the solution of the adjoint
problem

d’

LT )

a =-J ([’y’p)}“’ (26)

Py _ 09 F

M) =), 27
oy

the perturbation in the response functional can be
expressed from Egs. (21), (23), and (25) as

59 = (it 553, + / My opyd (28)

Evaluation of (1), °<t<1F requires only one forward
integration from £ to ff of model (1) to compute
(1), 1 <t< ¥, followed by a single backward integration
from ¢F to 10 of the n-dimensional adjoint model
(26)-(27). A(1°)e A" represent the sensitivities of the
response g with respect to the initial conditions »°.
Having available A(z), sensitivities with respect to
additional model parameters p; are

g " :
apl 7/” </u(t),fp/(tayap)>n dz

- / £T i)y de (29)

and may be computed using an appropriate numerical
quadrature scheme.

Remark 2. Modeling chemical kinetic systems requires
the specification of time-dependent model parameters.
For example, photolytic reaction rates are determined
by the solar radiation and thermal reactions rates
depend on the temperature, therefore the reaction rates
are implicitly a function of time. The adjoint modeling
may be used to evaluate the sensitivity of the response
functional with respect to time-dependent model para-
meters. The adjoint functions A(¢f) are also called
influence functions and represent the sensitivity of the
response functional with respect to the variations in the
model state at time #; if the parameters are time
dependent, p = p(t), the impulse response functions
f;(z,y;p(t))/l(t) represent the variation in g due to a
unit impulse (Dirac function) in the parameter p, at time
t (Bryson and Ho, 1975).

Remark 3. In practice, it is often of interest to evaluate
the sensitivity of multiple response functionals (e.g.
concentrations of various pollutants at a given time)
with respect to the model parameters. One should notice
that in the direct approach a new set of Egs. (5) must be

solved for each additional parameter, whereas in the
adjoint approach a new set of adjoint equations
(26)—-(27) must be solved for each additional response.
The sensitivities of a  vector-valued function
G((f"))e R* may be obtained by a backward integra-
tion of the adjoint model

A
e T, (30)

T
AT = (%) ) 31)

where A(f)e R are the adjoint variables. The matrix
approach to the adjoint sensitivity analysis of atmo-
spheric models with multiple responses is discussed by
Ustinov (2001).

3.2. The relationship with the Green’s function method

The adjoint method presented above can be related to
the Green’s function. The Green’s function method of
sensitivity analysis in chemical kinetics is discussed in
detail by Hwang et al. (1978), Dougherty et al. (1979),
and Vuilleumier et al. (1997). The Green’s function
matrix K(¢,7)e Z#"" associated to Eq. (5) satisfies

S KD - Ty pKED =0, 1> ()

K(t,71) =1 (33)

The sensitivities S;(f) may be expressed in terms of the
Green'’s function (Hwang et al., 1978)

S/() = K(t, °)S,(°) + / t K(t,0)f,,(v) d1,
1</<m. (34

To obtain S,(¢F), the differential equations for the
adjoint Green’s function

diK*(f, Y+ K*(, () J(z,y;p) =0, 1<iF, (35)
T
K¥(F, =1 (36)

are solved backwards in time from ¢F to #° and using the
identity

K*(z,0) = K(t,7), 37)

the right-hand side integrals in Eq. (34) are computed
with an appropriate numerical quadrature scheme
(Hwang et al., 1978; Dougherty et al. 1979). In this
way, all S,(¢"),1</<m may be evaluated by solving
n+1 sets (Egs. (1) and(35)—(36)) of stiff ODE’s of
dimension 7.

A fundamental observation is that to evaluate
sensitivities (18) explicit knowledge of S,(fF), 1<
I<m is not needed; only the inner product
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{8g/oy(t5), S,(tF)), is required. From Egs. (18) and
(34), we obtain

o9 _ ig F F
2 (Pisam)

n

—(Zan ke )
¥

n

" /o :
+/ <a—g(tF),K(tF,r)fp/(f,y;p)> dr, (38)
0 Y n
which may be written using Eq.(37) and matrix
transposition in the equivalent form

9 _ <K*T(t°, ) % (), S/(t°)>
dps oy

n

¥ a
+/,o <K*T(T,IF)a*Jg;(tF),fp/(T,y;p)> de.  (39)

n

If we define the adjoint variables A(t)e #" as
0= K ), (40)

then Eq.(39) is written in a form that reveals the
similarities with Eq. (28)

B . o
52— UL + / ) (@3 p) D d,
1<i<m. (41)

From Eqgs. (35)—(36) and definition (40) it follows
that A(r) is the solution of the adjoint model problem
(26)—(27).

3.3. Discrete adjoint sensitivity

The discretization of system (1) with a selected
numerical method provides a numerical approximation
yV ~y(tF) through a sequence of N intermediate states

Y =Fi(hip), i=0,..,N -1, (42)

where F' represents a one-step numerical integration
formula which advances the solution from # to #*!. This
establishes an explicit relationship between the evaluated
response functional g(»") and the model parameters.
Using interpolation techniques, we may assume that the
parameters p are discrete (time independent) and are
determined by their values at the interpolation nodes.

The discrete adjoint model equations are obtained
directly from the discrete forward model equations (42)
as we now explain. To present a compact, yet explicit
derivation of the discrete adjoint sensitivity formulae, we
consider an augmented state vector Y (¢) =
OT(@), pT ()T, where p(f) = p. We rewrite the discrete
equations (42) as

Y+ =Fi(Y"), i=0,...,N—1, (43)

and attach the parameters equations
P’ =p, pPl=p, i=0 .. N—1. (44)

The sensitivity with respect to the initial conditions
YO = (" "N is given by

59(VN) ag

0 | ag™) (aYN)T a—y(yN) )
oo™ | or®  \ox? '

6]) m

A successive application of the chain rule followed by
transposition gives

NN ANG ARG
oYY ) ~\aYo oY! oYN-2

oYy \T
X <W> s (46)

and by differentiating equations (43)—(44) we obtain

(an+1> ([ F0LP) FOLP)
0 Yi O(m, n) I(m, m) ’

i=0,..,N—1. 47
Therefore, if we define the adjoint variables at ¥ = ¢F
0
N =T oM, W=o, (8)
oy
and evaluate the adjoint variables at f#,i= N —
1, ..., 1,0 using the recursive relations
Ji ayHI\T [ !
vlT ( oY ) it
i, AT gi+1
= ( i I?Oj ’pr')ﬂll i+1 )’ 49
F04Lp) A7 +v
we obtain from Egs. (45) to (49) the sensitivities
N N
0y’ op

3.4. Practical issues of the adjoint code implementation

The adjoint method relies on the linearization of the
forward model and the nonlinearity introduced by the
chemistry may have a direct impact on the time interval
length and the qualitative aspects of the adjoint
sensitivity analysis. Since for nonlinear problems the
adjoint equations depend on the forward model state, in
order to perform the adjoint computations the forward
model state must be available in reverse order. There-
fore, a large amount of memory must be allocated for
storing the state during the forward run.

As noticed in the previous sections in practice two
strategies may be used to implement the adjoint code.



5090 A. Sandu et al. | Atmospheric Environment 37 (2003) 5083-5096

In the continuous approach, the continuous adjoint
model is first derived from the linearized continuous
forward model equations; then a numerical method of
choice is used to integrate the adjoint model. In this
approach, the complexity of the numerical method used
during the forward integration does not interfere with
the adjoint computations. While during the forward
integration one has to solve a stiff nonlinear ODE
system, during the adjoint integration a stiff linear
system of ODE’s must be solved. Therefore, highly
stable implicit methods may be efficiently implemented
as no iterations are needed for solving the adjoint.

The second method is the discrete adjoint approach,
where the explicit dependence of the state vector
evolution on the input parameters is obtained by the
numerical integration of the forward model. The discrete
adjoint model is then derived directly from the linearized
discrete forward model equations. In this way, the
discrete adjoint model provides an exact gradient
(sensitivity) relative to the numerical computation of
the response functional. This approach appears to be
more suitable for the variational data assimilation where
a minimization process must be performed since the
minimization routine will receive the exact gradient of
the evaluated cost function. However, implementing an
efficient discrete adjoint code may be a difficult task if
sophisticated numerical methods are used. Additional
issues related with the consistency of a numerical scheme
and the consistency of its adjoint are discussed by Sei
and Symes (1995).

Hand-generated adjoint codes are tedious to write and
often subject to errors. Automatic differentiation tools
(Giering and Kaminski, 1998; Rostaing et al., 1993) may
facilitate the adjoint code generation, but they must be
used with caution and the correctness of the automatic-
generated adjoint code must be carefully verified. The
state of the art stiff ODE solvers are usually written in a
form which is not optimal for the adjoint code
generation and often one has to rewrite them in a form
that is suitable for the adjoint compilers.

There is no general rule to decide which approach
(discrete vs. continuous) should be used to implement
the adjoint model. The performance of the adjoint code
is problem dependent and a selection can be made only
after an extensive analysis and testing for the particular
problem to be solved have been performed.

For atmospheric chemistry data assimilation and
sensitivity studies, a discrete adjoint model was used
by Fisher and Lary (1995) for a Burlich-Stoer integra-
tion scheme (Stoer and Burlich, 1980) and by Elbern
et al. (1997) for a quasi-steady-state approximation
(QSSA) method. A continuous adjoint chemistry model
with a fourth-order Rosenbrock solver (Hairer and
Wanner, 1991) for the forward/backward integration
was successfully applied to 4D-Var chemical data
assimilation by Errera and Fonteyn (2001) in a hybrid

adjoint approach (discrete adjoint for the transport
integration, continuous adjoint for the chemistry inte-
gration).

4. The KPP tools

In this section, we present the KPP software tools that
are useful in derivative computations. A detailed
discussion of the basic KPP capabilities can be found
in our previous work (Damian-lordache et al., 1995;
2002). Here, we focus on the new features introduced in
the release 1.2 that allow an efficient sensitivity analysis
of chemical kinetic systems.

KPP builds simulation code for chemical systems
driven by the law of mass action kinetics

d .
ay=S-m%Mw&uwhmHﬁU)

=S-ot,y) =f(y), (51)
where S is the stoichiometric matrix, k;(z) the ith
reaction rate coefficient, p = [p1, ..., pr]" the vector of
reactant products and w = [wy, ..., wg]" the vector of

reaction velocities.
4.1. The derivative function

KPP orders the variable species such that the sparsity
pattern of the Jacobian is maintained after an LU
decomposition and generates the following function to
compute the vector A_-VAR of component time deriva-
tives from the concentrations of variable V, radical R and
fixed F species, and the vector of rate coefficients RCT.

SUBROUTINE FunVar ( V, R, F, RCT, A_VAR ).

4.2. The Jacobian

The Jacobian of the derivative function is also
constructed by KPP via the command

#JACOBIAN [ OFF | ON | SPARSE |.

The option OFF inhibits the generation of the Jacobian
subroutine; the option ON generates the Jacobian in full
matrix format, while the option SPARSE generates the
following routine for the Jacobian in sparse row-
compressed format

SUBROUTINE JacVar_SP( V, R, F, RCT, JS ).

Implicit numerical integrators solve systems of the
form (I — hyJ)x = b, where h is the step size, y a method-
dependent parameter, J the Jacobian, and I — hyJ the
“prediction” matrix. KPP generates the following sparse
linear algebra subroutines:

SUBROUTINE KppDecomp(N, P, IER)
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performs an in-place, nonpivoting, sparse LU decom-
position of the prediction matrix P (IER returns a
nonzero value if singularity is detected). Using this
factorization the sparse backward and forward substitu-
tions are performed by

SUBROUTINE KppSolve(P,X).

Similarly, a new subroutine required for the adjoint
computations

SUBROUTINE KppSolveTR ( P, b, X )

solves the linear system PTX = b with the transposed
coefficient matrix, and uses the same LU factorization as
KppSolve. The sparse subroutines KppDecomp and
KppSolve are extremely efficient (Sandu et al., 1996).

Two other KPP-generated subroutines are useful for
direct and adjoint sensitivity analysis

SUBROUTINE JacVar_SP_Vec ( JVS, U, V)

computes the sparse Jacobian times vector product
(V' «<JVS . U), and the subroutine

SUBROUTINE JacVarTR SP_Vec ( JVS, U, V)

computes the sparse Jacobian transposed times vector
product (V<JVST. U).

4.3. The stoichiometric formulation

KPP can generate the elements of the derivative
function and the Jacobian in the stoichiometric for-
mulation (51); this means that the product between the
stoichiometric matrix, rate coefficients, and reactant
products is not explicitly performed. The option that
controls the code generation is

#STOICMAT [ OFF | ON |.

The ON value of the switch instructs KPP to generate
code for the stoichiometric matrix, the vector of reactant
products in each reaction, and the partial derivative of
the time derivative function with respect to rate
coefficients. These elements are discussed below.

The stoichiometric matrix is usually very sparse; the
total number of nonzero entries in the stoichiometric
matrix is the constant NSTOICM in KPP-generated code.
KPP produces the stoichiometric matrix in sparse,
column-compressed format. Elements are stored in
columnwise order in the one-dimensional vector
of values STOICM(1:NSTOICM); their row indices
are stored in  IROW_STOICM(1:NSTOICM); the
vector CCOL_STOICM(1:NVAR+1) contains pointers to
the start of each column; for example, column j starts
in the sparse vector at position CCOL_STOICM(j) and
ends at CCOL_STOICM(j + 1) — 1. The Ilast value
CCOL_STOICM(NVAR + 1) = NSTOICM + 1 is not necessary

but simplifies the future handling of sparse data
structures.

The following subroutine computes the reactant
products for each reaction, i.e. A.RPROD is the vector
p(») in formulation (51).

SUBROUTINE ReactantProd ( V, R, F, A_RPROD ).

In the stoichiometric formulation (51) the Jacobian is

Ty =2 gy’y ) _ 5 diaglk (1), ... kn(0)]
-a’;—(yy) = S - diag[k,(2), ..., kr(D)] - JRC(p). (52)

The following subroutine computes the Jacobian of
reactant products vector; i.e. JV_.RPROD is the matrix
JRP = ap(y)/dy above

SUBROUTINE JacVarReactantProd
(V, R, F, JV_RPROD ).

The matrix JV.RPROD is of course sparse and is
computed and stored in row-compressed sparse format.
The number of nonzeros is stored in the parameter
NJVRP, the column indices in the vector ICOL_JVRP and
the beginning of each row in CROW_JVRP.

4.4. The derivatives with respect to reaction coefficients

The stoichiometric formulation allows a direct com-
putation of the derivatives with respect to rate coeffi-
cients. From Eq. (51) one sees that the partial derivative
of the time derivative function with respect to a reaction
coefficient is given by the corresponding column in the
stoichiometric matrix times the corresponding entry in
the vector of reactant products

S(t,y) =S - diag[ki(2), ..., kr(D)] - p(»)

af‘l'NVAR

——= =35 - pi).

6kj 1:NVAR, j P/(V)

The following subroutine computes the partial deriva-

tive of the time derivative function with respect to a set

of reaction coefficients; this is more efficient than
computing each derivative separately.

SUBROUTINE dFunVar dRcoeff
(V, R, F, NCOEFF, JCOEFF, DFDR ).

A total of NCOEFF derivatives are taken with respect to
reaction  coefficients  JCOEFF (1)—JCOEFF (NCOEFF).
JCOEFF, therefore, is a vector of integers containing
the indices of reaction coefficients with respect to which
we differentiate. The subroutine returns the NVAR X
NCOEFF matrix DFDR; each column of this matrix
contains the derivative of the function with respect to
one rate coefficient. Specifically,

aﬁ :NVAR

DFDRiwar,j = =
1:NVAR, j achUEFF(j)

, 1 <j<NCOEFF.
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The partial derivative of the Jacobian with respect to
the rate coefficient k; can be obtained from Eq. (52) as
the external product of column j of the stoichiometric
matrix with row j of JRP

OJ 1 :nvaR,1:nVAR -s JRP
A7, — O1:NVAR,j "Yjq. .
5/{] J J,1:NVAR

In practice, one needs the product of this Jacobian
partial derivative with a user vector, i.e.

a-]l :NVAR,1:NVAR

ok,

RP
= Sl:NVAR,j . (Jj,l:NVAR . U1:NVAR)~

- Uswuar

This is computed by the KPP-generated subroutine
SUBROUTINE dJacVar_dRcoeff
(V, R, F, U, NCOEFF, JCOEFF, DJDR ).

U is the user-supplied vector. A total of NCOEFF
derivatives are taken with respect to reaction coefficients
JCOEFF (1)—JCOEFF (NCOEFF). The subroutine returns
the NVARXNCOEFF matrix DJDR; each column of this
matrix contains the derivative of the Jacobian with
respect to one rate coefficient times the user vector.
Specifically,

6-]1 :NVAR,1:NVAR

DJIDRvar,; = - U .nvars

6choEFF(j)
1 <j<NCOEFF.

4.5. The Hessian

The Hessian contains second-order derivatives of the
time derivative functions. More exactly, the Hessian is a
3-tensor such that

a2ﬁ([,yl> s V3 D1s oo Pm)
0yjOyx
1<i, j, k<n. (53)

>

H; ;i (t,y;p) =

For each component i there is a Hessian matrix H;. .,
since the time derivative function is smooth these
Hessian matrices are symmetric

*fit,y:p)  *fi(t,y:p)
H;j i (t,y;p) = Jut.y:p = Jut.y:p
0yjOyk k0
=Hi(t,y;p). (54)

An alternative way to look at the Hessian is to
consider the 3-tensor as the derivative of the Jacobian
(6) with respect to individual species concentrations
0Ji j(t,¥15 > YusD) _dfi(t,y;p)

— Jij=—7"
Ok ’ dyj
1<i, j, k<n. (55)

Hi =

Clearly, the Hessian is a very sparse tensor (consider-
ably sparser than the Jacobian). KPP computes the
number of nonzero Hessian entries (and saves this in the

variable NHESS). The Hessian itself is represented in
coordinate sparse format; the real vector HESS holds
the values, and the integer vectors IHESS_{7,J, K} the
indices of nonzero entries

HESS=[ 1, 2, .., NHESS ] IHESS_{I,J,K}
=[1, 2, .., NHESS ]

such that the nonzero Hessian entries are stored as

H; ;= HESS(m), {i,j, k} =IHESS_{I,J,K}(m)
for H; ; 1 #0 and 1<m<NHESS.

The sparsity coordinate vectors THESS_{I,J,K} are
computed by KPP and initialized statically; these vectors
are constant as the sparsity pattern of the Hessian does
not change during the computation.

Note that due to the symmetry relation (54) it is
enough to store only the upper part of each component’s
Hessian matrix; the sparse structures for the Hessian
store only those entries H; ; i for which j<k.

The subroutine

SUBROUTINE HessVar ( V, R, F, HESS )

computes the Hessian (in coordinate sparse format)
given the concentrations of the variable species V. Note
that only the entries H; ; x with j<k are computed and
stored.

The subroutine

SUBROUTINE HessVar_Vec ( HESS, U1, U2, HU )

computes the Hessian times user vectors product, which
is a vector and can be regarded as the derivative of
Jacobian-vector product times vector

HU < (HESS x U2)- Ul M. U2,

Similarly, the subroutine

SUBROUTINE HessVarTR_Vec ( HESS, U1, U2, HTU ).

computes the Hessian transposed times user vectors
product (which equals the derivative of Jacobian
transposed-vector product times vector)

oJT(y)- U1)

HTU « (HESS x U2)T - U1 = %

-U2.

5. Building direct-decoupled code with KPP

In this section, we present a tutorial example for the
direct-decoupled code implementation in the KPP
framework. For simplicity, we consider the problem of
evaluating the sensitivities S,(f)e #" of the model state
(concentrations) at time moments f, °<r</F, with
respect to the concentration of a species 7 at a previous
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time instance °

a[yl (t)’ cees yn(t)]
() 7
The forward numerical integration, y'—y™*!, is per-

formed using the first-order linearly implicit Euler
method (Hairer and Wanner, 1991, Section IV.9)

S)(t) = £=1,...n (56)

(s 1) 07 =y =10,
i=0,..,N—1, (7)

with a constant step size /; the final time is reached for
tN = {* + Nh = ¢F. The implementation of one forward
integration step requires the solution of a system with
the sparse Jacobian, and is readily implemented using
KPP-generated routines.

To calculate sensitivities with respect to initial values
we follow formulas (16) in the one-stage, autonomous
form. The Hessian is denoted by H = 8J/0y.

Yl =3 — kO, Sl =8, — k" for 1</<m,

o o
(s 1) =100,

(J(zf, ¥ — 1) K

h
for 1</<m.

—

J(,y)S) + (H(,y') x SHK"

For the implementation one needs the following KPP-
generated routines: sparse Jacobian decomposition and
substitution, sparse Jacobian times vector multiplica-
tion, and sparse Hessian times vectors multiplication.
Note that an implementation of the direct-decoupled
code for computing sensitivities with respect to rate
coefficients can be easily obtained following the same
pattern and using the KPP-generated subroutines for the
function and Jacobian derivatives with respect to the
rate coefficients.

6. Building adjoint code with KPP

First applications of the KPP software tools to the
adjoint code generation for chemical kinetics systems
were presented by Daescu et al. (2000), who reported a
superior performance over the adjoint code generated
with the general purpose adjoint compiler TAMC
(Giering and Kaminski, 1998) for a two-stage Rosen-
brock method. In this section, we present a tutorial
example for the continuous and discrete adjoint code
implementation in the KPP framework. For simplicity,
we consider the problem of evaluating the sensitivities of
a response functional g(y(:F)) with respect to the model

state at previous instants in time, <t <¢F

oy agt)\"
ﬂﬂ_(@ﬂﬁ””@ug)’ (58)

using the numerical scheme (57). The adjoint variables
are initialized with 2V = A(F) = ag(y(:F))/ay.

6.1. Continuous adjoint implementation

One step of the backward integration, 2! — /', of the
continuous adjoint model (26) using the linearly implicit
Euler method is written (use Eq. (57) for Eq. (26) with
he— —h)

<JT(ti+l,yi+l) _ %1> (;LH»I _ ]1)
_ JT(ti-%—l’yH—l))vH»l (59)

and after rearranging we obtain
i1 ety L ! i Lo
J(y )—1—11 A :—Eﬂ . (60)

Since the adjoint equations are linear, fully implicit
methods may be implemented at the same computa-
tional cost as linearly implicit methods. If the backward
integration is performed with the implicit Euler method
then

i i 1 T«i 1 i+1
J(l,y)le A :*z;v (61)

with the only difference from Eq. (59) being that the
Jacobian matrix in Eq. (61) is now evaluated at (¢, y*).
Note that Egs. (59) and (61) need only a sparse LU
decomposition and a backsubstitution with the trans-
posed Jacobian, both operations being implemented by
KPP.

6.2. Discrete adjoint implementation

The discrete adjoint code is implemented according to
formulae (43) and (49). Differentiating Eq. (57) with
respect to y' we obtain

Hix () — yi*! i1 7ayi+l _gi
Y+ (1) (1 e

where J' = J(¢,)") and H' = 0J'/0y". From Eq. (62) we
obtain explicitly

Ayt S B L , . .
_—]— i_ 7 i H i+l i
& I (J'+ H x (y 1))

i 1 = 1 i i+1 i
:_(J—El) (%1+H x (y'* —y)) (63)
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(where x stands for 3-tensor times vector product).
From Egs. (49) and (63) it results

i T
= (20
oy’

1 ) . ANt/ o 1\ T
_(ZI_’_HIX(yHl_yt)) (J'_EI) /11+1.

(64)

Eq. (64) represents the discrete adjoint integration step
associated with the linearly implicit Euler forward
integration. Following Daescu et al. (2000), we intro-
duce two new variables k and z

. . 1 \T .
k:y1+l 7yl’ (Jlf%l) Z=;,l+], (65)
with which Eq. (64) becomes
A= —%z —(H' x k)'z. (66)

The linear system in Eq. (65) is solved for z efficiently
through calls to the KPP-generated sparse linear algebra
routines KppDecomp and KppSolve_TR. The right-
hand side term in Eq.(66) is evaluated by Hess-
VarTR_Vec taking full advantage of the Hessian
sparsity.

Remark 4. By comparison of Egs. (65) and (66) with
(60) and (61) it can be seen that discrete adjoint model is
a more demanding computational process and its
efficient implementation is not a trivial task. For this
reason, the use of discrete adjoints in atmospheric
chemistry applications has been limited to explicit or
low-order linearly implicit numerical methods (Fisher
and Lary, 1995; Elbern et al., 1997; Daescu et al., 2000).

Remark 5. For linear dynamics J = J(f) the second-
order derivatives in Eq. (66) are identically zero. There-
fore, the discrete adjoint model (66) is equivalent with
the continuous adjoint model (61).

7. The KPP numerical library

The KPP numerical library is extended with a set of
numerical integrators and drivers for direct-decoupled
and for adjoint sensitivity computations.

Several Rosenbrock methods are implemented for
direct-decoupled sensitivity analysis, namely Rosl,
Ros2, Ros3, Rodas3, and Ros4. The implementations
distinguish between sensitivities with respect to initial
values and sensitivities with respect to parameters for
efficiency. In addition, the BDF direct-decoupled

integrator Odessa (Leis and Kramer, 1986) is available
with the KPP sparse linear algebra routines.

Drivers are present for the general computation of
sensitivities with respect to all initial values (general-
_ddm_ic) and with respect to several (user-defined) rate
coefficients (general_.ddm_rc). Note that KPP produces
the building blocks for the simulation and also for the
sensitivity calculations; it also provides application
programming templates. Some minimal programming
may be required from the users in order to construct
their own application from the KPP building blocks.

The continuous adjoint model can be easily con-
structed using KPP-generated routines and is integrated
with any user selected numerical method. The discrete
adjoint models associated with the Rosl, Ros2, and
Rodas3 integrators are provided for variable step size
integration. Drivers for adjoint sensitivity and data
assimilation applications are also included.

8. Conclusions and future work

The analysis of comprehensive chemical reactions
mechanisms, parameter estimation techniques, and
variational chemical data assimilation applications
require the development of efficient sensitivity methods
for chemical kinetics systems. Popular methods for
chemical sensitivity analysis include the direct-decoupled
method and automatic differentiation.

In this paper, we review the theory of the direct and
the adjoint methods for sensitivity analysis in the
context of chemical kinetic simulations. The direct
method integrates the model and its sensitivity equations
simultaneously and can efficiently evaluate the sensitiv-
ities of all concentrations with respect to few model
parameters. An efficient numerical implementation is the
direct-decoupled method, traditionally formulated using
BDF formulas. We extended the direct-decoupled
approach to Runge-Kutta and Rosenbrock stiff inte-
gration methods. The adjoint method integrates the
adjoint of the tangent linear model backwards in time
and can efficiently evaluate the sensitivities of a scalar
response function with respect to a large number of
model parameters. Sensitivities with respect to time-
dependent model parameters may be obtained through a
single backward integration of the adjoint model.

The kinetic preprocessor (KPP) developed by the
authors is a symbolic engine that translates a given
chemical mechanism into Fortran or C kinetic simula-
tion code. Efficiency is obtained by carefully exploiting
the sparsity structure of the Jacobian. A comprehensive
suite of stiff numerical integrators is also provided.

The second part of this paper presents the compre-
hensive set of software tools for sensitivity analysis that
were developed and implemented in the new release of
the KPP-1.2. KPP was extended to symbolically
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generate code for the stoichiometric formulation of
kinetic systems; for a direct sparse multiplication of
Jacobian transposed times vector; for the solution of
linear systems involving the transposed Jacobian; for the
derivatives of rate function and its Jacobian with respect
to reaction coefficients; for the Hessian, i.e. the deriva-
tives of the Jacobian with respect to the concentrations;
and for the sparse tensor product of Hessian with user
defined vectors. The Hessian and the derivatives with
respect to rate coefficients are sparse entities; KPP
analyzes their sparsity and produces simulation code
together with efficient sparse data structures.

The use of these software tools to build sensitivity
simulation code is outlined, following the theoretical
overview of direct and adjoint sensitivity analysis.
Direct-decoupled code is constructed in a straightfor-
ward way; BDF and Runge-Kutta direct-decoupled
integrators, as well as specific drivers are included in the
KPP numerical library. The need for Jacobian deriva-
tives prevented Rosenbrock methods to be used
extensively in direct sensitivity calculations; however,
the proposed symbolic differentiation technology makes
the computation of these derivatives feasible. The
continuous and discrete adjoint models are completely
generated by the KPP software taking full advantage of
the sparsity of the chemical mechanism. Flexible direct-
decoupled and adjoint sensitivity code implementations
are achieved, and various numerical integration methods
can be employed with minimal user intervention.

In the companion paper (Daescu et al., 2003), we
present an extensive set of numerical experiments and
demonstrate the efficiency of the KPP software as a tool
for direct/adjoint sensitivity applications. These applica-
tions include direct-decoupled and adjoint sensitivity
calculations with respect to initial conditions, emissions,
and reaction rate coefficients; time-dependent sensitivity
analysis; variational data assimilation and parameters
estimation.
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