Method of separation of variables
Linear operators

Definition: An operator L is linear if
L(clul + CQUQ) = ClL(Ul) + CQL(UQ) (1)

for any functions (arguments) u; and uy and for any constants ¢; and c;.

Ezxample: The heat operator
0 0?

o Fom (2)

is linear.

PDE’s may be of various types: linear, nonlinear, homogeneous, or nonhomogeneous. See
Lecture 1 notes for a definition.
In general, a linear equation is an equation of the form

L(u) = f (3)
where L is a linear operator. A linear homogeneous equation is an equation of the form
L(u) =0 (4)

The trivial function u = 0 is always a solution of the homogeneous equation (4). Why?

Principle of Superposition: if u; and wus are two solutions of equation (4), then any linear
combination u = cyuy + cous is also a solution of (4).

Definition: A scalar (real or complex number) A is called an eigenvalue of the linear operator
L if there exists a non-trivial (not identically zero) function v such that Lv = Av. If such
function exists, then v is called the eigenfunction corresponding to the eigenvalue .

Heat equation with zero temperatures at finite ends

Consider the 1-D heat equation

ou_, o
ot o2’

with prescribed zero boundary conditions

O<z<L,t>0 (5)

u(0,t) =0 (6)
u(L,t) =0 (7)

and the initial condition
u(z,0) = f(x) (8)



Separation of variables
In the method of separation of variables we seek a solution of the form

u(z,t) = X(x)T(t) 9)

If we are able to find such a solution, the problem is solved since from the previous lecture
(see also Lecture 1 notes) we know that problem (5-8) has at most one solution.
Replacing (9) in (5) it results

dr d’X

X(x)— =k——=T 1
(0)5r = K5 T() (10)
Therefore,

1 dT 1 d*°X

wd T xXdae, ) (1)

—— N——

function of t only  function of x only

where )\ is an arbitrary constant. Thus, we have obtained two ordinary differential equations

d’X
drl

In addition, we require that the homogeneous boundary conditions (6) and (7) must be
satisfied by u(z,t) = X (x)T(t). We have

u(0,8) = 0= X(0)T(t) = 0 (14)
w(L,t) = 0 = X(L)T(t) = 0 (15)

Since we are looking for nontrivial solutions, 7'(t) can not be identically zero. It follows
then from (14) and (15) that we must have

X(0) = 0 (16)
X(L) = 0 (17)

The general solution of equation (13) is
T(t) = ce (18)

where ¢ is an arbitrary constant.
Q: Justify why we must have A > 0.

Next we consider the boundary value problem

‘i;:f = )X (19)
X(0) = 0 (20)
X(L) = 0 (21)



Figenvalues and eigenfunctions (A > 0)

When A > 0, the general solution of equation (19) is (why?)
X(z) = ¢1 cos(VAz) 4 ¢osin(VAx) (22)
Using (22) and the boundary conditions (20)-(21) we obtain
X(0)=0=¢; =0 (23)

X(L)=0= cysin(vVAL) = 0 (24)
Since we seek a nontrivial solution, the eigenvalues A must satisfy the equation
sin(VAL) = 0 (25)

which has the solutions

2
A:(”f)  n=1,2,3 .. (26)

The corresponding eigenfunctions are

nmx

X (z) = casin(V/AL) = ¢y sin (L> (27)
Q: Show that there are no eigenvalues A < 0.

From (9), (18), and (27) we obtain that each of

u(z,t) = Bsin ?e—’“m/wt, n=12,... (28)

is a solution of the homogeneous problem (5),(6), (7). Next we want to impose the initial
condition (8).

Principle of Superposition
We know that for linear homogeneous problems, any linear combination of two solutions is
also a solution.

Q: Show that any finite linear combination of solutions is also a solution. That is, for any
fixed number M, if uy, us, ..., up are solutions, then for any constants cq,co, ..., cy

C1Uy + Cous + ...+ epruns (29)

is also a solution.

Therefore, for any finite M
u(z,t) =Y By,sin Te_ (nm/L)% (30)
n=1

is a solution of the heat equation with homogeneous boundary conditions.



We also claim that the infinite series

t) =) B,sin ?e‘k(m/m% (31)
-1

is a solution of the heat equation with homogeneous boundary conditions.

Fourier sine series of f

nmx

Z B, sm— (32)

Next we use the initial condition (8) and relations (31) and (32) to determine the coeffi-
cients B,, n=1,2,....

Q: Show that if m and n are arbitrary positive integers, then

L
/ sin 0 sin " gy = 0 ifm#n (33)
0 L L
L
/ sin@sinmﬂxda::L/Q ifm=n (34)
0 L L

Q: Using (33)-(34), show that the Fourier series coefficients of f are given by

B, = L/ ) sin 7dx (35)

The solution of the heat equation (5) with homogeneous boundary values (6), (7) and
initial condition (8) is then given by expression (31) where the coefficients B,, are evaluated
using (35).

Heat conduction in a rod with insulated ends

We consider the 1-D heat equation

ou 0%u
—=k—, 0 L, t>0 36
ot topr DTS (36)
with insulated boundary conditions
ou
—(0,t) =0, t>0 37
“2(0,8) =0, (37
ou
—(L,t) =0, t>0 38
5 Lot) =0, (38)
and the initial condition
u(z,0) = f(z), 0<z<L (39)



We apply the method of separation of variables and seek a solution of the product form
u(z,t) = ¢(x)G(t) (40)
After replacing (40) in (36) we obtain two ODEs
dG

—r = MG (41)
d*®

where A is the separation constant. The general solution of the equation (41) is
G(t) = ce M (43)

where ¢ is an arbitrary constant. Next we use the boundary conditions (37), (38) to obtain

=0 (44)
CE(L) ~0 (45)

Therefore, ® must satisfy the boundary value problem (42), (44), (45). Since we have a
linear homogeneous problem, the trivial function & = 0 is a solution of this problem. But
we are interested in solutions that are not identically zero. To write the general solution of
the equation (42) we must consider three cases: A > 0, A = 0,\ < 0. From (43), intuition
tells us that A < 0 is not good. But this is just intuition, not a proof. Rigorously,

Q: Show that there are no negative eigenvalues for (12) subject to (44), (45). See also
problem 2.4.4. in the book.

First we consider the case when A > 0. In this case the general solution of equation (42)
1s
®(x) = ¢ cos VAL 4 ¢ sin Vx (46)

To impose the boundary conditions, we evaluate

a® VA(=ey sin VAz + ¢ cos VAz) (47)

dr
at r =0 and x = L. We obtain
dd
%(O)zoﬁ\/ch:O#cQ:O(sinee)\>0) (48)
dd .
%(L):O:>cl\/Xsm\/XL:O (49)

Since we are looking for nontrivial solutions, we must have ¢; # 0, such that from (49) we
obtain

sin VAL = 0 (50)



whose general solution is

nm\ 2
A=|— =1,2,3,... 51
(L) ) n ) ) ) ( )
These are the eigenvalues for A > 0. The corresponding eigenfunctions are
O(x) :clcos%, n=123,... (52)

Replacing (51), (52), and (43) in (40) we obtain the product solutions of the PDE with
homogeneous boundary conditions

u(z,t) = Acos nLLxe_(”’T/L)%, n=123,... (53)
Second, we consider the case when A = 0. In this case, from (42) we obtain
¢ =c) + (54)
and using the boundary conditions (44), (45) we obtain
O(z) = (55)
To satisfy the initial condition, we use (55), (53) and the principle of superposition, to

obtain -
u(x,t) = Ag+ > A, cos ?e’("’r/m%t (56)

n=1
The initial condition u(z,0) = f(x) is satisfied if
f(z) =Ag+ > A, cos ? (57)

n=1

To determine the coefficients A; we use the orthogonality relation

0 n#m
n=m%#0 (58)

nrT MTT I
2
L n=m=0

L
/OCOSTCOS 7 dr =

which is true for any nonnegative integers n, m.

Q: Prove that property (58) is true for any nonnegative integers n, m.

Using property (58) we obtain from (57)

1

A= [ fa)de (59)

mmx

9 L
Am:z/o f(z)cos 7

Therefore, the solution of the problem (36-39) is (56) where the coefficients are evaluated
using (59) and (60).

dr, m=1,2,3,... (60)



