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Probability Space

A probability space is a triplet (€2, F, P) consisting of

@ () - the sample space, a non-empty set of possible outcomes of an
experiment
@ F - a o-algebra of subsets of {2 whose elements are called events
Q Qe F
Q If Ac Fthen Q\Ae F
Q IfA, e F,i=1,2,... then UfilAi e F
@ A probability measure function P : F — [0, 1] that assigns a value to
each event,
Q PO=1
Q@ IfANA=0,i#75i5=12,...
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Random Variable

Definition
A random variable (rv) is a function X :  — R such that
Ve e R{weN: X(w)<z}eF

For each w € 2, X (w) is a sample value or realization of the rv X.

Thus a random variable X is a measurable function. For simplicity of
notation, denote (X <z)={w € Q: X(w) < z}.

Definition
The distribution function of the rv X is the function defined as

FX:R%[O, 1], Fx(:I)):P(XSSL‘)

The distribution function has the following properties

e F'x is nondecreasing: x1 < xo = Fx (1) < Fx(x2)

o lim, , o Fx(x) =0, lim;, o Fx(z) =1
o If a < bthen Pla < X <b)=Fx(b) — Fx(a)




Probability Density Function (pdf)

Definition

A probability density function is a function px : R — [0, 00) such that
px(x) >0and [ppx(x)de =1

Definition

A rv X is called continuous if there is a pdf px such that

FX(x):/m px(s)ds, VreR

—00

| \

The pdf satisfies the following properties

Z2

o If x1 < z5 then Fx(xg) = Fx(xl) :/ px(s) ds

z1

T2
o P(x1 < X <) :/ px(s)ds

1

o For Az sufficiently small, P(x < X <z + Az) = px(x)Ax




Examples: Uniform and Gaussian rv

A uniform rv on the interval [a, b] has the distribution function and the pdf

0 r<a )

— = a<zx<b
Fx(z)=4 t=a» ¢S¥S0 px(w):{boa therwi

1, x>b ,  otherwise

| \

Definition
A rv X is called normally distributed or Gaussian if it has the pdf

1 _1(z—p)2
px(z) = We 2 )

We denote X ~ N(u,0?). The standard normal random variable has
pw=0,0=1.

\




Examples: PDF of a Gaussian random variable

Probability density function of normal distribution N(u,cz)
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Expected value and variance

The expected value (expectation, mean) of a continuous rv X is defined as

E[X] = /+OO xpx (x) dx

—00

If g(-) is a real-valued function then g(X) is a random variable with mean

+oo
Elg(xX)] = / (el i

—00

|

Definition
The variance of a rv X is denoted by Var(X) or 0% and is defined as
+o0
Var(X) = B(X - EX)2 = [ (2 - E[X])px(2) da

The standard deviation (std) of X is denoted ox and is defined as

ox =/ Var(X)




Interpretation, properties, fundamental examples

The variance and standard deviation provide measures of the spread
(dispersion) of the rv about its mean. Notice that the std ox and the
mean E[X] have the same (physical) units.

The variance is the mean square minus the square mean

Var(X) = E[X?] — E*[X]

If X ~ N(u,0?) then E[X] = p and Var(X) = o>

If X has a uniform distribution in the interval [a, b] then

EX] =8 vaer(x) = %(b— a)?
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Jointly Distributed Random Variables

Definition

The random variables X and Y are said to be jointly distributed if they
are defined on the same probability space. They may be characterized by
the joint distribution function

Fxy(@y)=P(X <z,Y <y) Y P{(X <a)n (¥ <y)}

| A

Definition
The joint density function is pxy : R x R — [0, 00) such that

T Yy
FX,Y(SU,Z/):/ / px.y(s,t)dsdt

Notice that
X,Y ?y axay
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Vectors of random variables, expectation

Definition
If X7, Xo, ... X, are jointly distributed rv's, then
X =[X1Xy... X"

is a n-dimensional random vector with density function

px(z) =px,. . x,(@1,...,2n)

Definition
The expectation of the random vector X is the vector

|

E[X] = [E[X1] E[Xa]. .. E[X.]|" where E[X)] Y / (e do

|

Expectation is a linear operator
If X and Y are jointly distributed rv's and a, b are fixed scalar constants,

ElaX +bY] =aFE[X] + bE[Y]
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Covariance matrix, correlation

Definition
The covariance matrix of the n-dimensional random vector X is defined as
Cov(X) = E [(X — E[X])(X — E[X])T] e R™*"

with entries
Cov(X);; = E[(X; — E[Xi])(X; — E[X;])]

The covariance matrix C'ov(X) is symmetric and positive

semi-definite

COU(X)Z‘Z‘ = Var(XZ-), CO'U(X)Z‘J' = E[XZXJ] — E[XZ]E[XJ]

Definition
The correlation coefficient of the rv's components X; and X is defined as

| \

CO’U(XZ', XJ)
o(Xi)o(X;)

p(XlaXJ) =
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Independence and uncorrelated random variables

Definition

The jointly distributed rv X7, ..., X, are mutually independent if

PX1,. X (T15 -5 ) = pxy (21) - - - Px, (%n)

Definition
Two jointly distributed random variables X; and X; are uncorrelated if
Cov(X;, X;) = 0 and therefore, their correlation coefficient is 0.

If the components of the rv vector X are pairwise uncorrelated then
the covariance matrix C'ov(X) is diagonal

Cov(X) = diag(Var(X))

| A\

Theorem

If the jointly distributed rv's X; and X; are independent then they are
uncorrelated. The converse is also true for Gaussian rv.
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The multivariate normal distribution

The jointly distributed random variables X7, ... X, are said to be
Gaussian or jointly normally distributed if their joint density function is

1 1

e~ =) TC™H (x—p)/2
(2m)™/2  /det(C)

PX1, X (T, X)) =

where p = E[X] € R™ denotes the mean of the rv vector X and C is the
covariance matrix of the random variables, C; ; = Cov(X;, Xj).

Theorem

Let X denote a multivariate Gaussian random vector with mean p and
covariance C. Let A € R™*™ denote a matrix with constant coefficients
and ¢ € R™ a constant vector. TheY =c+ AX € R™ is also a
multivariate normal vector with

E[Y]=c+ Ap, Cov(Y)=ACA"
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Bias and covariance of the error in the regularized solution

Consider the true (exact) data vector b; € R™ and true solution x; € R”,
AXt = bt

expressed as

n uT . bt n
Xt:Z ZUi Vi:Z(X;F‘Vi)Vi
=1 i=1
Assume that the errors £ = b— b; in the noisy data b have a multivariate
normal distribution & ~ N (0, C). Consider

~

Ax=Db
and a solution provided by a filtered SVD regularization (TSVD, Tikhonov)

ul -b
v

XAZZJ:fi()\) o Vi

We are interested to estimate the mean and covariance of the error

AX = x)\ — X3
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Bias and covariance of the error in the regularized solution

We express the error in the regularized solution as

n T n T

AX =x)\ — X = Z (fith) = 1) i tiz‘ + Zfi(/\)uijj svi
i=1 !

: )
=1
regularization error error due to noisy data

Taking the expectation, we obtain the mean of the error (bias)

Blax] = 7 () — 1) 2P -:Zu;() 1) (xF - vi) vi & Axpias

o
i=1 v

The covariance matrix of the estimation error is expressed as

Cov(Ax) <Zfla, zl) (Zfz .T)

=1
In particular, if the noise in data is uncorrelated and C = 7?1 then

Cov(Ax) sz ; T
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