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Abstract

This chapter reviews the usefulness of the Kalman filter for parameter estimation
and inference about unobserved variables in linear dynamic systems. Applications
include exact maximum likelihood estimation of regressions with ARMA distur-
bances, time-varying parameters, missing observations, forming an inference about
the public’s expectations about inflation, and specification of business cycle
dynamics. The chapter also reviews models of changes in regime and develops the
parallel between such models and linear state-space models. The chapter concludes
with a brief discussion of alternative approaches to nonlinear filtering.

1. The state-space representation of a linear dynamic system

Many dynamic models can usefully be written in what is known as a state-space
form. The value of writing a model in this form can be appreciated by considering
a first-order autoregression

yt+1=¢yt+8t+l’ (11)

with g, ~iid. N(0,c?). Future values of y for this process depend on (y,, y,—1,...)
only through the current value y,. This makes it extremely simple to analyze the
dynamics of the process, make forecasts or evaluate the likelihood function. For
example, equation (1.1) is easy to solve by recursive substitution,

Vetm ="y, + ¢m_18t+1 + ¢m_28t+2 + e
+dle 1+ 64, for m=12,..., (1.2)

from which the optimal m-period-ahead forecast is seen to be

E(yt+mlytayt—1"'-)=d)m))r- (13)

The process is stable if |p| < 1.

The idea behind a state-space representation of a more complicated linear system
is to capture the dynamics of an observed (n x 1) vector y, in terms of a possibly
unobserved (r x 1) vector & known as the state vector for the system. The dynamics
of the state vector are taken to be a vector generalization of (1.1):

Sv1=F&+v,,. (1.4)
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Here F denotes an (r x r) matrix and the (r x 1) vector v, is taken to be i.i.d. N(0, Q).
Result (1.2) generalizes to

§t+m:Fm§t+FM7lvt+1 +Fm_zvt+2+

+Fo, ., +v,., for m=12..., . (1.5)
where F™ denotes the matrix F multiplied by itself m times. Hence

E(§t+m|én 5!—1"")= Fmét-

Future values of the state vector depend on (&, &, _,,...) only through the current
value &,. The system is stable provided that the eigenvalues of F all lie inside the
unit circle.

The observed variables are presumed to be related to the state vector through
the observation equation of the system,

yo=Ax+HE+w,. (1.6)

Here y, is an (n x 1) vector of variables that are observed at date ¢, H' is an (n x r)
matrix of coefficients, and w, is an (n x 1) vector that could be described as
measurement error; w, is assumed to be iid. N(0, R) and independent of &; and
v, for t=1,2,.... Equation (1.6) also includes x,, a (k x 1) vector of observed
variables that are exogenous or predetermined and which enter (1.6) through the
{n x k) matrix of coefficients 4’. There is a choice as to whether a variable is defined
to be in the state vector & or in the exogenous vector x,, and there are advantages
if all dynamic variables are included in the state vector so that x, is deterministic.
However, many of the results below are also valid for nondeterministic x,, as long
as x, contains no information about &, or w,,,, for m=0,1,2,... beyond that
contained in y,_;, ¥,_5,...,,. For example, x, could include lagged values of y or
variables that are independent of & and w, for all 7.

The state equation (1.4) and observation equation (1.6) constitute a linear
state-space repesentation for the dynamic behavior of y. The framework can be
further generalized to allow for time-varying coeflicient matrices, non-normal
disturbances and nonlinear dynamics, as will be discussed later in this chapter.
For now, however, we just focus on a system characterized by (1.4) and (1.6).

Note that when x, is deterministic, the state vector & summarizes everything in
the past that is relevant for determining future values of y,

E(yr+m'§n ét—l"' -aynyt—l"")
= E[(A,xt+m + H/§1+m + wt+m)|§r’ gx—lr--’ynyt—l"'-]

=A,xt+m + H’E(gwmlgt’ 5:—15""yt7yt~1’~- )
=A'x,,, + HF"E, (1.7)
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As a simple example of a system that can be written in state-space form, consider
a pth-order autoregression

Dis1— 0=y — W+ Py — )+ -+ Op(Vepr1 — W+ &1 (1.8)
g, ~1id. N(O,c?).

Note that (1.8) can equivalently be written as

d)l ¢2 ¢p—1 ¢p

YViver1 — H 1 0 .. 0 0 W—Hu gt(;l
S I T R B B G IS R I (K
Vi—p+2—H 0 0 1 0 Vi—pr1— H 0

The first row of (1.9) simply reproduces (1.8) and other rows assert the identity
Viej—#=y,—j—pforj=0,1,...,p—2. Equation (1.9) is of the form of (1.4) with
r=p and

== Y1~ Viopr1 — W (1.10)
Uy =(&+1,0,...,0), (1.11)

b1 b2 - Gy B,

1 0 - 0 0
F=]0 1 0 0 (1.12)
0 O 1 0
The observation equation is
w=p+HE, (1.13)

where H' is the first row of the (p x p) identity matrix. The eigenvalues of F can
be shown to satisfy

P TR, A=, =0; (1.14)

thus stability of a pth-order autoregression requires that any value A satisfying
(1.14) lies inside the unit circle.
Let us now ask what kind of dynamic system would be described if H' in (1.13)
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is replaced with a general (1 x p) vector,
yo=p+I[16, 0, - 0,_,15, (1.15)

where the 0’s represent arbitrary coefficients. Suppose that &, continues to evolve
in the manner specified for the state vector of an AR(p) process. Letting ; denote
the jth element of &, this would mean

d)l ¢2 d)p—l d)p

E1+1 1 0 .. 0 0 ¢ &+1

0
Y I I N 2 B (1.16)
6p,l+1 0 0 1 O ép! 0

The jth row of this system for j=2,3,...,p states that &;,,, =¢;_, ,, implying
Eu=L, 1y for j=1,2,...,p, (1.17)

for L the lag operator. The first row of (1.16) thus implies that the first element
of & can be viewed as an AR( p) process driven by the innovations sequence {¢, }:

(1_¢1L_¢2L2_"'_¢’pr)51,1+1=5:+1- (1.18)

Equations (1.15) and (1.17) then imply

Ve=p+(1+0,L' +0,L%+ - +0,_LP~ 1), (1.19)
If we subtract u from both sides of (1.19) and operate on both sides with
(1-¢,L—¢,L* —--- — ¢,L?), the result is
(1—¢L—¢,L2— - — ¢, L)y, —p)=(1+ 0L + 0,1 + - + Bp—le_l)
x(1—¢,L—¢, L2 — - — ¢pLP)§lt
=(1+6,L'"+6,L>+ - +6, L V),
(1.20)

by virtue of (1.18). Thus equations (1.15) and (1.16) constitute a state-space represen-
tation for an ARMA(p, p — 1) process.

The state-space framework can also be used in its own right as a parsimonious
time-series description of an observed vector of variables. The usefulness of forecasts
emerging from this approach has been demonstrated by Harvey and Todd (1983),
Aoki (1987), and Harvey (1989).
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The state-space form is particularly convenient for thinking about sums of
stochastic processes or the consequences of measurement error. For example,
suppose we postulate the existence of an underlying “true” variable, ¢,, that follows
an AR(1) process

&=¢& -1+, (1.21)

with v, white noise. Suppose that &, is not observed directly. Instead, the econometri-
cian has available data y, that differ from £, by measurement error w,:

V=& +w,. (1.22)

If the measurement error is white noise that is uncorrelated with v, then (1.21)
and (1.22) can immediately be viewed as the state equation and observation
equation of a state-space system, with r =n = 1. Fama and Gibbons (1982) used
just such a model to describe the ex ante real interest rate (the nominal interest
rate i, minus the expected inflation rate n7). The ex ante real rate is presumed to
follow an AR(1) process, but is unobserved by the econometrician because people’s
expectation 7 is unobserved. The state vector for this application is then
& =i, —m; — u where p is the average ex ante real interest rate. The observed ex
post real rate (y, =i, —n,) differs from the ex ante real rate by the error people
make in forecasting inflation,

iz—”r=ﬂ+(it—ﬂf—ﬂ)+(nf—ﬂ,),

which is an observation equation of the form of (1.6) with H' = 1 and w, = (nf — 7).
If people do not make systematic errors in forecasting inflation, then w, might
reasonably be assumed to be white noise.

In many.economic models, the public’s expectations of the future have important
consequences. These expectations are not observed directly, but if they are formed
rationally there are certain implications for the time-series behavior of observed
series. Thus the rational-expectations hypothesis lends itself quite naturally to a
state-space representation; sample applications include Wall (1980), Burmeister
and Wall (1982), Watson (1989), and Imrohoroglu (1993).

In another interesting econometric application of a state-space representation,
Stock and Watson (1991) postulated that the common dynamic behavior of an
(n x 1) vector of macroeconomic variables y, could be explained in terms of an
unobserved scalar c,, which is viewed as the state of the business cycle. In addition,
each series y;, is presumed to have an idiosyncratic component (denoted a,,) that
is unrelated to movements in y;, for i # j. If each of the component processes could
be described by an AR(1) process, then the [(n + 1) x 1] state vector would be

&=(c,a,a;,...,a,) (1.23)
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with state equation

Cet1 d)c 0 0 0 ¢y U+t
Ay+1 0 ¢, 0 - 0 ay, Ui+l
Arrv1| = 0 0 ¢)2 -0 Ay | + | U2+ (124)
an,t+1 0 0 0 d)n ant Un,t+1

and observation equation

Cl
Vi 231 yp 1 0 - 0
9, 0 1 . 0]
Sl B ) R ay, | (1.25)
Ve Hy Vn 00 - 1 )
a

Thus y,; is a parameter measuring the sensitivity of the ith series to the business
cycle. To allow for pth-order dynamics, Stock and Watson replaced ¢, and a;, in
(1.23) with the (1 x p) vectors (c,,¢,—y,--.,C—p+y1) a0 (@,8;0—1,...,8;4— p1 1) SO
that & is an [(n+ 1)p x 1] vector. The scalars ¢, in (1.24) are then replaced by
(p x p) matrices F; with the structure of (1.12), and blocks of zeros are added in
between the columns of A’ in the observation equation (1.25). A related theoretical
model was explored by Sargent (1989).

State-space models have seen many other applications in economics. For partial
surveys see Engle and Watson (1987), Harvey (1987), and Aoki (1987).

2. The Kalman filter

For convenience, the general form of a constant-parameter linear state-space model
is reproduced here as equations (2.1) and (2.2).

State equation

Si1 = F¢, a7 2.1
(rx1) (rxrrxl) (EFxl)

Ew,,,v,)= Q

(rxr)

Observation equation

y, = Ax, + HE + w, 2.2
(nx1) (mxkkx1) @xrirx1) @x1)
Eww)= R .

(nxn)
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Writing a model in state-space form means imposing certain values (such as
zero or one) on some of the elements of F,Q, 4, H and R, and interpreting the
other elements as particular parameters of interest. Typically we will not know
the values of these other elements, but need to estimate them on the basis of
observation of {y;,y,,...,yr} and {xy,X,,...,X7}.

2.1. Overview of the Kalman filter

Before discussing estimation of parameters, it will be helpful first to assume that
the values of all of the elements of F, Q, A, H and R are known with certainty; the
question of estimation is postponed until Section 3. The filter named for the
contributions of Kalman (1960, 1963) can be described as an algorithm for
calculating an optimal forecast of the value of & on the basis of information
observed through date ¢t — 1, assuming that the values of F, Q, 4, H and R are all
known.

This optimal forecast is derived from a well-known result for normal variables;
[see, for example, DeGroot (1970, p. 55)]. Let z, and z, denote (n; x 1) and (n, x 1)
vectors respectively that have a joint normal distribution:

22 7] 2, 4,
Then the distribution of z, conditional on z, is N(m, X) where
m=p,+ 82, Q2 \z, —p) 2.3)
=9, —92191_11912- (2.4)

Thus the optimal forecast of z, conditional on having observed z, is given by
E(z,|z,)=p, + £2,, 92 (2, — m,), (2.5)
with X characterizing the mean squared error of this forecast:
E[(z,—m)(z,—m)|2,]=9,, - 2,,2'2,,. (2.6)
To apply this result, suppose that the initial value of the state vector (£,) of a
state-space model is drawn from a normal distribution and that the disturbances

v, and w, are normal. Let the observed data obtained through date t —1 be
summarized by the vector

J— ; / ’ »
gt—l =(.V,-py,_z,u-,yl,x,_px;_z,u-,x&)’-
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Then the distribution of & conditional on § _, turns out to be normal for
t=2,3,..., T. The mean of this conditional distribution is represented by the (r x 1)
vector &,_, and the variance of this conditional distribution is represented by the
(r x r) matrix P,;_;. The Kalman filter is simply the result of applying (2.5) and
(2.6) to each observation in the sample in succession. The input for step ¢ of the
iteration is the mean 6,,,_ 1 and variance P,,_, that characterize the distribution
of & conditional on &,_,. The output for step ¢ is the mean é,H{, and variance
P, ., of &, conditional on {. Thus the output for step ¢ is used as the input for

step t + 1.

2.2. Derivation of the Kalman filter

The iteration is started by assuming that the initial value of the state vector &, is
drawn from a normal distribution with mean denoted &,,, and variance denoted

P, If the elgenvalues of F are all inside the unit circle, then the vector process
defined by (2.1} is stationary, and E  would be the unconditional mean of this

....... 25 Srallialy, 4N off jo WOk UL T LA 1% 1AL UL LS

process,
&10=0, 2.7

while P, , would be the unconditional variance
Py =E(S))
This unconditional variance can be calculated from*
vec(Pyjo) = [1. — (FQ F)]~*-vec(Q). (2.8
Here 1. is the (r* x r?) identity matrix, “®” denotes the Kronecker product and

!'The unconditional variance of & can be found by postmultiplying (2.1) by its transpose and taking
expectations:

E(, &, )=E(FE+v, JEF +0

= FE(EE)F + E

)
)

If & is stationary, then E(§,, 18, )=E(§&) =P, and the above equation becomes

t+1 I+l

+1 t+l

Py, =FP,F + Q.

Applying the vec operator to this equation and recalling [e.g. Magnus and Neudecker (1988, p. 30)]
that vec(4BC) = (C’' ® A)-vec(B) produces

vec(Pyjo) = (F® F)-vec(Pyyo) + vec(Q).
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vec(Py),) is the (r* x 1) vector formed by stacking the columns of P,|,, one on top
of the other, ordered from left to right.

For time-variant or nonstationary systems, Euo could represent a guess as to
the value of £, based on prior information, while P,,, measures the uncertainty
associated with this guess —the greater our prior uncertainty, the larger the
diagonal elements of P,,.> This prior cannot be based on the data, since it is
assumed in the derivations to follow that »,,, and w, are independent of &, for
t=1,2,..., T. The algorithm described below can also be adapted for the case of
a completely diffuse prior (the limiting case when P, becomes infinite); as described
by Ansley and Kohn (1985), Kohn and Ansley (1986) and De Jong (1988, 1989,
1991).

At this point we have described the values of E,“_ , and P,,_, that characterize
the distribution of & conditional on ¢, _, for # = 1. Since a similar set of calculations
will be used for each date ¢ in the sample, it is helpful to describe the next step
using notation appropriate for an arbitrary date t. Thus let us assume that the
values of §,_, and P, _, have been calculated for some ¢, and undertake the task
of using these to evaluate &, ), and P, ;. If the distribution of & conditional on
&1 18 N(§,|, 1» Py~ 1), then under the assumptions about x,, this is the same as
the distribution of & conditional on §,_, and x,. Since w, is independent of x, and
& -1, the forecast of y, conditional on ¢_, and x, can be inferred immediately
from (2.2):

E(ylx,¢_)=Ax,+HE,_,. 2.9)
From (2.2) and (2.9) the forecast error can be written
Ve — E(yrlxn ;t— 1) = (A,xt + Hlér + wt) - (A,xt + ngm— 1)
=H'(E— &) +w. (2.10)

Since 5,,, 1 Is a function of {,_,, the term w, is independent of both & and 54: 1-
Thus the conditional variance of (2.10) is

E{[y,— EW) %0 G- )10y — Eilx & )Y %0 G- )
=H E{[&—&, | 1[&—&,_ I, }H + E(ww)
=HP,_ H+R

Similarly, the conditional covariance between (2.10) and the error in forecasting

2Meinhold and Singpurwalla (1983) gave a nice description of the Kalman filter from a Bayesian
perspective.
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the state vector is

E{[y: - E(ytlxts Ct—x)][gt - E(gtlxta gt—l)]llxt’ é‘r—l}
=HE{[&— &, 1[&— & TIxu 61}
= H’Pth—l'

Thus the distribution of the vector (y;, &;)’ conditional on x, and { _; is

|:yr|xn§t—1j|~N(|:Alxt+HlEt|t—1:| [(H/PIII—IH+R) HlPtIt—l]) @.11)
AR A §t|t—1 Pt\t—1H Ptlt—l

It then follows from (2.3) and (2.4) that &|&, = &,1x,,»,, & -, is distributed N(E,,,, Py)
where

gtlt étl! 1 + Prlr 1H(H, tle— 1H+ R) l(yt Alxt - ngtlr—l)’ (2-12)
Pt\t = Lde—1 _P tt — 1H(H Pllt 1H+ R) 1HP:I: 1 (2-13)

The final step is to calculate a forecast of &, conditional on ¢. It is not hard
to see from (2.1) that &, ;| ~ N(& 1 Pr+ 1)) Where

&, =FE,, (2.14)

P, . =FP,F +Q. (2.15)
Substituting (2.12) into (2.14) and (2.13) into (2.15), we have

&, =F& ,+FP, HHP, H+R y—Ax—HE, ), (2.16)

P, ,=FP, F—FP, HHP, H+R ‘HP, F+Q (2.17)

To summarize, the Kalman filter is an algorithm for calculating the sequence
(&40, and {P,, )T, where g, 1 denotes the optimal forecast of &, ; based
on observation of (y,,y,_1,.... )1, XX _y,...,X;) and P,,,, denotes the mean
squared error of this forecast. The filter is implemented by iterating on (2.16) and
(2.17) for t=1,2,...,T. If the eigenvalues of F are all inside the unit circle and
there is no prior information about the initial value of the state vector, this iteration
is started using equations (2.7) and (2.8).

Note that the sequence {P,,,,}’_, is not a function of the data and can be
evaluated without calculating the forecasts {§,+1|,}, .- Because P, is not a
function of the data, the conditional expectation of the squared forecast error is
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the same as its unconditional expectation,

Pz+1|r = E{(§t+1 - §t+ 1|t)(€t+1 - §z+1|t)’|§t}
=E{(&s1— &) &1 —Eurd) )

This equivalence is a consequence of having assumed normal distributions with
constant variances for v, and w,.

2.3. Forecasting with the Kalman filter
An m-period-ahead forecast of the state vector can be calculated from (1.5):

Et+m|t = E(§t+m|yr’yr— IERERER STR 7S 7S PRRR ’xl) = F"'E,h. (218)
The error of this forecast can be found by subtracting (2.18) from (1.5),

g!+m - Er+m(r = Fm(gz - Erlt) + Fm_l”:+1 + Fm_z”t+2 +-+ Flvt+m—1 + Uiims
from which it follows that the mean squared error of the forecast (2.18) is

Pt+m|l = E[(§r+m - §l+m't)(ét+m - $t+m|t),]
= F"P,(F") + F" "' Q(F" ™" + F"=2Q(F" "% + -+ FQF +Q. (2.19)

These results can also be used to describe m-period-ahead forecasts of the
observed vector y,,,, provided that {x,} is deterministic. Applying the law of
iterated expectations to (1.7) results in

Pismi =EWimlVo¥e—tseesy) =A%y + HFE,. (2.20)

The error of this forecast is

Yi+m _ﬁt+m|t =(A,xt+m + H’€l+m + Wt+m)_(A’xt+m + H,Fmgtlt)
=HE = &omd) + Weim

with mean squared error

E[(yt+m -yt+m|r)(yt+m _j)t+m|t),] = H,Pt+m|tH+ R. (221)

24. Smoothed inference

Up to this point we have been concerned with a forecast of the value of the state
vector at date t based on information available at date ¢ — 1, denoted é:h—u or
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with an inference about the value of the state vector at date ¢ based on currently
available information, denoted E,h. In some applications the value of the state vector
is of interest in its own right. In the example of Fama and Gibbons, the state
vector tells us about the public’s expectations of inflation, while in the example of
Stock and Watson, it tells us about the overall condition of the economy. In such
cases it is desirable to use information through the end of the sample (date T) to
help improve the inference about the historical value that the state vector took
on at any particular date ¢ in the middle of the sample. Such an inference is known
as a smoothed estimate, denoted §,|T = E(&|{r). The mean squared error of this
estimate is denoted P, = E(&, — 5,‘7)(5, §,|T)

The smoothed estimates can be calculated as follows. First we run the data
through the Kalman filter, storing the sequences {P,} _; and {P,,_ 1}, L

calculated from (2.13) and (2.15), and storing the sequences ém}, , and {§,|, 1}, L
as calculated from (2.12) and (2.14). The terminal value for {ém} .- then gives the
smoothed estimate for the last date in the sample, §T|T, and Py is its mean squared
erTor.

The sequence of smoothed estimates { §,|T}t‘m= , is then calculated in reverse order
by iterating on

EI|T = gtlt + Jr(§z+ 1T — gr+ 11:) (2-22)

fort=T—1,T—2,...,1, where J,= P, F P} 1~ The corresponding mean squared
errors are similarly found by iterating on

Pyp=P,+J(Pyr— P M, (2.23)

in reverse order fort = T—1, T—2,..., 1; see for example Hamilton (1994, Section
13.6).

2.5. Interpretation of the Kalman filter with non-normal disturbances

In motivating the Kalman filter, the assumption was made that v, and w, were
normal. Under this assumption, &, _, is the function of {,_, that minimizes

E[E—&,_)&—&- )], (2.24)

in the sense that any other forecast has a mean squared error matrix that differs
from that of &,,_, by a positive semidefinite matrix. This optimal forecast turned
out to be a constant plus a linear function of {,_;. The minimum value achieved
for (2.24) was denoted Py, _,.

If v, and w, are not normal, one can pose a related problem of choosing 514,—1
to be a constant plus a linear function of §,_, that minimizes (2.24). The solution
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to this problem turns out to be given by the Kalman filter iteration (2.16), and its
unconditional mean squared error is still given by (2.17). Similarly, when the
disturbances are not normal, expression (2.20) can be interpreted as the linear
projection of y, ., on {, and a constant, with (2.21) its unconditional mean squared
error. Thus, while the Kalman filter forecasts need no longer be optimal for systems
that are not normal, no other forecast based on a linear function of ¢, will have
a smaller mean squared error [see Anderson and Moore (1979, pp. 92-98) or
Hamilton (1994, Section 13.2)]. These results parallel the Gauss—Markov theorem
for ordinary least squares regression.

2.6. Time-varying coefficient models

The analysis above treated the coefficients of the matrices F, Q, A4, H and R as
known constants. An interesting generalization obtains if these are known functions
of x,:

€z+ 1= F(x,)é, + V40, (225)
E(vz+ 1”;+ 1 IC}) = Q(xt)s

y=alx)+[H(x)TE +w, (2.26)
E(ww|x,, ¢ _,)=R(x).

Here F(), Q(*), H(*) and R(‘) denote matrix-valued functions of x, and a(-) is an
(n x 1) vector-valued function of x,. As before, we assume that, apart from the
possible conditional heteroskedasticity allowed in (2.26), x, provides no information
about &, or w_for any T beyond that contained in §,_,.

Even if v, and w, are normal, with x, stochastic the unconditional distributions
of & and y, are no longer normal. However, the system is conditionally normal
in the following §ense.3 Suppose that the distribution of & conditional on ¢,_, is
taken to be N(&,,_,,P,,_,). Then § conditional on x, and ¢, has the same
distribution. Moreover, conditional on x,, all of the matrices can be treated as
deterministic. Hence the derivation of the Kalman filter goes through essentially
as before, with the recursions (2.16) and (2.17) replaced with

&1 =F(x)&,_, + F(x)P,_ H(x){[H(x)TP, _ H(x)+ R(x)}

x {yr - a(xt) - [H(xt)]lgtlt— 1}’ (227)
P1+ e = F(xt)Ptlt— lF(xt), - {F(xt)Ptlz— IH(xt)[[H(xt)], tle— IH(xz) + R(xz)] -t
X [H(x)) Py [F(x)T} + Q(x,). (2.28)

3See Theorem 6.1 in Tjestheim (1986) for further discussion.
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It is worth noting three elements of the earlier discussion that change with
time-varying parameter matrices. First, the distribution calculated for the initial
state in (2.7) and (2.8) is only valid if F and Q are fixed matrices. Second,
m-period-ahead forecasts of y,,, or &, for m>1 are no longer simple to
calculate when F, H or A vary stochastically; Doan et al. (1984) suggested approxi-
mating E(yi42|yepi-15---501) with E(p45194 1.8, ¥1) evaluated at y, (=
E(¥ +11¥5 Yi15--.,y1). Finally, if v, and w, are not normal, then the one-period-
ahead forecasts E,H,, and p,,,, no longer have the interpretation as linear
projections, since (2.27) is nonlinear in x,.

An important application of a state-space representation with data-dependent
parameter matrices is the time-varying coefficient regression model

y,=x.8+w,. 2.29)

Here f, is a vector of regression coefficients that is assumed to evolve over time
according to

(ﬂr+1“‘3)=F(ﬁ“’B}+”t+1~ (2.30)

Assuming the eigenvalues of F are all inside the unit circle, f has the interpretation
as the average or steady-state coefficient vector. Equation (2.30) will be recognized
as a state equation of the form of (2.1) with & = (§, — B). Equation (2.29) can then
be written as

yt = x;ﬁ + x;ér + W:’ {2'31)

which is in the form of the observation equation (2.26) with a(x,) = x;ﬁ and
[H(x,)] = x;. Higher-order dynamics for B, are easily incorporated by, instead,
defining &, =((,—B), B—1—B).-...(B,—p+, ~ B)] as in Nicholls and Pagan
(1985, p. 437).

Excellent surveys of time-varying parameter regressions include Raj and Ullah
(1981), Chow (1984) and Nicholls and Pagan (1985). Applications to vector auto-
regressions have been explored by Sims (1982) and Doan et al. (1984).

2.7. Other extensions

The derivations above assumed no correlation between v, and w,, though this is
straightforward to generalize; see, for example, Anderson and Moore (1979, p. 108).
Predetermined or exogenous variables can also be added to the state equation with
few adjustments.

The Kalman filter is a very convenient algorithm for handling missing
observations. If y, is unobserved for some date ¢, one can simply skip the updating
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equations (2.12) and (2.13) for that date and replace them with 3,‘, =&~ and
P, =P, _,; see Jones (1980), Harvey and Pierse (1984) and Kohn and Ansley
(1986) for further discussion. Modifications of the Kalman filtering and smoothing
algorithms to allow for singular or infinite P, are described in De Jong (1989, 1991).

3. Statistical inference about unknown parameters using the Kalman filter
3.1. Maximum likelihood estimation

The calculations described in Section 2 are implemented by computer, using the
known numerical values for the coefficients in the matrices F, Q, A, H and R.
When the values of the matrices are unknown we can proceed as follows. Collect
the unknown elements of these matrices in a vector 8. For example, to estimate
the ARMA(p, p — 1) process (1.15)—(1.16), 0= (¢, ¢3,...,¢,,0,,0,,...,0,_1,1,0).
Make an arbitrary initial guess as to the value of 8, denoted 8%, and calculate
the sequences {&;,_,(0®)}_, and {P,,_(0)}]_, that result from this value in
(2.16) and (2.17). Recall from (2.11) that if the data were really generated from the
model (2.1)-(2.2) with this value of 6, then

Yilxe, 61509 ~ N(p(0'©), Z(07)), G.1)
where

1(07) = [A(0)]'x, + [H(O)TE,,- (), (3.2)

L0 =[HO)T[Py-1(0)I[H(O)] + R(6). (3.3)

The value of the log likelihood is then

T ©) Tn 1 I ©
> log f(y]x,, - 1;0) = -7 10g(27r)—5 2. log| X,(6)]|
t= t=1

1

1T
—3 ; [y — m(@)T[EO)] ™ [y, — m(0”)], (3.4)

which reflects how likely it would have been to have observed the data if 8 were
the true value for . We then make an alternative guess 8/ so as to try to achieve
a bigger value of (3.4), and proceed to maximize (3.4) with respect to 8 by numerical
methods such as those described in Quandt (1983), Nash and Walker-Smith (1987)
or Hamilton (1994, Section 5.7).

Many numerical optimization techniques require the gradient vector, or the
derivative of (3.4) with respect to 6. The derivative with respect to the ith element
of @ could be calculated numerically by making a small change in the ith element
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of 8 and seeing what happens to (3.4). Alternatively, one can differentiate the
recursions (2.16) and (2.17) analytically with respect to 6; so as to generate an
analytical expression for the sequence of (r x 1) vectors {af,,,_ 1(8)/36,}_, and the
sequence of (r x r) matrices {0P,,_,(8)/00,},_ . Using these, the derivatives of #,(@)
and X,(0) can be found from (3.2) and (3.3); see, for example, Caines (1988, pp.
585-586).

Estimation by the method of scoring is described in Pagan (1980) and Watson
and Engle (1983). Another attractive option is to use the EM algorithm developed
by Shumway and Stoffer (1982) and Watson and Engle (1983).

Since models involving ARMA processes are readily cast in state-space form,
expression (3.4) offers a convenient way to calculate the exact likelihood function,
as stressed by Harvey and Phillips (1979). For example, consider the linear
regression model

ytzﬂ,xt+ Uy, (35)

where x, is a vector of explanatory variables that is independent of u, for all .
Suppose that u, follows an MA(2) process

u=¢+016_1+06 (3.6)

where ¢ ~iid. N(0,0?). Recalling the analysis of (1.20), this can be written in
state-space form with & = (¢g,,¢,_,&_,)"

state equation

€41 000 & &i+1
g | =|1 0 O|g_y| +] 0 |,
£ 1 0 1 0J|¢g_, 0
observation equation
8!
y=8x+[1 6, 0} e[
&-2
That is
0 00 62 0 0
F=|1 0 0 0=|0 0 O A=§
010 0 00
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The vector of parameters to be estimated is §=(f,0,,0,,0). By making an
arbitrary guess* at the value of 6, we can calculate the sequences {ém_l(B)},:1
and {P,_,(0)}/_, in (2.16) and (2.17). The starting value for (2.16) is the
unconditional mean of &,

& 0
§1|O=E &1 |=|0},
&_y 0

while (2.17) is started with the unconditional variance,

g, 62 0 0
_ 2

Pow=E|¢e_,|[le, &_1 &-,]=| 0 o 0

2

& 0 0 o
From tuese Sennpn(‘pc [73 (n\ Qﬂ(" )"{ﬂ\ can I’\P r-a]r‘nlnfpd m {q 7\ nnr‘l (’Z ’1\ nnd
YULLILUS, 4V ) dlll & iU ) Lall UV LArbui@ivt il (J.4) auu (Vo) auls

(3.4) then provides

log f(yr,Yr—1s s VilXp Xr_y,..., X1 0). (3.7

Note that this calculation gives the exact log likelihood, not an approximation,
and is valid regardless of whether 6, and 0, are associated with an invertible
MA(2) representation. The parameter estimates f,6,,6, and ¢ are the values that
make (3.7) as large as possible.

3.2. Identification

The maximum likelihood estimation procedure, just described, presupposes that
the model is identified, that is, it assumes that a change in any of the parameters
would imply a different probability distribution for {y,}2 ,.

One approach to checking for identification is to rewrite the state-space model
in an alternative form that is better known to econometricians. For example, since
the state-space model (1.15)—(1.16) is just another way of writing an ARMA(p,p — 1)
process, the unknown parameters (¢,,...,9,,0,,...,0,_1, i, 6) can be consistently
estimated provided that the roots of (1 +6,z+ 0,2+ ---+6,_,27"")=0 are
normalized to lie on or outside the unit circle, and are distinct from the roots of
(1 —¢1z—¢pz* — - —$,z°) = 0 (assuming these to lie outside the unit circle as
well). An illustration of this general idea is provided in Hamilton (1985). As another

“Numerical algorithms are usually much better behaved if an intelligent initial guess for 0® is used.
A good way to proceed in this instance 1s to use OLS estimates of (3.5) to calculate an initial guess
for B, and use the estimated variance s* and autocorrelations g, and p, of the OLS residuals to
construct initial guesses for 8, 8, and o using the results in Box and Jenkins (1976, pp. 187 and 519).
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example, the time-varying coefficient regression model (2.31) can be written

y,=x;l_3+ Uy, (3:8)
where

— ’
u=x8+w,

If x, is deterministic, equation (3.8) describes a generalized least squares regression
model in which the variance—covariance matrix of the residuals can be inferred
from the state equation describing &. Thus, assuming that eigenvalues of F are all
inside the unit circle, B can be estimated consistently as long as (I/T)Y7_ xx
converges to a nonsingular matrix; other parameters can be consistently estimated
if higher moments of x, satisfy certain conditions [see Nicholls and Pagan (1985,
p. 431)].

The question of identification has also been extensively investigated in the
literature on linear systems; see Gevers and Wertz (1984) and Wall (1987) for a
survey of some of the approaches, and Burmeister et al. (1986) for an illustration
of how these results can be applied.

3.3.  Asymptotic properties of maximum likelihood estimates

Under suitable conditions, the estimate 8 that maximizes (3.4) is consistent and
asymptotically normal. Typical conditions require @ to be identified, eigenvalues
of F to be inside the unit circle, the exogenous variable x, to behave asymptotically
like a full rank linearly nondeterministic covariance-stationary process, and the
true value of @ to not fall on the boudary of the allowable parameter space; see
Caines (1988, Chapter 7) for a thorough discussion. Pagan (1980, Theorem 4) and
Ghosh (1989) demonstrated that for particular examples of state-space models

JTFL2 (8- 0,) = N@©,I) (3.9)

where .#,,, ;- is the information matrix for a sample of size T as calculated from
second derivatives of the log likelihood function:

iaz log f(¥:|&—1,%:;0)
& 0600’

1
jZD.T = - ?E[

:I. (3.10)
6=6o

Engle and Watson (1981) showed that the row i, column j element of Fapr 18
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given by
1OZ8) g 011-185A0)
- Z { trace[[z(o)] 00, = 0 6101]
[ (0)Y 1611,(0)]} 3.1
[ o, O o

One option is to estimate (3.10) by (3.11) with the expectation operator dropped
from (3.11). Another common practice is to assume that the limit of .#,, ; as
T— oo is the same as the plim of

g1 ZT: O log f(¥il¢— 1, %5 0)

) (3.12)
T:=1 0006’

=0

wh1ch can be calculated analytically or numerically by differentiating (3.4). Reported

B oara than canare roofs 1
standard errors for @ are then square roots of diagonal elements of (THF) L.

It was noted above that the Kalman filter can be motivated by linear projection
arguments even without normal distributions. It is thus of interest to consider as
in White (1982) what happens if we use as an estimate of 8 the value that maximizes
(3.4), even though the true distribution is not normal. Under certain conditions
such quasi-maximum likelihood estimates give consistent and asymptotically
normal estimates of the true value of 6, with

JTO—0)—>NO,[F£,5F o F,5]7Y), (3.13)

where £, is the plim of (3.12) when evaluated at the true value 8, and .#,, is
the limit of (1/T)XL , [5,(8,)1[s.(65)] where

0=00:|

An important hypothesis test for which (3.9) clearly is not valid is testing the
constancy of regression coefficients [see Tanaka (1983) and Watson and Engle
(1985)]. One can think of the constant-coefficient model as being embedded as a
special case of (2.30) and (2.31) in which E(v,, ,v,,,)=0 and B, = B. However,
such a specification violates two of the conditions for asymptotic normality
mentioned above. First, under the null hypothesis Q falls on the boundary of the
allowable parameter space. Second, the parameters of F are unidentified under the
null. Watson and Engle (1985) proposed an appropriate test based on the general
procedure of Davies (1977). The results in Davies have recently been extended by
Hansen (1993). Given the computational demands of these tests, Nicholls and

5(6,) = [a logf(ygg,_ X5 0)
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Pagan (1985, p. 429) recommended Lagrange multiplier tests for heteroskedasticity
based on OLS estimation of the constant-parameter model as a useful practical
approach. Other approaches are described in Nabeya and Tanaka (1988) and
Leybourne and McCabe (1989).

3.4. Confidence intervals for smoothed estimates and forecasts

Let 5r|r(00) denote the optimal inference about &, conditional on observation of
all data through date T assuming that 8, is known. Thus, for t < T, .’,‘I‘T(BO) is the
smoothed inference (2.22), while for 7> T, §,|T(00) is the forecast (2.18). If 8, were
known with certainty, the mean squared error of this inference, denoted P, (6,),
would be given by (2.23) for 1< T and (2.19) for 1> T.

In the case where the true value of 8 is unknown, this optimal inference is
approximated by EM(@) for @ the maximum likelihood estimate. To describe the
consequences of this, it is convenient to adopt the Bayesian perspective that 6
is a random variable. Conditional on having observed all the data {;, the posterior
distribution might be approximated by

01¢r ~ N(8,(1/T)(H) ™). (3.14)
Hamilton (1986) showed that

E{[&— & 7(O11& — & 1T 1r) = Egp, { (&~ &1(OIE — &0 141}
+ EQL;T{ [§t|T(0 - 6;11( )] [éﬂr(o) - éqr(o)] |§T}, (3-15)

where Eg . (*) denotes the expectation of () with respect to the distribution in
(3.14). Thus the mean squared error of an inference based on estimated parameters
is the sum of two terms. The first term can be written as E,, {P,;(6)}, and might
be described as “filter uncertainty”. A convenient way to calculate this would
be to generate, say, 10,000 Monte Carlo draws of @ from the distribution (3.14),
run through the Kalman filter iterations implied by each draw, and calculate
the average value of P, (@) across draws. The second term, which might be
described as “parameter uncertainty”, could be estimated from the outer product of
[&,r(6) — §,|T((7)] with itself for the ith Monte Carlo draw, and again averaging
across Monte Carlo realizations.

Similar corrections to (2.21) can be used to generate a mean squared error for
the forecast of y,, ,, in (2.20).

3.5.  Empirical application — an analysis of the real interest rate

As an illustration of these methods, consider Fama and Gibbons’s (1982) real
interest rate example discussed in equations (1.21) and (1.22). Let y, = i, — n, denote
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Figure 1. Top panel. Ex post real interest rate for the United States, quarterly from 1960:1 to 1992:1II,
quoted at an annual rate. Middle panel. Filter uncertainty. Solid line: P,|,(0) Dashed line: P,‘T(O) Bottom
panel. Smoothed inferences 45,|T(0 along with 95 percent confidence intervals.

the observed ex post real interest rate, where i, is the nominal interest rate on
3-month U.S. Treasury bills for the third month of quarter ¢ (expressed at an
annual rate) and «, is the inflation rate between the third month of quarter ¢ and
the third month of t 4 1, measured as 400 times the change in the natural logarithm
of the consumer price index. Quarterly data for y, are plotted in the top panel of
Figure 1 for ¢t = 1960:1 to 1992111

The maximum likelihood estimates for the parameters of this model are as
follows, with standard errors in parentheses,

£, =0914f,_, +v, 6,=0977
(0.041) (0.177)

V=143 +&+w,  ¢,=134.
(0.93) (0.14)
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Here the state variable & =i, — n¢ — u has the interpretation as the deviation of
the unobserved ex ante real interest rate from its population mean p.

Even if the population parameter vector 8=(¢,0,,u,0,) were known with
certainty, the econometrician still would not know the value of the ex ante real
interest rate, since the market’s expected inflation =¥ is unobserved. However, the
econometrician can make an educated guess as to the value of ¢, based on
observations of the ex post real rate through date ¢, treating the maximum
likelihood estimate @ as if known with certainty. This guess is the magnitude f,,,( 9),
and its mean squared error P,|,(0) is plotted as the solid line in the middle panel
of Figure 1. The mean squared error quickly asymptotes to

-~

P(8)=E[E,— ECE Y0 Vi 1Vi-2--: D)%,

which is a fixed constant owing to the stationarity of the process.

The middle panel of Figure. 1 also plots the mean squared error for the smoothed
inference, P,|T(@). For observations in the middle of the sample this is essentially
the mean squared error (MSE) of the doubly-infinite projection

SO)=E[E&,—EC ., Yie 13V Vis1s- -3 0) ]2

The mean squared error for the smoothed inference is slightly higher for
observations near the beginning of the sample (for which the smoothed inference
is unable to exploit relevant data on y,,y_,,...) and near the end of the sample
(for which knowledge of y; . {, ¥1+32,-.. would be useful).

The bottom panel of Figure 1 plots the econometrician’s best guess as to the
value of the ex ante real interest rate based on all of the data observed:

— =+ &y

Ninety-five percent confidence intervals for this inference that take account of both
the filter uncertainty ,|T(0) and parameter uncertainty due to the random nature
of @ are also plotted. Negative ex ante real interest rates during the 1970’s and
very high ex ante real interest rates during the early 1980’s both appear to be
statistically significant. Hamilton (1985) obtained similar results from a more
complicated representation for the ex ante real interest rate.

4. Discrete-valued state variables

The time-varying coefficients model was advocated by Sims (1982) as a useful way
of dealing with changes occurring all the time in government policy and economic
institutions. Often, however, these changes take the form of dramatic, discrete
events, such as major wars, financial panics or significant changes in the policy
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objectives of the central bank or taxing authority. It is thus of interest to consider
time-series models in which the coefficients change only occasionally as a result
of such changes in regime.

Consider an unobserved scalar s, that can take on integer values 1,2,...,N
corresponding to N different possible regimes. We can then think of a time-varying
coefficient regression model of the form of (2.29),

Vo= xfs +w, 4.1)

for x, a (k x 1) vector of predetermined or exogenous variables and w,~i.id.
N(0,62). Thus in the regime represented by s, = 1, the regression coefficients are
given by B,, when s,=2, the coefficients are f,, and so on. The variable s,
summarizes the “state” of the system. The discrete analog to (2.1), the state
transition equation for a continuous-valued state variable, is a Markov chain in
which the probability distribution of s,,, depends on past events only through
the value of s,. If, as before, observations through date ¢ are summarized by the
vector

G=Vo Vet s Y1 X X ps- 5 X)),
the assumption is that

Prob(s,, = jls,=i,8,-1 =i1,8 3 =l3,..., &) = Prob(s,, = jls, =1

=p,. 4.2)

When this probability does not depend on the previous state (p;; = p;; for all i, j,
and [), the system (4.1)—(4.2) is the switching regression model of Quandt (1958);
with general transition probabilities it is the Markov-switching regression model
developed by Goldfeld and Quandt (1973) and Cosslett and Lee (1985). When x,
includes lagged values of y, (4.1)—(4.2) describes the Markov-switching time-series
model of Hamilton (1989).

4.1. Linear state-space representation of the Markov-switching model

The parallel between (4.2)-(4.1) and (2.1)-(2.2) is instructive. Let F denote an
(N x N) matrix whose row i, column j element is given by p;;:

Pi1 P21 0 Pma

F= P:xz P:22 Pz.vz' (4.3)

Pin DPa2n ' PnwN
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Let e, denote the ith column of the (N x N) identity matrix and construct an
(N x 1) vector & that is equal to e; when s, =i. Then the expectation of &, , is an
(N x 1) vector whose ith element is the probability that s, ; = i. In particular, the
expectation of &, conditional on knowing that s, =1 is the first column of F.

More generally,

E(éz-&llgz’gt—la“ﬂél’;t):Fgr (44)

The Markov chain (4.2) thus implies the linear state equation
&v1=F&+u,,y, 4.5)

where v, , is uncorrelated with past values of &,y or x.
The probability that s,, , = j given s, =i can be calculated from

Prob(s,,, = jlIs, = i) = pi1P1; + Pi2P2; + --* + PinPn;
=Dp1;Piy T P2iPia + -+ + DNjPins

which will be recognized as the row j, column i element of F2. In general, the
probability that s, ,, = j given s, =i is given by the row j, column i element of F”,
and

E(€z+m|§t5€t—1""’§ls§1)=Fm€t' (46)

Moreover, the regression equation (4.1) can be written
ye=xBE +w, 4.7)

where B is a (k x N) matrix whose ith column is given by f§,. Equation (4.7) will
be recognized as an observation equation of the form of (2.26) with [H(x,)]' = x;B.

Thus the model (4.1)-(4.2) can be represented by the linear state-space model
(2.1) and (2.26). However, the disturbance in the state equation v, , can only take
on a set of N2 possible discrete values, and is thus no longer normal, so that the
Kalman filter applied to this system does not generate optimal forecasts or
evaluation of the likelihood function.

4.2. Optimal filter when the state variable follows a Markov chain

The Kalman filter was described above as an iterative algorithm for calculating
the distribution of the state vector &, conditional on §,_,. When &, is a continuous
normal variable, this distribution is summarized by its mean and variance. When
the state variable is the discrete scalar s,, its conditional distribution is, instead,
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summarized by
Prob(s,=i|¢,_;) for i=1,2,...,N. 4.8)

Expression (4.8) describes a set of N numbers which sum to unity. Hamilton (1989)
presented an algorithm for calculating these numbers, which might be viewed as
a discrete version of the Kalman filter. This is an iterative algorithm whose input
at step t is the set of N numbers {Prob(s,=i|{,_;)}_, and whose output is
{Prob(s,,, =i|¢)}¥,. In motivating the Kalman filter, we initially assumed that
the values of F, Q, A, H and R were known with certainty, but then showed how
the filter could be used to evaluate the likelihood function and estimate these
parameters. Similarly, in describing the discrete analog, we will initially assume
that the values of §,, B,,..., By, 0, and {p; ,}f’ ;= are known with certainty, but will
then see how the filter facilitates maximum likelihood estimation of these parameters.
A key difference is that, whereas the Kalman filter produces forecasts that are

linear in the data, the discrete-state algorithm, described below, is nonlinear.
If the Markov chain is stationary and ergodic, the iteraticn to evaluate (4 R\

11 LIV IVIQIRUY IGLE 15 Staullial j Qi ViguUleily, wiv ividuvia Y&Riuaie

can be started at date t = 1 with the unconditional probabilities. Let =; denote the
unconditional probability that s, =i and collect these in an (N x 1) vector #=
(my,m,,...,ny). Noticing that #can be interpreted as E(&,), this vector can be found
by taking expectations of (4.5):

r=Fm. 4.9)

Although this represents a system of N equations in N unknowns, it cannot be
solved for &; the matrix (Iy — F) is singular, since each of its columns sums to zero.
However, if the chain is stationary and ergodic, the system of (N + 1) equations
represented by (4.9) along with the equation

V'n=1 4.10)

can be solved uniquely for the ergodic probabilities (here “1” denotes an (N x 1)
vector, all of whose elements are unity). For N =2, the solution is

=1 —=p)/(1 —pi1+1—p;;), 4.11)
o= —p )1 —pyy+1—py3) 4.12)

A general solution for z can be calculated from the (N + 1)th column of the matrix
(4'4)" ' 4" where

y =|:IN—F
(N+1)x N 1’ )
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The input for step t of the algorithm is {Prob(s, =i|{ )}, whose ith entry

under the assumption of predetermined or exogenous x, is the same as
Prob(s, = i|x,, §_;)- (4.13)

The assumption in (4.1) was that

. 1 - (yt - x;ﬂi)z
f(y,|s,=t,x,, ;r—l):(zno_z)llz CXp,: :l (414)

26?2
For given i, x,,y,, B;, and o, the right-hand side of (4.14) is a number that can be
calculated. This number can be multiplied by (4.13) to produce the likelihood of

jointly observing s, =i and y,:

Sousi=ilx, &) =f(yls, =i, %, §_ ) Prob(s, = ilx,;, ). 4.15)

Expression (4.15) describes a set of N numbers (for i=1,2,..., N) whose sum is
the density of y, conditional on x, and ¢, _;:

SO &)=Y f(os,=ilx, &) (4.16)
i=1

If each of the N numbers in (4.15) is divided by the magnitude in (4.16), the result
is the optimal inference about s, based on observation of §,={y,x,& _,}:

Sss =ilx, é‘t—l).

Prob(s,=i|{) = 4.17)
S [ CAE )
The output for the jth iteration can then be calculated from
N
Prob(s,+, = jl§)= Y, Prob(s,+, = j,s,=il{)
i=1
N
= ) Prob(s,+; = jls, =i,4) Prob(s, = i|{)
i=1
N
= 2, piy Prob(s, = #{). (4.18)

1]
-

13

To summarize, let §,|,_ 1 denote an (N x 1) vector whose ith element represents
Prob(s, = i|§,_ ) and let 7, denote an (N x 1) vector whose ith element is given by
(4.14). Then the sequence {&,,_,},_, can be found by iterating on
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(gtlt 1 O ﬂt) (419)

éﬁ 1l! (gl‘ll‘— 1 O "z)

where “©” denotes element-by-element multiplication and 1 represents an (N x 1)
vector of ones. The iteration is started with 5”0 = n where x is given by the solution
to (4.9) and (4.10). The contemporaneous inference §,|, is given by (5,‘, 1On)/

[l (gtlt 1 Q '71)]

4.3. Extensions

The assumption that y, depends only on the current value s, of a first-order Markov
chain is not really restrictive. For example, the model estimated in Hamilton (1989)
was

—He=0 0 e )T e ) B, e ) e
(4.20)

where s¥ can take on the values 1 or 0, and follows a Markov chain with
Prob(st, , = j|s¥ =i)= p}. This can be written in the form of (4.1)~(4.2) by letting
N =27*1 and defining

5,=1 if (s*—ls;"1 L,..., and st =1),
5, =2 if (s*=0,s*,=1,..., and si,=1),
: 4.21)
ss=N-1 if (s¥=1,s% =0,..., and s;"_p=0),
=N if (s¥=0,s%,=0,..., and s}  =0).
For illustration, the matrix of transition probabilities when p=2 is
pt, 0 0 O pt, O O 0]
P 0 0 0 pf 0 0 0
0 p§ 0O O 0O ptp, 0 O
F _ 0 p3 O 0 0 p3 O 0 4.22)
8x8) 0 0 pfy, 0 0 O0 p* O ’
0 0 pf 0 0 0 p} O
0 0 0 p3, O 0 0 pg
10 0 0 p&% O 0 0 pE
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There is also no difficulty in generalizing the above method to (n x 1) vector
processes y, with changing coefficients or variances. Suppose that when the process
is in state s,,

Yilspx, ~NUT x,, ) (4.23)

where IT', for example, is an (n x k) matrix of regression coefficients appropriate
when s, = 1. Then we simply replace (4.14) with

. 1 ’ ! - ’
fls,=i,x,8_1)= _(yt"'"ixt)gi ‘(y,—H,.x, :|’

1
@ny2 212 P [ 72
(4.24)

with other details of the recursion identical.

It is more difficult to incorporate changes in regime in a moving average process
such as y, =¢,+ 0 ,¢,_,. For such a process the distribution of y, depends on the
complete history ( )5,_ 1 Yi-2s--, V1,85, 8% (..., 5T),and N, in a representation such
as (4.21), grows with the sample size T. Lam (1990) successfully estimated a related
model by truncating the calculations for negligible probabilities. Approximations
to the optimal filter for a linear state-space model with changing coefficient matrices
have been proposed by Gordon and Smith (1990), Shumway and Stoffer (1991)
and Kim (1994).

4.4. Forecasting

Applying the law of iterated expectations to (4.6), the optimal forecast of &, ,,
based on data observed through date t is

E(& . l8)=F"E,, 4.25)

where S,,, is the optimal inference calculated by the filter.
As an example of using (4.25) to forecast y,, consider again the example in (4.20).
This can be written as

yt = #s‘ + Zp (426)

wherez,=¢,z,_ | + ¢z, + - + ¢z, , + . If {s*} were observed, an m-period-
ahead forecast of the first term in (4.26) turns out to be

Elp, 15 = po + {my + A7(sF — 7))} (1, — Ho), 4.27)
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where A =(—1+ p*, +p¥,) and m, =(1 — p3)/(1 — p¥, + 1 —pg,). If pt, and pg,
are both greater than 1, then 0 <A< 1 and there is a smooth decay toward the
steady-state probabilities. Similarly, the optimal forecast of z, ., based on its own
lagged values can be deduced from (1.9):

E(Zt+m'zr’zt—1”"’Zt—p+l)=e’lwm[zt S U Zt—p+l], (428)
where €| denotes the first row of the (p x p) identity matrix and @ denotes the

(p x p) matrix on the right-hand side of (1.12). Recalling that z, = y, — u, is known
if y, and s¥* are known, we can substitute (4.27) and (4.28) into (4.26) to conclude

E(Y; 4 mlSe> §) = o + {1 + A™(s}F — 7)) } (1) ~ 1o)
+e @7y, — 1) Oy ~#ye ) Gipe—e I

t—p+1

(4.29)

Since (4.29) is linear in {s}*}, the forecast based solely on the observed variables
¢, can be found by applying the law of iterated expectations to (4.29):

E(Yi+ml§) = tto + {my + A"[Prob(s} = 1]&) — m, 1} (uy — po) + €, @75, (4.30)
where the ith element of the (p x 1) vector J, is given by

Vie=Y—iv1— Mo Prob(st ., =0[&) —p, Prob(st ;| = 1[{).

The ease of forecasting makes this class of modeis very convenient for rational-
expectations analysis; for applications see Hamilton (1988), Cecchetti et al. (1990)
and Engel and Hamilton (1990).

4.5. Smoothed probabilities
We have assumed that the current value of s, contains all the information in the

history of states through date ¢ that is needed to describe the probability laws for
yand s:

f(ytlst’xts é—r—l)=f(ytlsnst——1"-"sl’xn ;1—1)9
Prob(s,,, =jl|s,=i)=Prob(s,; , = jlIs,=i,5,_, = b—1se., 81 =1y).

Under these assumptions we have, as in Kitagawa (1987, p. 1033) and Kim (1994),
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that
Prob(s, = j, S+ 1 = i|{r) = Prob(s, s, = il §r) Prob(s, = jls,+ 1 = i, &r)
= Prob(s,,, = i|§r) Prob(s, = jls;+1 =5 &)
Prob(s,=j,8,+1 =1il§)
Prob(s,+, =il&)
Prob(s,=j|{)Prob(s, ,, =ils, = j)'
Prob(s,+; =il&)

= Prob(s,, = il¢7)

= Pl'Ob(S,+ 1= l‘;T)
431)

Sum (4.31) over i=1,..., N and collect the resulting equations for j=1,...,N in
a vector &1, whose jth element is Prob(s, = j|{7):

Er=E,OF & yr() &)} (4.32)

where “(+)” denotes element-by-element division. The smoothed probabilities are
thus found by iterating on (4.32) backwards for t=T—-1, T—2,...,1.

4.6. Maximum likelihood estimation

For given numerical values of the transition probabilities in F and the regression
parameters such as (IT,,..., Iy, 82,,..., £2,) in (4.24), the value of the log likelihood
function of the observed data is Y[, log f(y,|x,, ;) for f(y,|x,,& ;) given by
(4.16). This can be maximized numerically. Again, the EM elgorithm is often an
efficient approach [see Baum et al. (1970), Kiefer (1980) and Hamilton (1990} ]. For
the model given in (4.24), the EM algorithm is implemented by making an arbitrary
initial guess at the parameters and calculating the smoothed probabilities. OLS
regression of y,./Prob(s, = 1|{7) on x,./Prob(s, = 1|{;) gives a new estimate of
IT, and a new estimate of £2, is provided by the sample variance matrix of these
OLS residuals. Smoothed probabilities for state 2 are used to estimate IT, and
£2,, and so on. New estimates for p;; are inferred from

T
|: Y Prob(s,=j,5,-1 = il;T)il

=2

[ ET: Prob(s,_; = ’|§T):|

2

with the probability of the initial state calculated from z; = Prob(s, = i|{;) rather
than (4.9)—(4.10). These new parameter values are then used to recalculate the
smoothed probabilities, and the procedure continues until convergence.
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When the variance depends on the state as in (4.24), there is an essential
singularity in the likelihood function at £2, = 0. This can be safely ignored without
consequences; for further discussion, see Hamilton (1991).

4.7.  Asymptotic properties of maximum likelihood estimates

It is typically assumed that the usual asymptotic distribution theory motivating
(3.9) holds for this class of models, though we are aware of no formal demonstration
of this apart from Kiefer’s (1978) analysis of i.i.d. switching regressions. Hamilton
(1993) examined specification tests derived under the assumption that (3.9) holds.

Two cases in which (3.9) is clearly invalid should be mentioned. First, the
maximum likelihood estimate f;; may well be at a boundary of the allowable
parameter space (zero or one), in which case the information matrix in (3.12) need
not even be positive definite. One approach in this case is to regard the value of
p;; as fixed at zero or one and calculate the information matrix with respect to other
parameters.

Another case in which standard asymptotic distribution theory cannot be invoked
is to test for the number of states. The parameter p,, is unidentified under the
null hypothesis that the distribution under state one is the same as under state
two. A solution to this problem was provided by Hansen (1992). Testing the specifi-
cation with fewer states for evidence of omitted heteroskedasticity affords a simple
alternative.

4.8. Empirical application — another look at the real interest rate

We illustrate these methods with a simplified version of Garcia and Perron’s (1993)
analysis of the real interest rate. Let y, denote the ex post real interest rate data
described in Section 3.5. Garcia and Perron concluded that a similar data set was
well described by N =3 different states. Maximum likelihood estimates for our
data are as follows, with standard errors in parentheses:®

Vils=1~N(569, 3.72),
(0.41) (1.11)

Vils;=2~N(1.58, 1.93),
(0.16) (0.32)

Yils,=3~N(~1.58, 2.83),
(0.30) (0.72)

3Garcia and Perron also included p = 2 autoregressive terms as in (4.20), which were omitted from
the analysis described here.
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0950 0 0036 |
(0.044) (0.030)

0.050  0.990 0
(0.044) (0.010)

0 0010 0964
L (0.010) (0.030) |

)
Il

The unrestricted maximum likelihood estimates for the transition probabilities
occur at the boundaries with p,; = p,, = p3, = 0. These values were then imposed
a priori and derivatives were taken with respect to the remaining free parameters
0= 1y, s, U3, 62,0%,063,P11>P22-P33) to calculate standard errors.
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Figure 2. Top panel. Solid line: ex post real interest rate. Dashed line: /2,-5‘4',, where zi,:l if
Prob(s,=i|{r;0)>0.5 and 0;,=0 otherwise. Second panel. Prob(s,zll{,;@). Third panel.

Prob(s, = 2|{r; 0). Fourth panel. Prob(s, = 3|{y; 0).
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Regime 1 is characterized by average real interest rates in excess of 5 percent,
while regime 3 is characterized by negative real interest rates. Regime 2 represents
the more typical experience of an average real interest rate of 1.58 percent.

The bottom three panels of Figure 2 plot the smoothed probabilities Prob(s, =
i|&r; @) for i=1,2 and 3, respectively. The high interest rate regime lasted from
1980:1V to 1986:11, while the negative real interest rate regime occurred during
1972:3 to 1980:111.

Regime 1 only occurred once during the sample, and yet the asymptotic standard
errors reported above suggest that the transition probability p,, has a standard
error of only 0.044. This is because there is in fact not just one observation useful
for estimating p,,, but, rather, 23 observations. It is exceedingly unlikely that one
could have flipped a fair coin once each quarter from 1980:1V through 1986:11
and have it come up heads each time; thus the possibility that p,; might be as
low as 0.5 can easily be dismissed.

The means f,,[, and fi; corresponding to the imputed regime for each date
are plotted along with the actual data for y, in the top panel of Figure 2. Garcia

and Perron noted that the timing of the high real interest rate episode suggests

that fiscal policy may have been more important than monetary policy in producing
this unusual episode.

5. Non-normal and nonlinear state-space models

A variety of approximating techniques have been suggested for the case when the
disturbances v, and w, come from a general non-normal distribution or when the
state or observation equations are nonlinear. This section reviews two approaches.
The first approximates the optimal filter using a finite grid and the second is known
as the extended Kalman filter.

5.1. Kitagawa's grid approximation for nonlinear, non-normal
state-space models

Kitagawa (1987) suggested the following general approach for nonlinear or
non-normal filtering. Although the approach in principle can be applied to vector

systems, the notation and computations are simplest when the observed variable
(y,) and the state variable (£,) are both scalars. Thus consider

§r+1=¢(61)+vt+1a (51)
Ye=h&)+w,. (5.2)

The disturbances v, and w, are each i.i.d. and mutually independent and have
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densities denoted ¢(v,) and r(w,), respectively. These densities need not be normal,
but they are assumed to be of a known form; for example, we may postulate that
v, has a t distribution with v degrees of freedom:

qlvd = c(1+ @2 /v))"0 V72,

where ¢ is a normalizing constant. Similarly ¢(') and h(-) represent parametric
functions of some known form; for example, ¢(-) might be the logistic function,
in which case (5.1) would be

1
1= . 5.
v l+aexp(—b§,)+vt+1 (5.3)

Step ¢ of the Kalman filter accepted as input the distribution of &, conditional
on &_;=(¥-1,Vi—2,-..,y1) and produced as output the distribution of ¢,
conditional on ¢,. Under the normality assumption the input distribution was
completely summarized by the mean §,|,_1 and variance P, _,. More generally,
we can imagine a recursion whose input is the density f(&,]¢,— ;) and whose output
is f(&,411&). These, in general, would be continuous functions, though they can
be summarized by their values at a finite grid of points, denoted &©, &M, ... ™,
Thus the input for Kitagawa’s filter is the set of (N + 1) numbers

fEIG-Dlg=zg0  i=0,1,...,N (54)
and the output is (5.4) with ¢ replaced by t + 1.

To derive the filter, first notice that under the assumed structure, £, summarizes
everything about the past that matters for y,:

f(yrléz) =f(yr|€n Ct—l)‘
Thus

SO &l&- ) =SS (G & - 1)
=rly, — &)1 S (&1 & -1) (5.5

and
f(yz|§-1)=j S (e &l G- 1) de,. (5.6)

Given the observed y, and the known form for r(-) and h(-), the joint density (5.5)
can be calculated for each &, =¢%, i=0,1,...,N, and these values can then be
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used to approximate (5.6) by

N
SOIG-D= TS0 &ld Dlem g0 +F (o Gl s - s0-0}3{E0 = € V).
(5.7)

The updated density for &, is obtained by dividing each of the N + 1 numbers in
(5.5) by the constant (5.7):

FE1G) = fElyeGm)
_SOuEG-) 58

JWil&i-1)

The joint conditional density of &,,, and £, is then

PISTSNATAEN [ (P AT (A1)
=4l 1 — O(C)1f(EIS) (59

For any pair of values é® and &Y, equation (5.9) can be evaluated at &, = ¢ and
& 41 = EYfrom (5.8) and the form of g(-) and ¢(-). The recursion is completed by:

f(€,+1I§)I5,+,=¢<J-)=f SCor 1588, =en dE,

N
= '—Zl {f(ét+ 1 étlé‘t)lgu 1 =EWD, &=
+ S Gt ElE g, w0 gm0} S{ED — EEY,

(5.10)
An approximation to the log likelihood can be calculated from (5.6):
T
log f(yrsyr—15--5¥1) = Z log f(y:|&-1)- (5-11)
t=1

The maximum likelihood estimates of parameters such as a, b and v are then the
values for which (5.11) is greatest.

Feyzioglu and Hassett (1991) provided an economic application of Kitagawa’s
approach to a nonlinear, non-normal state-space model.
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5.2. Extended Kalman filter

Consider next a multidimensional normal state-space model

Er1=0(&) +viiy, (5.12)
yo=alx)+h(&)+w, (5.13)
where ¢: R"->R’, & R*->R" and h: R">R", p,~iid. N©0,Q) and w ~iid.

N(0, R). Suppose ¢(°) in (5.12) is replaced with a first-order Taylor’s approximation
around & = §,,,

§t+1 = ¢r+ d,r(gt_ §l|t)+vt+1, ’ (514)
where
a 0
b, =0@&) @ =2 (515)
(rx1) rxn 08 g

For example, suppose r = 1 and ¢(*) is the logistic function as in (5.3). Then (5.14)
would be given by

1 abexp(— bE,,,)

1+aexp(—b&,) [1+ aexp(—bém)]z(ir — G + e (5.16)

ét+1:

If the form of ¢ and any parameters it depends on [such as a and b in (5.3)] are
known, then the inference E,,, can be constructed as a function of variables observed
at date ¢ () through a recursion to be described in a moment. Thus ¢, and @, in
(5.14) are directly observed at date .

Similarly the function A(*) in (5.13) can be linearized around f,,,_ , to produce

Y= a(xt) + ht + H;(ét - Etlt— 1) +w, (517)

where

(5.18)

> 7 ah(é
ho=hE, )  H =S
(nx1) (mxr) & gt

Again h, and H, are observed at date t — 1. The function &(-) in (5.13) need not be
liearized since x, is observed directly.

The idea behind the extended Kalman filter is to treat (5.14) and (5.17) as if
they were the true model. These will be recognized as time-varying coefficient
versions of a linear state-space model, in which the observed predetermined variable
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o, — d’,Eﬂ, has been added to the state equation. Retracing the logic behind the
Kalman filter for this application, the input for step t of the iteration is again the
forecast Em—1 and mean squared error P,,_,. Given these, the forecast of y, is
found from (5.17);

E(y,|x,, é‘t— 1) = a(xz) + ht
= a(x,) + h(€),_ ). (5.19)

The joint distribution of & and y, conditional on x, and §,_, continues to be given
by (2.11), with (5.19) replacing the mean of y, and H, replacing H. The contem-
poraneous inference (2.12) goes through with the same minor modification:

gl\t ét!l 1 +Pt\t IH (Ht t)e— lHt+R)—l[yt_a(xt)_h(gtlt—l)]' (520)

If (5.14) described the true model, then the optimal forecast of &, on the basis
of §, would be

(§t+ 1 |§t) - ¢t ¢(€l|t

To summarize, step ¢ of the extended Kalman filter uses 5,,, , and Py, to
calculate H, from (5.18) and §,|, from (5.20). From these we can evaluate @, in
(5.15). The output for step t is then

Ei=0E,), (5.21)

Pt+1|t (DPtlz l(p {(Dtptlt—lHt(H;Pm—lHt+R) IH; tle— 1¢}+Q
(5.22)

The recursion is started with Elio and P, representing the analyst’s prior
information about the initial state.

5.3. Other approaches to nonlinear state-space models

A number of other approaches to nonlinear state-space models have been explored
in the literature. See Anderson and Moore (1979, Chapter 8) and Priestly (1980,
1988) for partial surveys.
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