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ABSTRACT

An orthomorphism, π, of a group, (G,+), is a permutation of G with the property

that the map x 7→ −x + π(x) is also a permutation. In this paper, we consider ortho-

morphisms of the additive group of binary n-tuples, Zn2 . We use known orthomorphism

preserving functions to prove a uniformity in the cycle types of orthomorphisms that

extend certain partial orthomorphisms, and prove that extensions of particular sizes of

partial orthomorphisms exist. Further, in studying the action of conjugating orthomor-

phisms by automorphisms, we find several symmetries within the orbits and stabilizers

of this action, and other orthomorphism-preserving functions. In addition, we prove a

lower bound on the number of orthomorphisms of Zn2 using the equivalence of ortho-

morphisms to transversals in Latin squares. Lastly, we present a Monte Carlo method

for generating orthomorphisms and discuss the results of the implementation.

i



DEDICATION

This dissertation is dedicated to my mother, Tina Johnston, who constantly encourages
me to do things that seem personally unachievable and provides support as I do them.
And to my son, Grant, who helped me realize I needed to do something for myself; to
my step-dad for inspiring me to look into cryptography; and the rest of my family for

providing so much help when I needed it.

ii



ACKNOWLEDGMENTS

First and foremost, I would like to thank my advisor, John Caughman, for his guidance

and advice as well as his patience and kindness throughout my time as a student of his.

For independently discovering this fun type of permutation we call orthomorphism,

and sharing the discovery, I thank Tom Shrimpton.

I would also like to thank my committee members for believing this work was wor-

thy of pursuit.

I thank Bart Massey and David Johnston for writing the C code I used to generate

and count orthomorphisms.

For teaching me how to use my computer, I thank Jarrod W. Brockman and Jeremy

Shaw.

I am appreciative of the anonymous referees for helpful suggestions on the version

of Chapter 3 to appear in The Online Journal of Combinatorics.

Lastly, I would like to thank my coworkers at iovation: Damon Buckwalter, Perry

Hook, Kyle Joecken, Kris Kolve, Chan Pham, Curtis Ropp, and John Taylor. They are

all incredibly encouraging and supportive of my goals.

iii



TABLE OF CONTENTS

Abstract i

Dedication ii

Acknowledgments iii

List of Tables vi

List of Figures vii

Chapter 1 Introduction 1
1.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Organization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

Chapter 2 Mathematical Preliminaries 5
2.1 Orthomorphisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Latin Squares . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.3 Notation for the Group Zn2 . . . . . . . . . . . . . . . . . . . . . . . 7

Chapter 3 Properties of Orthomorphisms: Cycle Structure 9
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
3.2 Bijective, Cycle-Preserving Maps . . . . . . . . . . . . . . . . . . . 11
3.3 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.4 Cycle Type Distributions and Partial Orthomorphisms of Size One . . 16
3.5 Cycle Type Distributions and Partial Orthomorphisms of Size Two . 19
3.6 Examples and the Case of Size Three . . . . . . . . . . . . . . . . . 26
3.7 Cycle-Type Distributions and Partial Orthomorphisms of Size Three . 27

Chapter 4 Properties of Orthomorphisms: Group Actions 36
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
4.2 Orthomorphism-Preserving Maps . . . . . . . . . . . . . . . . . . . 37

iv



4.3 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
4.4 The G-Orbit of an Orthomorphism . . . . . . . . . . . . . . . . . . 39
4.5 The G-Stabilizer of an Orthomorphism . . . . . . . . . . . . . . . . 46
4.6 Characterization of Commuting Permutations . . . . . . . . . . . . . 48

Chapter 5 Getting a Count 54
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
5.2 A Lower Bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
5.3 An Orthomorphism Formula . . . . . . . . . . . . . . . . . . . . . . 61
5.4 Remarks on Upper Bounds . . . . . . . . . . . . . . . . . . . . . . 62
5.5 A Count for n = 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

Chapter 6 Generating Orthomorphisms 65
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
6.2 Metropolis-Hastings Algorithm . . . . . . . . . . . . . . . . . . . . 67
6.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

Chapter 7 Conclusions and Future Directions 76

References 79

Appendix Cycle Types for Z5
2 82

v



List of Tables

Table 2.1 An orthomorphism of Z2
2 . . . . . . . . . . . . . . . . . . . . . . 6

Table 3.1 Cycle type distribution of S(tr, ij) in Z4
2 . . . . . . . . . . . . . . 25

Table 3.2 Cycle-type distributions for τ , π, and σ defined in Example 3. . . 28
Table 3.3 Cycle type distribution for partial orthomorphisms of Z4

2 . . . . . 35

Table 5.1 Transversal counts for groups of order ≤ 23 . . . . . . . . . . . . 55

vi



List of Figures

Figure 1.1 Block cipher in Davies-Meyer mode . . . . . . . . . . . . . . . . 1

Figure 2.1 A transversal in a Cayley table for Z2
2 . . . . . . . . . . . . . . . 7

Figure 3.1 Cycle type distributions of orthomorphisms and permutations of Z4
2 26

Figure 4.1 Cycle type distribution of G-orbits . . . . . . . . . . . . . . . . . 40
Figure 4.2 Element g maps kth cycle of π to ith cycle of π with shift j . . . . 50

Figure 5.1 Cayley table, C3, for Z3
2. . . . . . . . . . . . . . . . . . . . . . . 57

Figure 5.2 Association between column indices of C2 and C3 . . . . . . . . . 58
Figure 5.3 Association between row indices of C2 and C3 . . . . . . . . . . . 58
Figure 5.4 Cayley table, C3, partitioned into blocks . . . . . . . . . . . . . . 59
Figure 5.5 Form description of every 2× 2 block in Figure 5.4 . . . . . . . . 59

Figure 6.1 Distribution for Trial 1, n = 4 . . . . . . . . . . . . . . . . . . . 71
Figure 6.2 Distribution for Trial 1, n = 5 . . . . . . . . . . . . . . . . . . . 72
Figure 6.3 Distribution for Trial 2, n = 4 . . . . . . . . . . . . . . . . . . . 74
Figure 6.4 Distribution for Trial 2, n = 5 . . . . . . . . . . . . . . . . . . . 75

vii



Chapter 1

INTRODUCTION

1.1 Overview

An orthomorphism of an additive group (G,+) is a permutation π : G→ G such that the

map x 7→ −x+π(x) is also a permutation. Motivated by applications of orthomorphisms

to cryptography, we will be primarily concerned with the group Zn2 which has a natural

association to fixed length bit strings and the operation of exclusive-or. The investigation

of orthomorphisms of Zn2 contained in this dissertation was initially motivated by the

study of a particular configuration of collision resistant hash functions which uses a

block cipher as the compression function. In particular, when orthomorphisms are used

as the block ciphers in Davies-Meyer mode (see Figure 1.1), the output is uniformly

distributed--thus circumventing known attacks [16].

x ⊕ yπ

Figure 1.1: Block cipher in Davies-Meyer mode with an orthomorphism as the block
cipher.
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Chapter 1. Introduction

In the field of mathematics, the study of orthomorphisms grew out of the study

of mutually orthogonal Latin squares, initiated by Euler in the 18th century [7]. The

concept of an orthomorphism was further developed by Johnson, et al. in their 1961

paper [19], which was also motivated by the study of mutually orthogonal Latin squares.

At the time, research in these topics was commonly applied to the study of the design of

experiments [15].

Recent mathematical research regarding orthomorphisms has mainly been motivated

by the study of transversals in Latin squares, which have been shown to be equivalent to

orthomorphisms when the Latin square is a Cayley table [35]. Existence and extensions

of partial orthomorphisms as well as bounds on the cardinality of orthomorphisms have

also been studied extensively [2, 18, 33, 35]. Noticeably missing from this research,

however, are investigations into the cycle structure of these and related objects, which

we address in this dissertation. Further, we make use of the structure of Cayley tables

of Zn2 to prove a lower bound on the cardinality of the set of orthomorphisms of Zn2 .

In the field of computer science, in contrast with mathematics, the study of ortho-

morphisms is just beginning. In this context, orthomorphisms of the group Zn2 (with

its natural association to fixed-length bit strings--the building blocks of electronics) are

of primary importance. In particular, orthomorphisms arise naturally in the field of

symmetric-key cryptography--most famously in the FOX family of block ciphers [20]

(now named IDEA NXT), but also in [36], where the authors use orthomorphisms in

a so-called quasi-Feistel network. More recently, orthomorphisms have been used to

strengthen the Even-Mansour block cipher against a cryptographic attack making use of

the non-uniformity of p(x)− x when p is a random permutation [16]. Orthomorphisms

2



Chapter 1. Introduction

can play a useful role in the design of cryptographic primitives. In order to use them,

however, we need a way to generate them efficiently. To quantitatively analyze their

properties, we need to know, even just approximately, what proportion of permutations

are orthomorphisms, and we need to know more about them in general, so that these

properties can be exploited and statements about their security can be made.

As it pertains to cryptographic applications, interest in the algebraic structure of

orthomorphisms of Zn2 can be found in [25] where Mittenthal shows that a permutation

is an orthomorphism if and only if it maps every maximal subgroup half into itself

and half into its complement. In this dissertation, we continue such investigations into

the algebraic structures of orthomorphisms by thoroughly researching the mathematical

properties related to various group actions on the set of orthomorphisms of Zn2 .

Further mathematical research on orthomorphisms of the group Zn2 can be found in

[4] and [17] where the authors develop ways to generate and count particular subsets

of orthomorphisms. In this dissertation, we also advance this direction of research by

implementing a probabilistic method of generating orthomorphisms of Zn2 .

1.2 Organization

Chapter 2 provides a brief introduction to the main mathematical objects referenced

throughout this dissertation, with examples to aid with understanding. The main results

are separated into four chapters, each of which contains an in-depth review of the per-

tinent published literature. Chapter 3 delves into the cycle structure of orthomorphisms

which extend partial orthomorphisms, and provides a proof that extensions of partial

orthomorphisms of certain sizes exist. Chapter 4 contains research on the effects of

3



Chapter 1. Introduction

orthomorphism-preserving functions on the orbits and stabilizers of the automorphism

group acting on the set of orthomorphisms of Zn2 . In Chapter 5, the relationship between

the study of Latin squares and orthomorphisms is highlighted by proving a lower bound

on the set of orthomorphisms of Zn2 using the structure of relevant Latin squares. In the

final chapter, Chapter 6, we leverage the theory of Markov Chain Monte Carlo methods.

Specifically, we use a Metropolis Hastings algorithm with various parameters to ran-

domly generate sets of orthomorphisms of Zn2 . The appendix contains a table of cycle

types of permutations of Zn2 and, in each case, lists an orthomorphism with the given

cycle-type if one has been found.

4



Chapter 2

MATHEMATICAL PRELIMINARIES

Orthomorphisms are closely related to several other mathematical objects; and these

relationships are leveraged throughout this document. In this chapter, we provide def-

initions for these objects and present some of the notation that will be used in later

chapters.

2.1 Orthomorphisms

Definition 2.1. An orthomorphism, π, of a group, (G,+), is a permutation of G with

the property that the map x 7→ −x + π(x) is also a permutation. An orthomorphism is

canonical if π(0) = 0.

Definition 2.2. A complete map, π, of a group, (G,+), is a permutation of G with the

property that the map x 7→ x+ π(x) is a permutation.

We will be primarily concerned with the group G = Zn2 . Since addition and subtrac-

tion are indistinguishable in Z2, the two definitions, orthomorphism and complete map,

coincide. See [14] for a full characterization of all groups with this property.

5



Chapter 2. Mathematical Preliminaries

x π(x) π(x) + x
(0, 0) (0, 0) (0, 0)
(0, 1) (1, 0) (1, 1)
(1, 0) (1, 1) (0, 1)
(1, 1) (0, 1) (1, 0)

Table 2.1: An orthomorphism of Z2
2

Example 1. As an example of an orthomorphism of Z2
2, consider the permutation π :

Z2
2 → Z2

2 defined in the Table 2.1. We can see, in the rightmost column, that the map

formed by adding the input of π to its output is indeed a permutation. Therefore π is

an orthomorphism (and a complete map). The number of orthomorphisms of Zn2 for

arbitrary n is unknown [35].

An alternate definition of orthomorphism can be stated in terms of a partial ortho-

morphism.

Definition 2.3. A partial orthomorphism of G is an injection π : S → G, for some

subset S ⊆ G, such that π(x)− x = π(y)− y implies x = y for all x, y ∈ S. The size

of a partial orthomorphism is the cardinality of the domain S. If S = G then π is an

orthomorphism.

Partial orthomorphisms are studied extensively in Chapter 3.

2.2 Latin Squares

Definition 2.4. A latin square of order N is an N × N array of N symbols so that no

symbol appears more than once in any row or column.

One family of latin squares is given by the Cayley tables of finite groups.

6



Chapter 2. Mathematical Preliminaries

Definition 2.5. A transversal in a latin square of order N is a set of N distinct entries

where no two entries appear in the same row or column.

Example 2. We use the Cayley table for Z2
2 as an example in Figure 2.1. The bold

entries constitute a transversal in this Latin square.

Z2
2,+ (0,0) (0,1) (1,0) (1,1)

(0,0) (0,0) (0,1) (1,0) (1,1)
(0,1) (0,1) (0,0) (1,1) (1,0)
(1,0) (1,0) (1,1) (0,0) (0,1)
(1,1) (1,1) (1,0) (0,1) (0,0)

Figure 2.1: A transversal in a Cayley table for Z2
2

It is easily shown that an orthomorphism of a group corresponds directly to a transver-

sal in a Cayley table for that group [10].

2.3 Notation for the Group Zn2

The group (Zn2 ,+) has a natural association with the set of bit strings of length n and

the operation of bit-wise exclusive-or. More than that, there is a natural correspondence

between bit strings of a fixed length n and the set of integers between 0 and 2n−1. In this

document, we will occasionally write elements of the group Zn2 with these associations

in mind. For example, the element (1, 0, 0) ∈ Z3
2 can be variously written as 1||02,

1||〈0〉2, 100, or 4.

Often, it is convenient to treat the group Zn2 as a vector space over Z2 and use the

theory developed in that setting. One case where this is especially useful is in the study

7



Chapter 2. Mathematical Preliminaries

of the group Aut(Zn2 ). When Zn2 is treated as a vector space, the group Aut(Zn2 ) is

isomorphic to the general linear group GLn(Z2).

8



Chapter 3

PROPERTIES OF ORTHOMORPHISMS: CYCLE STRUCTURE

Despite receiving a fair amount of attention in the research literature, many basic ques-

tions remain concerning the number of orthomorphisms of a given group, G, and what

cycle types these permutations have. It is known that conjugation by automorphisms of

G forms a group action on the set of orthomorphisms of G. In this chapter, we con-

sider the additive group of binary n-tuples, Zn2 , where we extend this result to include

conjugation by translations in Zn2 and related compositions. We apply these results to

show that, for any integer n > 1, the distribution of cycle types of orthomorphisms of

the group Zn2 that extend any given partial orthomorphism of size two is independent of

the particular partial orthomorphism considered. A similar result holds for size one. We

also prove that the corresponding result does not hold for orthomorphisms extending

partial orthomorphisms of size three, and we give a bound on the number of cycle-type

distributions for the case of size three. As a consequence of these results, we find that all

partial orthomorphisms of Zn2 of size two can be extended to complete orthomorphisms.

9



Chapter 3. Properties of Orthomorphisms: Cycle Structure

3.1 Introduction

Orthomorphisms have been studied extensively in the context of Latin squares. Results

on the number of orthomorphisms of some small groups have been computed and an

upper bound on the maximum number of orthomorphisms for a group of a given size

has been proved. See [35] for an exposition of the current state of research in the context

of Latin squares. In a series of articles, Evans has extended this work and has published

on the existence of orthomorphisms and complete maps, including as a monograph on

orthomorphism graphs (see [6, 8, 9, 10, 11, 12, 13, 14]). Further, the existence of exten-

sions of partial orthomorphisms of various sizes for the group Zn has also been studied

[2, 18, 33].

Since orthomorphisms are permutations, it is natural to consider their cycle types.

Although the number of different cycle types for a permutation of a set with m elements

is given by the number of integer partitions ofm, we find that for orthomorphisms of Zn2 ,

the number of possible cycle types is significantly reduced. For example, it is elementary

to show that orthomorphisms of Zn2 must have exactly one fixed point and can have no

cycles of length two. These constraints alone dramatically limit the number of cycle

types possible for orthomorphisms. Our results extend these elementary observations

and offer further information concerning the permissible cycle types.

Indeed, although the set of orthomorphisms of Zn2 for the n ≤ 4 cases can be easily

generated with a computer, it turns out that, as of the date of this writing, even the cardi-

nality of this set is unknown for any n ≥ 5. When n = 1, there are no orthomorphisms.

When n = 2, it is easily shown that all 8 orthomorphisms have cycle type 1,3, that is,

10



Chapter 3. Properties of Orthomorphisms: Cycle Structure

they have precisely one fixed point and one cycle of length three. Similarly, when n = 3,

all 384 orthomorphisms have cycle type 1,7. When n = 4, however, we find that there

are a total of 244,744,192 orthomorphisms, and they are distributed among exactly 16

cycle types. This is out of 231 total partitions of the number 24 = 16, and out of just 17

that have a single fixed point and no cycles of length two.

To investigate these cycle structures further, we will consider a number of group

actions on the set of orthomorphisms. These group actions lead to a uniformity in the

cycle types of orthomorphisms that extend certain partial orthomorphisms. Specifically,

we show that, for any integer n > 1, the distribution of cycle types of orthomorphisms

of the group Zn2 that extend any given partial orthomorphism of size two is independent

of the particular partial orthomorphism considered. A similar result holds for size one.

However, we also prove that the corresponding result does not hold for orthomorphisms

extending partial orthomorphisms of size three, and we give a bound on the number of

cycle type distributions for the case of size three.

3.2 Bijective, Cycle-Preserving Maps

In this section, we introduce a class of bijective cycle-type preserving functions defined

on sets of orthomorphisms. The basic functions in this class are conjugations by auto-

morphisms g ∈ Aut(Zn2 ), conjugations by translations

Tk(x) = x+ k,

11



Chapter 3. Properties of Orthomorphisms: Cycle Structure

for x, k ∈ Zn2 , and the inverse map. In particular, we consider all functions of the form

Ch(π) = hπh−1 where h is a finite composition of automorphisms and translations, and

π is an orthomorphism. As conjugations, the functions Ch are bijective and cycle-type

preserving [5, p. 125]. Similarly, the inverse map is bijective and cycle-type preserving.

The critical point, in all cases, is to verify that these functions map orthomorphisms to

orthomorphisms.

Lemma 3.1. [19, p.361] For any g ∈ Aut(Zn2 ) and any orthomorphism π of Zn2 ,

Cg(π) = gπg−1

is an orthomorphism of Zn2 .

Proof. Since g, π are permutations of Zn2 , it suffices to show the map x 7→ gπg−1(x)−

x is a permutation. Since π is an orthomorphism, the map σ : x 7→ π(x) − x is a

permutation. Therefore

gπg−1(x)− x = g(π(g−1(x)))− g(g−1(x))

= g(π(g−1(x))− g−1(x))

= gσg−1(x),

and gσg−1 is a permutation.

We note that, as the proof above shows, Lemma 3.1 is generally true for any group

G, not just Zn2 . Next we consider conjugating by translations.

12



Chapter 3. Properties of Orthomorphisms: Cycle Structure

Lemma 3.2. For any k ∈ Zn2 and any orthomorphism π of Zn2 , the map

CTk(π) = TkπT
−1
k

is an orthomorphism of Zn2 .

Proof. Since Tk and π are permutations of Zn2 , it suffices to show that the map x 7→

TkπT
−1
k (x)−x is a permutation. Since π is an orthomorphism, the map σ : x 7→ π(x)−x

is a permutation. Therefore,

TkπT
−1
k (x)− x = Tk(π(x− k)))− x

= π(x− k) + k − x

= π(x− k)− (x− k)

= σT−1k (x)

is also a permutation.

We note that, as the above proof shows, if G is an arbitrary group, then Lemma 3.2

holds.

Corollary 3.3. If π is an orthomorphism and h is any composition of a finite number of

automorphisms and translations of Zn2 , then Ch(π) is an orthomorphism. Moreover, the

cycle type of Ch(π) is the same as that of π.

Proof. An immediate consequence of Lemmas 3.1 and 3.2. The cycle type of any per-

mutation is preserved by conjugation [5, p. 125].

13



Chapter 3. Properties of Orthomorphisms: Cycle Structure

The final cycle-type preserving function on orthomorphism sets we describe in this

paper is the inverse map, which will be used in Section 3.7. Once again, as the proof

shows, the result is generally true for any group G.

Lemma 3.4. For any orthomorphism π of Zn2 , the map

R(π) = π−1

is an orthomorphism of Zn2 with the same cycle type as π.

Proof. Since π−1 is a permutation with the same cycle-type as π, it suffices to show

x 7→ π−1(x) − x is injective. Let x, y ∈ Zn2 . Since π is bijective, there exist unique

x′, y′ ∈ Zn2 such that π(x′) = x and π(y′) = y. The following are equivalent,

π−1(x)− x = π−1(y)− y

π−1(π(x′))− π(x′) = π−1(π(y′))− π(y′)

x′ − π(x′) = y′ − π(y′),

thus, since π is an orthomorphism, x′ = y′. Further, since π is well-defined, x = y.

We observe that the group Zn2 may be viewed as an n-dimensional vector space over

the field with two elements. So, the following theorem is fundamental to most of the

arguments in Sections 3.4 and 3.5.

Theorem 3.5. For any n ∈ N, the automorphism group of Zn2 satisfies the following

properties.

14



Chapter 3. Properties of Orthomorphisms: Cycle Structure

1. Aut(Zn2 ) ∼= GLn(Z2), the group of invertible n× n matrices.

2. Each element g in Aut(Zn2 ) can be represented by a matrix in GLn(Z2) and its

action on Zn2 corresponds to matrix multiplication.

3. Let g ∈ Aut(Zn2 ). Any x1, ..., xk ∈ Zn2 satisfies a dependence relation

c1x1 + · · ·+ ckxk = 0 (c1, ..., ck ∈ Z2)

if and only if g(x1), ..., g(xk) satisfies the same relation.

4. In particular, if g ∈ Aut(Zn2 ) then any x1, ..., xk ∈ Zn2 are linearly dependent

(independent) if and only if g(x1), ..., g(xk) are linearly dependent (independent).

Proof. For more about these standard results from linear algebra, we refer the interested

reader to the excellent texts [5, Chapter 11] and [28].

3.3 Notation

Definition 3.6. If π is a partial orthomorphism of size one with a domain in Zn2 such

that π(r) = i, then we write π as (ir). If π is a partial orthomorphism of size two such

that π(r) = i and π(s) = j for distinct r, s, then we write π as (ir, js). Further, if π is

a partial orthomorphism of size three such that π(r) = i, π(s) = j, and π(t) = k, for

distinct r, s, t then we write π as (ir, js, kt).

Note that in the partial orthomorphism (ir, js), the elements i and j must be distinct

since the partial orthomorphism is injective; and i + r 6= j + s since this follows from

the definition of partial orthomorphism.

15



Chapter 3. Properties of Orthomorphisms: Cycle Structure

Definition 3.7. If π is a partial orthomorphism of size one with a domain in Zn2 such that

π(r) = i, then the set of all orthomorphisms that extend π is denoted Sn(ir), and S(ir)

if the domain is clear from the context. Similarly, if (ir, js) and (ir, js, kt) are partial

orthomorphisms of size two and three, respectively, then the set of all orthomorphisms

that extend is denoted S(ir, js) and S(ir, js, kt), respectively.

We now define a sequence that encodes the distribution of a set of orthomorphisms

among the possible cycle types.

Definition 3.8. For a fixed n, let Cn be the set of all possible cycle types of permutations

of Zn2 . Then, for any partial orthomorphism (ir, js), we define

~d(ir, js) = (nt)t∈Cn

to be the |Cn|-tuple of nonnegative integers, indexed by Cn, whose entries nt equal the

number of elements of S(ir, js) with the given cycle type t. For partial orthomorphisms

of size one (and three), we define ~d(ir) (and ~d(ir, js, kt)) similarly.

3.4 Cycle Type Distributions and Partial Orthomorphisms of Size One

In this section we show that the set of orthomorphisms that extend any partial orthomor-

phism of size one has a cycle-type distribution which does not depend on the particular

partial orthomorphism of size one chosen.

We begin by considering some canonical partial orthomorphisms of size one and

two.
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Chapter 3. Properties of Orthomorphisms: Cycle Structure

Lemma 3.9. Suppose (00, ir) is a partial orthomorphism of Zn2 and n > 1. Then

~d(00) = (2n − 2)~d(00, ir).

Proof. First note that 0, i, r must be distinct since (00, ir) is a partial orthomorphism.

Partitioning the set of canonical orthomorphisms S(00) according to the partial ortho-

morphisms of size two on {0, r} they extend, we have

~d(00) =
∑
j 6=0,r

~d(00, jr).

For any i, j ∈ Zn2 \ {0, r}, the sets {r, i} and {r, j} are both linearly independent.

So, by Theorem 3.5, there exists an automorphism g of Zn2 such that g(r) = r and

g(i) = j. So the function Cg maps S(00, ir) onto S(00, jr) bijectively, showing that

~d(00, ir) = ~d(00, jr). It follows that each of the 2n − 2 terms in the sum shares the

common value ~d(00, ir), so

~d(00) =
∑
j 6=0,r

~d(00, jr) = (2n − 2)~d(00, ir),

as desired.

Lemma 3.10. Suppose (is, tt) is a partial orthomorphism of Zn2 and n > 1. Then

~d(is) = (2n − 2)~d(is, tt).

Proof. First note that i, s, t must be distinct since (is, tt) is a partial orthomorphism.

17
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Indeed, observe that any x ∈ Zn2 is a fixed point of an orthomorphism π if and only if

π(x)− x = 0. So, if r and s are fixed points of π then

π(r)− r = 0 = π(s)− s,

but the map x 7→ π(x)− x is a permutation when π is an orthomorphism. So, by injec-

tivity, every orthomorphism of Zn2 has at most 1 fixed point; and by surjectivity, some x

must satisfy π(x)−x = 0, so every orthomorphism has at least 1 fixed point. Therefore,

every orthomorphism of Zn2 has precisely one fixed point. So, we can partition the set

of orthomorphisms S(is) so that:

~d(is) =
∑
j 6=i,s

~d(is, jj).

For any j, t ∈ Zn2 \{i, s}, the sets {i+s, t+s} and {i+s, j+s} are linearly independent.

So, by Theorem 3.5, there exists an automorphism g of Zn2 such that g(i + s) = i + s

and g(t+ s) = j + s. Set h = TsgTs, and note that the function Ch maps S(is, tt) onto

S(is, jj) bijectively, showing that ~d(is, tt) = ~d(is, jj). It follows that all 2n− 2 terms in

the above sum are equal, so

~d(is) = (2n − 2)~d(is, tt),

as desired.

With the lemmas above, we are now ready to prove our result concerning size one

partial orthomorphisms.
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Theorem 3.11. For any integer n > 1, the distribution of cycle types of orthomorphisms

of the group Zn2 that extend any given partial orthomorphism of size one is independent

of the particular partial orthomorphism considered.

Proof. Let i, s, i′, s′ ∈ Zn2 . If i = s and i′ = s′ then Ch maps S(is) onto S(i′s′) bijec-

tively when h = Ts+s′ . If i 6= s and i′ 6= s′, we can instead use the map h = Ts′gTs,

where g is any automorphism satisfying g(i + s) = i′ + s′. We are left to show that

S(00) has the same cycle type distribution as S(is) for some i 6= s. To this end, fix any

0, i, s such that (00, is) is a partial orthomorphism. From Lemmas 3.9 and 3.10, we can

write

~d(00) = (2n − 2)~d(is, 00) = ~d(is),

and the statement is proved.

3.5 Cycle Type Distributions and Partial Orthomorphisms of Size Two

Investigating partial orthomorphisms of size two leads to the consideration of three basic

types of cycle structures. We will explore each of these cases separately by first proving

cycle distribution uniformity within each category. Then we complete the argument by

establishing uniformity across the cases. Note that the 2-cycle and two 1-cycles are not

possible cycle structures for any partial orthomorphisms, so cases related to them are

not considered.
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Case Orthomorphism Set Digraph Representation

1 S(tt, is)
t s i

2 S(tr, rs) ts r

3 S(tr, is) r t s i

Regarding Cases 1 and 2, notice that if (tt, is) is a partial orthomorphism then

i, s, t ∈ Zn2 are distinct. Similarly, if (tr, rs) is a partial orthomorphism then r, s, t are

distinct. In Case 3, however, (tr, is) could be an orthomorphism without all of t, r, i, s

being distinct. But if they are not distinct, any such orthomorphism would fall into Cases

1 or 2, so to distinguish Case 3 from the others, we make the additional assumption that

i, r, s, t ∈ Zn2 are distinct.

Lemma 3.12 (Case 1). Suppose (tt, is) and (t′t′ , i
′
s′) are partial orthomorphisms of Zn2

and n > 1. Then

~d(tt, is) = ~d(t′t′ , i
′
s′).

Proof. By Lemma 3.10 and Theorem 3.11, we have

~d(tt, is) =
(

1
2n−2

)
~d(is) =

(
1

2n−2

)
~d(i′s′) =

~d(t′t′ , i
′
s′).

Lemma 3.13 (Case 2). Suppose (tr, rs) and (t′r′ , r
′
s′) are partial orthomorphisms of Zn2

and n > 1. Then

~d(tr, rs) = ~d(t′r′ , r
′
s′).
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Proof. Observe that the sets {r + s, t + s} and {r′ + s′, t′ + s′} are both linearly inde-

pendent whenever (tr, rs) and (t′r′ , r
′
s′) are partial orthomorphisms. So, by Theorem 3.5,

there exists an automorphism g of Zn2 that satisfies g(r+s) = r′+s′ and g(t+s) = t′+s′.

Finally, applyCh where h = Ts′gTs to S(tr, rs) to prove the statement of the lemma.

We make note of the following corollary, which relates Case 2 for partial orthomor-

phisms of size two back to the distributions for partial orthomorphisms of size one.

Corollary 3.14. For distinct r, s, t ∈ Zn2 , and n > 1,

~d(tr) = (2n − 2)~d(tr, rs).

Proof. By Lemma 3.13, we have ~d(tr, rs) = ~d(tr, rs′) for all s′ ∈ Zn2 \ {r, t}. So,

~d(tr) =
∑
s′ 6=r,t

~d(tr, rs′)

= (2n − 2)~d(tr, rs).

We now turn to Case 3.

Lemma 3.15 (Case 3). Suppose (tr, is) and (t′r′ , i
′
s′) are partial orthomorphisms of Zn2

and n > 1 where i, r, s, t ∈ Zn2 are distinct and i′, r′, s′, t′ ∈ Zn2 are distinct. Then

~d(tr, is) = ~d(t′r′ , i
′
s′).
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Proof. To begin, note that the set {t+ r, i+ r, s+ r} is linearly independent whenever

(tr, is) is a partial orthomorphism with distinct elements. Similarly, the set {t′ + r′, i′ +

r′, s′ + r′} is linearly independent. Then by Theorem 3.5, there exists an automorphism

g of Zn2 such that g(t + r) = t′ + r′, g(i + r) = i′ + r′, and g(s + r) = s′ + r′. Setting

h = Tr′gTr, the map Ch defines a cycle-type preserving bijection from from S(tr, is)

onto S(t′r′ , i′s′).

Again we make note of a relationship between Case 3 for partial orthomorphisms of

size two and the distributions for partial orthomorphisms of size one.

Corollary 3.16. For distinct r, s, t ∈ Zn2 and n > 1,

~d(tr) = (2n − 2)~d(tr, is)

for all i ∈ Zn2 \ {r, s, t, t+ r + s}.

Proof. Given that r, s, t ∈ Zn2 are distinct, we have

~d(tr) =
∑

i 6=t,t+r+s

~d(tr, is).

Using Lemma 3.15, Corollary 3.14, and Lemma 3.10, we see that, for any i ∈ Zn2 \

{r, s, t, r + s+ t},

~d(tr) = (2n − 4)~d(tr, is) + ~d(tr, rs) + ~d(tr, ss)

= (2n − 4)~d(tr, is) +

(
1

2n − 2

)
~d(tr) +

(
1

2n − 2

)
~d(tr).
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Solving for ~d(tr) yields

~d(tr) = (2n − 2)~d(tr, is),

as desired.

Finally, Lemma 3.17 will show that the orthomorphism sets from Cases 1 and 2

have the same distribution, and Lemma 3.18 will show that the orthomorphism sets

from Cases 1 and 3 have the same distribution.

Lemma 3.17. For distinct i, r, s, t ∈ Zn2 and n > 1,

~d(tt, is) = ~d(tr, rs)

Proof. If t, r, s, i ∈ Zn2 are distinct, then

~d(tt, is) =

(
1

2n − 2

)
~d(is) Lemma 3.10

=

(
1

2n − 2

)
~d(tr) Theorem 3.11

= ~d(tr, rs) Corollary 3.14.

Lemma 3.18. For distinct r, s, t ∈ Zn2 and n > 1,

~d(tt, rs) = ~d(tr, is)
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for any i ∈ Zn2 \ {t, t+ r + s}.

Proof. As in the previous lemma, we argue as follows

~d(tt, rs) =

(
1

2n − 2

)
~d(rs) Lemma 3.10

=

(
1

2n − 2

)
~d(tr) Theorem 3.11

= ~d(tr, is),

with the last equality holding: for i = r by Corollary 3.14; for all i ∈ Zn2 \ {r, s, t, t +

r+ s} by Corollary 3.16; and for i = s by Lemma 3.10. Therefore, ~d(tt, rs) = ~d(tr, is)

for all i ∈ Zn2 \ {t, t+ r + s}.

To summarize, we have established the following.

Theorem 3.19. Suppose (tr, is) and (t′r′ , i
′
s′) are partial orthomorphisms of Zn2 and n >

1. Then

~d(tr, ij) = ~d(t′r′ , i
′
j′).

In other words, the distribution of cycle types of orthomorphisms of the group Zn2 that

extend any given partial orthomorphism of size two is independent of the particular

partial orthomorphism considered.

As an illustration of Theorem 3.19, consider the set of orthomorphisms of Z4
2. For

any given partial orthomorphism of size two, there are 1,092,608 orthomorphisms that

extend it. The cycle-type distribution of this set of orthomorphisms is given in Table 3.1.

All cycle types not listed have no orthomorphisms associated with them. In contrast to
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the cycle-type distribution of orthomorphisms, we can see, in Figure 3.1, that the cycle-

type distribution of permutations of Z4
2 (for the cycle-types realized by orthomorphisms)

is not proportional to that of orthomorphisms.

Cycle Type Orthomorphism Count
1,4,4,7 23040

1,3,3,3,6 3840
1,4,5,6 57600
1,3,4,8 74880
1,3,12 109440
1,5,5,5 9984
1,4,11 80640
1,3,6,6 13440
1,15 332544

1,5,10 99072
1,7,8 92160

1,3,3,3,3,3 2048
1,6,9 46080

1,3,5,7 103680
1,3,3,9 42240

1,3,4,4,4 1920
total 1092608

Table 3.1: Cycle type distribution of S(tr, ij) in Z4
2 when (tr, ij) is a partial orthomor-

phism.

An important consequence of Theorem 3.19 is the following corollary.

Corollary 3.20. Every partial orthomorphism of size two of Zn2 for n > 1 can be ex-

tended to an orthomorphism.

Proof. Since an orthomorphism exists for each n > 1 in Zn2 (see [27] or Proposition 5.5

below), there exists a partial orthomorphism of size two that the orthomorphism extends.

So, by Theorem 3.19, every partial orthomorphism of size two can be extended to an
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Figure 3.1: Cycle type distributions of orthomorphisms and permutations of Z4
2 for cycle

types realized by orthomorphisms of Z4
2.

orthomorphism.

3.6 Examples and the Case of Size Three

Example 3. As shown in Theorem 3.19, the cycle-type distribution of orthomorphisms

that extend partial orthomorphisms of size two is independent of the particular partial

orthomorphism of size two chosen. However, as mentioned earlier, a similar statement

for partial orthomorphisms of size three does not hold. For example, consider the group
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Z4
2 and let π, σ, and τ denote the partial orthomorphisms of size three defined below.

x π(x) σ(x) τ(x)

0000 0000 0001 0000

0001 0010 0010 0010

0010 0100 0000 0011

There are 84,224 orthomorphisms that extend π, but there are 81,920 that extend σ. So

the sets of orthomorphisms extending π, σ do not share the same cardinality, much less

the same distribution of cycle types.

On the other hand, the number of orthomorphisms extending τ is also 84,224 which

matches π, and yet these sets have different cycle-type distributions. See Table 3.2.

3.7 Cycle-Type Distributions and Partial Orthomorphisms of Size Three

As illustrated in the previous section, the cycle-type distributions of orthomorphisms

that extend partial orthomorphisms of size three are not all the same. In this section,

we show that, for any n > 2, there are at most 12 cycle-type distributions for these

orthomorphisms.

Similar to orthomorphism sets that extend partial orthomorphisms of size two, a set

of 5 basic types of cycle structures arise. We consider each case separately. In each of

the cases displayed in the following table, we assume the elements in each of the partial

orthomorphisms are distinct.
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Cycle Type π σ τ
1,4,4,7 1920 0 0

1,3,3,3,6 320 2304 0
1,4,5,6 4608 0 2304
1,3,4,8 5696 14976 6528
1,3,12 8768 21888 4224
1,5,5,5 768 0 768
1,4,11 6400 0 3840
1,3,6,6 1024 2688 1152
1,15 25600 0 25344

1,5,10 7488 0 9216
1,7,8 7104 0 6912

1,3,3,3,3,3 128 2048 512
1,6,9 3840 0 0

1,3,5,7 7360 20736 15360
1,3,3,9 3072 16896 5376

1,3,4,4,4 128 384 384
total 84224 81920 84224

Table 3.2: Cycle-type distributions for τ , π, and σ defined in Example 3.

Case Orthomorphism Set Digraph Representation

1 S(rr, ts, it)
r s t i

2 S(rr, is, jt)
r s i t j

3 S(rt, sr, ts)
t r s

4 S(ir, ts, jt) r i s t j

5 S(ir, js, kt) r i s j t k

(∗)

We begin with the following lemma which is the basis for each of the case arguments

in this section.

Lemma 3.21. Suppose (ir, js, kt) and (i′r′ , j
′
s′ , k

′
t′) are partial orthomorphisms of Zn2 .
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Then

~d(ir, js, kt) = ~d(i′r′ , j
′
s′ , k

′
t′)

whenever (i + r, j + r, s + r, k + r, t + r) and (i′ + r′, j′ + r′, s′ + r′, k′ + r′, t′ + r′)

satisfy the same set of dependence relations.

Proof. By Theorem 3.5, let g be an automorphism that satisfies g(i + r) = i′ + r′,

g(j + r) = j′ + r′, g(s+ r) = s′ + r′, g(k + r) = k′ + r′, and g(t+ r) = t′ + r′, then

apply Ch where h = Tr′gTr to S(ir, js, kt).

The apparent distinction of r (and r′) relative to the other parameters in Lemma 3.21

is insignificant, as we see in Remark 3.22 below, since many symmetries exist among

the parameters.

Remark 3.22. Notice that, by construction, the order in which the coordinates are writ-

ten in the expression (ir, js, kt) has no effect on the cycle-type distribution of S(ir, js, kt).

That is,

~d(ir, js, kt) = ~d(ir, kt, js) = ~d(js, kt, ir)

= ~d(js, ir, kt) = ~d(kt, js, ir) = ~d(kt, ir, js).

Additionally, using the inverse map, R, presented in Lemma 3.4 of Section 3.2, we find

~d(ir, js, kt) = ~d(ri, sj, tk).
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Each of the case arguments in this section have the following form. With Lemma

3.21, it is sufficient to examine the collection of the possible sets of dependence relations

on {i+ r, j + r, s+ r, k+ r, t+ r} to determine the possible cycle-type distributions of

S(ir, js, kt). So, the number of cycle-type distributions is at most the number of sets of

dependence relations. With the help of the content of Remark 3.22, we can reduce the

upper bound on the number of cycle-type distributions further.

Note that there exist no partial orthomorphisms of Z2
2 that fall into Cases 2, 4, or 5,

as there are only 4 elements in Z2
2 and each of these cases requires more than 4 distinct

elements. We now proceed with each of the five cases given in (∗).

Lemma 3.23 (Case 1). Suppose (rr, ts, it) is a partial orthomorphism for distinct i,

r, s, t ∈ Zn2 and n > 1. Then S(rr, ts, it) has one of at most 2 different cycle-type

distributions.

Proof. Note that {t+r, s+r, i+r} is linearly dependent if and only if t+r+s+ i = 0,

since all other possible dependence relations contradict the assumption that (rr, ts, it)

is a partial orthomorphism and i, r, s, t are distinct. The statement then follows from

Lemma 3.21.

Lemma 3.24 (Case 2). Suppose (rr, is, jt) is a partial orthomorphism for distinct i, j,

r, s, t ∈ Zn2 and n > 2. Then S(rr, is, jt) has one of at most 2 different cycle-type

distributions.

Proof. By Lemma 3.21, it is sufficient to examine the possible sets of dependence rela-

tions on the set {i+ r, s+ r, j + r, t+ r} to determine the possible cycle-type distribu-

tions of S(rr, is, jt). If {i + r, s + r, j + r, t + r} is linearly dependent and (rr, is, jt)
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is a partial orthomorphism for distinct i, j, r, s, t, then one of the following is true: (a)

r+ s+ t+ i = 0, (b) r+ s+ t+ j = 0, (c) r+ s+ i+ j = 0, (d) r+ t+ i+ j = 0. By

Remark 3.22, an orthomorphism set in Case 2 that satisfies equation (a) has the same

cycle-type distribution as a set that satisfies equation (b). Similarly for sets that satisfy

(c) and (d). By Lemma 3.4, an orthomorphism set that satisfies equation (a) has the

same cycle-type distribution as a set that satisfies equation (c). Thus, there are at most

two possible cycle-type distributions for orthomorphism sets in Case 2, distinguished by

whether the set {i+ r, s+ r, j + r, t+ r} is linearly dependent or not.

Lemma 3.25 (Case 3). Suppose (rt, sr, ts) is a partial orthomorphism for distinct r, s,

t ∈ Zn2 and n > 1. Then S(rt, sr, ts) shares one common cycle-type distribution.

Proof. Since (rt, sr, ts) is a partial orthomorphism for distinct r, s, t, the set {s+r, t+r}

is linearly independent. The stated lemma follows from Lemma 3.21.

Lemma 3.26 (Case 4). Suppose (ir, ts, jt) is a partial orthomorphism for distinct i, j,

r, s, t ∈ Zn2 and n > 2. Then S(ir, ts, jt) has one of at most 3 different cycle-type

distributions.

Proof. By Lemma 3.21, it is sufficient to examine the possible sets of dependence rela-

tions on the set {i+ r, s+ r, t+ r, j + r} to determine the possible cycle-type distribu-

tions of S(ir, ts, jt). If {i + r, s + r, t + r, j + r} is linearly dependent and (ir, ts, jt)

is a partial orthomorphism for distinct i, j, r, s, t, then one of the following is true: (a)

s + t + i + j = 0, (b) r + s + t + j = 0, (c) r + s + i + j = 0. By Lemma 3.4, an

orthomorphism set in Case 4 that satisfies equation (a) has the same cycle-type distribu-

tion as a set that satisfies equation (b). Thus, there are at most three possible cycle-type
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distributions for orthomorphism sets in Case 4: two when {i + r, s + r, j + r, t + r} is

linearly dependent and one when {i+ r, s+ r, j + r, t+ r} is linearly independent.

Lemma 3.27 (Case 5). Suppose (ir, js, kt) is a partial orthomorphism for distinct i, j,

k, r, s, t ∈ Zn2 and n > 2. Then S(ir, js, kt) has one of at most 4 different cycle-type

distributions.

Proof. By Lemma 3.21, it is sufficient to examine the possible sets of dependence re-

lations on the set {i + r, j + r, s + r, k + r, t + r} to determine the possible cycle-

type distributions of S(ir, js, kt). There are 14 possible sets of linear relations on

{i+r, j+r, s+r, k+r, t+r}when (ir, js, kt) is a partial orthomorphism and i, j, r, s, t ∈

Zn2 are distinct. One set of relations corresponds to the set {i+r, j+r, s+r, k+r, t+r}

being linearly independent, and another corresponds to the single dependence relation

r + s + t + i + j + k = 0. We show the remaining 12 sets of relations reduce to or-

thomorphism sets with just two different cycle-type distributions by first grouping the

single-element relation sets in the following way.

i+ s+ j + k = 0

i+ t+ j + k = 0

i+ j + k + r = 0

 Type 1a

r + i+ s+ t = 0

r + j + s+ t = 0

r + s+ k + t = 0

 Type 1b



Type 1

i+ j + s+ t = 0

i+ s+ t+ k = 0

r + i+ t+ j = 0

r + i+ s+ k = 0

r + j + s+ k = 0

r + j + k + t = 0



Type 2
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For the equations of Type 1a, we may relabel the elements in (ir, js, kt) and use

Remark 3.22 to show ~d(ir, js, kt) is the same for each line. A similar argument holds

for the equations of Type 1b and equations of Type 2. To show orthomorphism sets with

relations of Type 1a and Type 1b have the same cycle-type distribution, we may relabel

the elements in (ir, js, kt) and use Lemma 3.4.

Thus, there are at most four possible cycle-type distributions for orthomorphism sets

in Case 5.

With the lemmas above, we are now ready to prove our result concerning partial

orthomorphisms of size 3.

Theorem 3.28. For any integer n > 2, the set of orthomorphisms of the group Zn2 that

extend any given partial orthomorphism of size three has one of at most 12 different

cycle-type distributions.

For small values of n, it happens that fewer than 12 cycle-type distributions are

realized. For example, when n = 1, there exist no orthomorphisms. For n = 2, there is

only one possible cycle-type distribution for the set of all orthomorphisms that extend

a particular partial orthomorphism of size three, since there is only one orthomorphism

that extends any partial orthomorphism of size three, and all orthomorphisms of Z2
2 have

cycle-type 1,3.

As in the case when n = 2, it turns out for n = 3 there is only one cycle-type distri-

bution for the set of all orthomorphisms that extend any particular partial orthomorphism

of size three. For n = 4, there are 9 different cycle-type distributions realized. See Table

3.3 for 9 representative partial orthomorphisms of size 3 and their cycle-type distribu-

33



Chapter 3. Properties of Orthomorphisms: Cycle Structure

tions, where we use the notation 23i3+22i2+2i1+i0 ∈ Z for (i3, i2, i1, i0) ∈ Z4
2. Values

of n greater than 4 have yet to be studied computationally in this context, as working

with orthomorphisms of this group is infeasible with current knowledge and technolo-

gies. Hopefully, future research will better illuminate the structure of orthomorphisms

for larger values of n.
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Cycle Type (00, 21, 32) (00, 21, 84) (10, 21, 02) (10, 42, 34) (10, 42, 64)
1,4,4,7 0 1920 0 1920 1920

1,3,3,3,6 0 320 2304 128 320
1,4,5,6 2304 4896 0 4800 4608
1,3,4,8 6528 6512 14976 4992 5696
1,3,12 4224 9296 21888 7296 8768
1,5,5,5 768 864 0 832 768
1,4,11 3840 6880 0 6720 6400
1,3,6,6 1152 1168 2688 896 1024
1,15 25344 28768 0 27712 25600

1,5,10 9216 8640 0 8256 7488
1,7,8 6912 7968 0 7680 7104

1,3,3,3,3,3 512 192 2048 0 128
1,6,9 0 3840 0 3840 3840

1,3,5,7 15360 9280 20736 6912 7360
1,3,3,9 5376 3744 16896 2112 3072

1,3,4,4,4 384 176 384 128 128
total 81920 94464 81920 84224 84224

Cycle Type (10, 42, 84) (10, 82, 43) (10, 82, 34) (10, 82, 127)
1,4,4,7 1920 2072 1768 1920

1,3,3,3,6 368 288 304 416
1,4,5,6 4848 5088 4464 4800
1,3,4,8 6688 6392 5640 6864
1,3,12 9664 9184 8512 10032
1,5,5,5 848 872 776 832
1,4,11 6800 7016 6344 6720
1,3,6,6 1200 1160 1000 1232
1,15 28240 29216 25680 27712

1,5,10 8448 8520 7800 8256
1,7,8 7824 7920 7296 7680

1,3,3,3,3,3 224 144 144 256
1,6,9 3840 4032 3648 3840

1,3,5,7 9392 8816 7712 9504
1,3,3,9 3984 3584 2992 4224

1,3,4,4,4 176 160 144 176
total 94464 94464 84224 94464

Table 3.3: Cycle type distributions realized for 9 representative partial orthomorphisms
of size three of Z4

2.
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Chapter 4

PROPERTIES OF ORTHOMORPHISMS: GROUP ACTIONS

In Chapter 3, we proved statements about the structure of orthomorphism sets with the

help of several cycle-type preserving group actions. In this chapter, we focus on a single

group action: the group of automorphisms of Zn2 acting on the set of orthomorphisms of

Zn2 , where n > 1, via conjugation. Specifically, we prove several statements about the

orbits and stabilizers of orthomorphisms under this action.

4.1 Introduction

As introduced in the previous chapter, there are several functions defined on the set of

orthomorphisms that preserve cycle type. In this chapter, we consider a broader set of

maps that preserve the orthomorphism property of a permutation; and we examine their

effects on orbits and stabilizers. Specifically, we consider three functions, introduced

in [19], defined on the set of orthomorphisms of Zn2 : the inverse map, R(π) = π−1;

addition of the identity function, I(π) = π + id; and translation, Tk(π) = π + k. Each

of these functions map orthomorphisms to orthomorphisms, but only the inverse map

preserves the cycle type of an orthomorphism.
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Further, we find that functions I and R act on orbits as well as the orthomorphisms

themselves, where the translation maps, Tk, do not. However, we prove the distribution

of orthomorphisms among orbits, when Tk and Tk′ is applied to an initial orbit, are the

same. Further, though Tk does not preserve cycle-type, much less, orbit membership,

we prove the distribution of translations Tk, for all k ∈ Zn2 , among orbits of any two

orthomorphisms, in an initial orbit, are the same.

The final result of this chapter has applications to the stabilizer of an orthomorphism,

and the set of orthomorphisms fixed when conjugated by automorphisms. Specifically,

the biconditional statement presented describes a relationship between the cycles of

commuting permutations.

4.2 Orthomorphism-Preserving Maps

In this section, we discuss in more detail two of the previously introduced functions

defined on the set of orthomorphisms of Zn2 : addition of the identity function, I(π) =

π + id; and translation, Tk(π) = π + k. In Section 3.2, we showed that the inverse

of an orthomorphism is an orthomorphism, and conjugating an orthomorphism by an

automorphism produces an orthomorphism, for any group.

Lemma 4.1. For any orthomorphism π of Zn2 , the map

I(π) = π + id

is an orthomorphism of Zn2 .

Proof. Since I(π) is a permutation of Zn2 , it suffices to show that the map x 7→ Iπ(x)−x
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is a permutation. Since Iπ(x)−x = π(x)+x−x = π(x), the statement is proved.

We note that orthomorphisms that satisfy this property for arbitrary groups are called

strong complete maps. The group Zn2 is unusual in that all orthomorphisms are strong

complete maps. For a full characterization of the groups that admit strong complete

maps, see [14].

Lemma 4.2. For any k ∈ Zn2 and any orthomorphism π of Zn2 , the map

Tk(π) = π + k

is an orthomorphism of Zn2 .

Proof. Since Tk, π are permutations of Zn2 , it suffices to show that the map x 7→ Tkπ(x)−

x is a permutation. Since π is an orthomorphism, the map σ : x 7→ π(x) − x is a per-

mutation. Therefore,

Tkπ(x)− x = π(x) + k − x

= σ(x) + k

= Tkσ(x)

is also a permutation.
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4.3 Notation

In the previous chapter, we defined an auxiliary function ~d to describe the distribution

of cycle types of orthomorphisms. In this chapter, we do something similar for the

distribution of orbits.

Definition 4.3. For a fixed n, let On be the set of all orbits of orthomorphisms of Zn2 .

Then for any set of orthomorphisms A, we define

~d(A) = (nt)t∈On

to be the |On|-tuple of nonnegative integers, indexed by On, whose entries nt equal the

number of elements of A in orbit t.

Remark 4.4. For the remaining sections, for ease of notation, we let G be the group of

automorphisms of Zn2 . Further, we assume n > 1 for all references to integer n.

4.4 The G-Orbit of an Orthomorphism

In this section, we consider the G-orbit of an orthomorphism, π. That is, we consider

the set orbG(π) = {gπg−1 : g ∈ G}. It can be shown that all elements of orbG(π) have

the same cycle type. However, the set of all orthomorphisms with the same cycle type

do not necessarily lie in the same orbit, as demonstrated below.

Lemma 4.5. If σ, τ ∈ orbG(π), then σ and τ have the same cycle type.

Proof. Since σ and τ are conjugate permutations, the result follows from [5, p.126].
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The converse does not hold, as is illustrated in Figure 4.1, where we see that there

are 804 orbits of the set of canonical orthomorphisms of Z4
2 and only 16 possible cycle

types.
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Figure 4.1: Cycle type distribution of the G-orbits of canonical Z4
2 orthomorphisms.

4.4.1 Effect of orthomorphism-preserving mappings

In this section, we examine the effects of orbit membership when applying each of the

three orthomorphism-preserving functions. For functions F ∈ {Tk}k 6=0 ∪ {R, I}, it is

typically not the case that τ ∈ orbG(π) implies F (τ) ∈ orbG(π). However, R and I do

satisfy a different statement: F (τ) ∈ orbG(F (π)) when τ ∈ orbG(π), while translation

typically does not. Instead, we show there exists a prescribed pattern to the distribution

of translated functions among orbits, and therefore, the cycle type distribution of those

translated functions as well.
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Example 4. In the next example, we write elements of Z4
2 as integers (using the usual

binary correspondence) and we use cyclic notation to describe the orthomorphisms. We

show τ ∈ orbG(π) does not imply F (τ) ∈ orbG(π) for all orthomorphism-preserving

functions F . Consider the orthomorphism π = (0)(1 2 6)(3 11 9 4 10 12 13 8 7 14 5 15)

of Z4
2. There are 20160 elements in orbG(π), all of which have cycle type 1, 3, 12. The

orthomorphisms

T3(π) = (1)(0 3 8 4 9 7 13 11 10 15)(2 5 12 14 6) and

I(π) = (0)(1 3 8 15 12)(2 4 14 11)(5 10 6 7 9 13)

have cycle types 1, 5, 10 and 1, 4, 5, 6, respectively, and therefore cannot be elements of

orbG(π) by Lemma 4.5. Applying the inverse map to π yields the orthomorphism

R(π) = (0)(1 6 2)(3 15 5 14 7 8 13 12 10 4 9 11)

which, as can be verified computationally, it is not a member of orbG(π).

As this example illustrates, there exist orbit elements that Tk, R, and I map out of

their orbits. However, R and I map all elements of a single orbit to a single common

destination orbit, which is possibly different from the originating orbit. This is not the

case for Tk, as we will see.

Lemma 4.6. If τ ∈ orbG(π) then I(τ) ∈ orbG(I(π)).
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Proof. If τ ∈ orbG(π) then there exists g ∈ G such that τ = gπg−1. Hence

I(τ) = τ + id

= gπg−1 + id

= g(π + id)g−1

= gI(π)g−1.

Therefore, I(τ) ∈ orbG(I(π)).

Lemma 4.7. If τ ∈ orbG(π) then R(τ) ∈ orbG(R(π)).

Proof. If τ ∈ orbG(π) then there exists g ∈ G such that τ = gπg−1. Hence

R(τ) = τ−1 = (gπg−1)−1

= g(π−1)g−1

= (g)R(π)g−1.

Therefore, R(τ) ∈ orbG(R(π)).

Example 5. We continue from Example 4 to show that translations do not map or-

bits to orbits. As before, let π = (0)(1 2 6)(3 11 9 4 10 12 13 8 7 14 5 15) and consider

the orthomorphism τ = (0)(1 13 14 6 4 3 10 5 8 9 15 11)(2 7 12) of Z4
2 and automorphism

g = (0)(1 11 3 13 9 5 7)(2 6 10 8 14 4 12)(15) of Z4
2. Since τ = g−1πg, we have τ ∈

orbG(π). However, T4(τ) has cycle type (1, 3, 12) and T4(π) has cycle type (1, 5, 10),

thus T4(τ) 6∈ orbG(T4(π)).
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As Example 5 shows, translations do not act on orbits. However, there are many

symmetries within translated orbits which we see in several of the following statements.

To start, we describe a commuting condition on translation maps and conjugation by

automorphisms. This lemma will be used in several of the following statements.

Lemma 4.8. If π is an orthomorphism of Zn2 and g ∈ G then, for some nonzero k ∈ Zn2 ,

Tk(gπg
−1) = gTg−1(k)(π)g

−1.

Proof. Let π be an orthomorphism of Zn2 and g be an automorphism of Zn2 . Then, for

any nonzero k ∈ Zn2 , we have

Tk(gπg
−1) = gπg−1 + k

= (gπ + k)g−1

= g(π + g−1(k))g−1

= gTg−1(k)(π)g
−1

as desired.

The first theorem we discuss shows that, even though Tk(σ) and Tk(τ) are not nec-

essarily in the same orbit when τ and σ are, if we take the collection of translations

{Tk}k∈Zn
2

and apply those to σ and τ , we end up with two collections of orthomorphisms

distributed among orbits in the same way.
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Theorem 4.9. If τ, σ ∈ orbG(π) then

~d({Tk(τ)}k∈Zn
2
) = ~d({Tk(σ)}k∈Zn

2
).

Proof. If τ, σ ∈ orbG(π), then there exists g ∈ G such that σ = gτg−1. Since conjugate

permutations are in the same orbit, we have

~d({Tk(τ)}k∈Zn
2
) = ~d({τ + k}k∈Zn

2
)

= ~d({g(τ + k)g−1}k∈Zn
2
).

Simplifying the right hand side by using Lemma 4.8, and using the fact that {k}k∈Zn
2
=

{g(k)}k∈Zn
2

when g is a permutation, we get

{g(Tk(τ))g−1}k∈Zn
2
= {Tg(k)(gτg−1)}k∈Zn

2

= {Tk(σ)}k∈Zn
2
.

Thus

~d({Tk(τ)}k∈Zn
2
) = ~d({Tk(σ)}k∈Zn

2
).

Corollary 4.10. For any orthomorphism π of Zn2 ,

~d({Tk(orbG(π))}k∈Zn
2
) = |(orbG(π))| · ~d({Tk(π)}k∈Zn

2
)
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Proof. The statement follows directly from Theorem 4.9.

In the next theorem, we show that for any two orbits, each non-identity translation

maps the same number of elements from one orbit to the other.

Theorem 4.11. For any two orbits t, t′ ∈ On and nonzero k1, k2 ∈ Zn2 , if N1 = {τ ∈ t :

τ + k1 ∈ t′} and N2 = {τ ∈ t : τ + k2 ∈ t′} then

|N1| = |N2|

Proof. Let g be any automorphisms such that g(k1) = k2. We will show gN1g
−1 = N2.

To begin, we show gN1g
−1 ⊆ N2. To that end, let π ∈ gN1g

−1, then there exists τ ∈ N1

such that π = gτg−1. Further,

π + k2 = Tk2(gτg
−1) = gTk1(τ)g

−1

by Lemma 4.8. Since π + k2 is conjugate to Tk1(τ) ∈ t′, we have π + k2 ∈ t′ and

therefore π ∈ N2. Thus gN1g
−1 ⊆ N2. Since the reverse containment N2 ⊆ gN1g

−1 is

equivalent to g−1N2g ⊆ N1, we may simply swap the roles of g, k1, N1 with g−1, k2, N2,

respectively, in the argument above to prove the desired result.

As a corollary, we show that translating an orbit by any non-identity element of Zn2

distributes its members among the other orbits in the same way, regardless of the non-

identity Zn2 element chosen. So, not only is the cycle-type distribution of Tk(orb(π)) the

same as Tk′(orb(π)), but the distribution of their elements among orbits is the same for

both sets.
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Corollary 4.12. For all nonzero k, k′ ∈ Zn2 , if π is an orthomorphism of Zn2 , then

~d({Tk(τ)}τ∈orbG(π)) = ~d({Tk′(τ)}τ∈orbG(π)).

Proof. Let t = orbG(π). Then for each subscript t′ ∈ On in the distribution vector ~d(·)

we have, by Theorem 4.11,

~dt′({Tk(τ)}τ∈t) = ~dt′({Tk′(τ)}τ∈t).

As this holds for each t′ ∈ On, the corollary is proved.

4.5 The G-Stabilizer of an Orthomorphism

In this section we briefly consider the stabilizer of an orthomorphism, stabG(π) = {g ∈

G : gπg−1 = π}, and show that the orthomorphism preserving functions R and I

preserve stabilizer membership where Tk does not in all cases.

Lemma 4.13. For any orthomorphism π of Zn2 , we have g ∈ stabG(π) if and only if

g ∈ stabG(I(π)).
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Proof. Suppose g ∈ stabG(π) then

gI(π)g−1(x) = g(π + id)g−1(x)

= g(π(g−1(x) + g−1(x))

= gπg−1(x) + gg−1(x)

= π(x) + x

= I(π).

Now, if g ∈ stabG(I(π)) then π = I(I(π)) and we apply the statement of the forward

implication to conclude g ∈ stabG(I(I(π))) = stabG(π).

Lemma 4.14. For any orthomorphism π of Zn2 , we have g ∈ stabG(π) if and only if

g ∈ stabG(R(π)).

Proof. We have π ∈ stabG(π) if and only if

π = gπg−1 ⇐⇒ π−1 = (gπg−1)−1 = gπ−1g−1,

which holds if and only if g ∈ stabG(R(π)).

Lemma 4.15. For any orthomorphism π of Zn2 and any k ∈ Zn2 , suppose g ∈ G satisfies

g(k) = k. Then

g ∈ stabG(π) ⇐⇒ g ∈ stabG(Tk(π)).
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Proof. Suppose g ∈ stabG(π). If g(k) = k, then by Lemma 4.8

gTk(π)g
−1 = Tg(k)(gπg

−1)

= Tg(k)(π)

= Tk(π).

So, g ∈ stabG(Tk(π)). Now, if g ∈ stabG(Tk(π)) and g(k) = k then we note that

Tk(Tk(π)) = π and we apply the statement of the forward implication to conclude

g ∈ stabG(Tk(Tk(π))) = stabG(π).

4.6 Characterization of Commuting Permutations

Analyzing the cycle structure of orthomorphisms in the context of group actions leads

to an investigation of the relationship between the cycle structure of the automorphisms

that act on the orthomorphisms, and the orthomorphisms themselves. A product of that

investigation is the following biconditional statement which, in its most general form,

characterizes permutations that commute with each other. As a consequence, we get

statements about the stabilizers of orthomorphisms and the sets of orthomorphisms that

fix automorphisms, as these are just particular collections of commuting permutations.

For ease of notation, we use cyclic notation to describe an arbitrary permutation π

as follows

π = (x11x12 · · ·x1s1) · · · (xr1xr2 · · ·xrsr). (4.16)
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Second subscripts are taken modulo their respective cycle length, that is to say, xk,β =

xk,β mod sk Additionally, we can refer to a cycle in a permutation using orbit notation.

For example, we can write the first cycle in the permutation π above as orbπ(x11) =

{x11, x12, ..., x1s1}.

Example 6. To illustrate the notation, consider the orthomorphism π = (0)(1 2 5 3 7 6 4)

of Z3
2. Since this permutation has two cycles, we have r = 2. The first cycle has one

element so s1 = 1 and the second has 7 elements so s2 = 7. Further, we can write

orbπ(1) = {1, 2, 3, 4, 5, 6, 7}.

Theorem 4.17. Let π and g be permutations of a set X where π is as in (4.16). Then π

and g commute with each other if and only if for all positive integers k ≤ r there exist

subscripts j ≤ sk and i ≤ r such that g(xk,β) = xi,j+β for all positive integers β ≤ sk.

Proof. For the forward implication, suppose gπ = πg and k is some positive integer

less than or equal to r. Then, since g is a function of X , there exist positive integers

i ≤ r, j ≤ si such that g(xk,1) = xi,j+1. So, for any β ≤ sk, we have

g(xk,β) = g(πβ−1(xk,1))

= πβ−1(g(xk,1))

= πβ−1(xi,j+1)

= xi,j+β,

as desired.

Conversely, we will show π and g commute with each other. To that end, let xk,β ∈

49



Chapter 4. Properties of Orthomorphisms: Group Actions

Zn2 . Then by the hypothesis

π(g(xk,β)) = π(xi,j+β) = xi,j+β+1.

Similarly, we get

g(π(xk,β)) = g(xk,β+1) = xi,j+β+1,

and the result is proved.

Example 7. To illustrate Theorem 4.17, consider the orthomorphism introduced in Ex-

ample 6, π = (0)(1 2 5 3 7 6 4), and the automorphism g = (0)(1 5 7 4 2 3 6) . Since

g ∈ stabG(π), the two permutations g and π commute. The theorem states that, for any

π-cycle (or π-orbit) with index k ≤ r, g maps all of its elements to π-cycle with index i.

In the case of this example, g maps the k = 2 cycle of π to the i = 2 cycle. Further, the

theorem states, g maps the first element of that cycle to the element in position j + 1,

which in this case, is the element in position 2+1 = 3. The remaining elements mapped

follow the same shift pattern as is illustrated in Figure 4.2.

kth cycle (1 2 5 3 7 6 4)

ith cycle (1 2 5 3 7 6 4)

g

j = 2

Figure 4.2: Element g maps kth cycle of π to ith cycle of π with shift j

With this theorem we can begin to investigate the structure of the cycles of g relative

to π, specifically, this theorem considers where elements of π-cycles are mapped to by
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g; and the patterns of those mappings determine their commutative property. In the

following corollaries, we assume g and π commute. In the next corollary we find the

size of g-orbits of elements of the same π-orbit are the same.

Corollary 4.18. Suppose g commutes with π. Then, for any 1 ≤ k ≤ r, | orbg(xk1)| =

| orbg(xkβ)| for all 1 ≤ β ≤ sk.

Proof. Suppose g commutes with π. By definition of orbit,

orbg(xk,1) = {gi(xk1) : i ≤ m}

where m is the least positive integer such that gm+1(xk1) = xk1. Note that the integer

m exists since the domain of the permutation g is finite. Further, m is the least positive

integer such that gm+1(xk0β) = xk0β , for all β, by Theorem 4.17. Thus,

| orbg(xk1)| = | orbg(xkβ)|

for all 1 ≤ β ≤ sk.

In the next corollary, when we consider the case where g maps an element x of a

π-orbit back into its π orbit, we are able to state the size of orbg(x) explicitly.

Corollary 4.19. If g commutes with π and g(xk1) ∈ orbπ(xk1), then for all 1 ≤ β ≤ sk,

| orbg(xkβ)| =
sk

gcd(sk, j)

where j satisfies g(xk1) = xk,1j .
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Proof. If g commutes with π and g(xk1) = xk,1+j for some 1 ≤ j ≤ sk, then by

Theorem 4.17, for all 1 ≤ β ≤ sk,

g(xk,β) = xk,β+j

= πj(xkβ).

Applying g repeatedly, we get gt(xk,β+tj) = πtj(xkβ) for all t. Thus orbg(xkβ) =

orbπj(xkβ) for all 1 ≤ β ≤ sk. Since the second subscript is taken modulo sk, we have

|{β+tjmodsk}t∈Z| = sk/gcd(sk, j) elements in orbπj(xkβ). Therefore, | orbg(xkβ)| =

sk/gcd(sk, j).

And, as our final corollary of Theorem 4.17, we show that if a g-orbit and a π-orbit

share any elements, then the sizes of several related orbits are the same.

Proposition 4.20. If g and π commute then

orbg(xk1) ∩ orbπ(xk′1) 6= ∅

implies

orbg(xkβ) ∩ orbπ(xk′1) 6= ∅

for all 1 ≤ β ≤ sk. In particular, sk = sk′ .

Proof. Suppose g and π commute and orbg(xk1) ∩ orbπ(xk′1) 6= ∅. Then there exists t

and j such that gt(xk1) = xk′1+j . Further, by Theorem 4.17, gt(xkβ) = xk′β+j for all
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1 ≤ β ≤ sk. Hence,

orbg(xkβ) ∩ orbπ(xk′1) 6= ∅.

Finally, we show gt defines a bijective mapping from orbπ(xk1) to orbπ(xk′1), proving

sk = sk′ . Let xk′q ∈ orbπ(xk′1). Then

xk′q = πq−j−1(xk′1+j)

= πq−j−1(gt(xk1))

= gt(πq−j−1(xk1))

= gt(xkq−j)

which proves gt is surjective. Injectivity follows from the fact that gt is a permutation.

Remark 4.21. Theorem 4.17 and its corollaries describe the cycle structure of permu-

tations that commute with each other. These statements can be applied to the collection

of automorphisms that commute with π (i.e., stabG(π)) to possibly determine the set of

valid cycle-types of orthomorphisms among other things. In future work, we hope to ap-

ply these results to the sets of orthomorphisms that leave automorphisms fixed and use

Burnside’s Lemma to determine, or bound, the number of orthomorphisms that exist.
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GETTING A COUNT

A transversal in a latin square of order N is a set of N entries such that no two entries

are in the same row or column. It is known that transversals in the Cayley table (a

Latin square) of a group correspond to orthomorphisms of that group. In this chapter,

we use this association to prove a lower bound on the number of orthomorphisms of

the group Zn2 , and to derive an explicit formula that gives an orthomorphism of Zn2 , for

n > 2. Further, we show that a proposed upper bound on the number of orthomorphisms

of Zn2 is no tighter than the known best upper bound for transversals in Latin squares.

Lastly, we present the current results of the ongoing endeavor to determine the number

of orthomorphisms of Z5
2.

5.1 Introduction

There has been significant research on the number of transversals in Cayley tables for

ZN when N is odd and, more generally, on the number of transversals in arbitrary latin

squares of order N . Current known counts are given in Figure 5.1. The bold entries

correspond to the group Zn2 with N = 2n.
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N Number of transversals in groups of order N
3 3
4 0, 8
5 15
7 133
8 0, 384, 384, 384, 384
9 2025, 2241
11 37851
12 0, 198144, 76032, 46080, 0
13 1030367
15 36362925
16 0, 235765760, 237010944, 238190592, 244744192,

125599744, 121143296, 123371520, 123895808,
122191872, 121733120, 62881792, 62619648,
62357504

17 1606008513
19 87656896891
20 0, 697292390400, 140866560000, 0, 0
21 5778121715415, 826814671200
23 452794797220965

Table 5.1: Transversal counts for groups of order ≤ 23. Table adapted from [35].

A thorough discussion of the current state of research in this area is given in [35]. If

N ≥ 5 and we denote by T (N) the maximum number of transversals of any latin square

of order N , then this quantity is known [24] to be bounded by the following inequality:

15N/5 ≤ T (N) ≤ cN
√
NN ! (5.1)

where c =

√
3−
√
3

6
e
√
3/6 ≈ 0.61354.

By contrast, the literature concerning the number of orthomorphisms of the group Zn2

is much more limited. If Sn is the number of orthomorphisms of Zn2 then [29] provides
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a lower bound on the number of orthomorphisms of Zn2 . (Unfortunately, as of the time

of this writing, some translation issues prevented our complete understanding of their

proof.) In any case, their purported bound is:

Sn ≥ S2
n−3 × 2n!!

for n > 4, which would represent the strongest bound known.

In this chapter, we present a different lower bound on the number of orthomorphisms

of Zn2 by using features of a Cayley table of (Zn2 ,+). We walk through the proof of the

lower bound, Theorem 5.2, with the help of an example. In addition, we discuss an upper

bound on the number of orthomorphisms of Zn2 . Lastly, we present a formula for an

orthomorphism of Zn2 with a proof that the stated function is actually an orthomorphism.

5.2 A Lower Bound

Theorem 5.2. If Sn is the number of orthomorphisms of the group Zn2 for n ≥ 3, then

Sn ≥ Sn−122
n−2

(2n−1 − 1).

Proving the Lower Bound

The proof is broken up into a number of pieces. First, we describe a non-standard

way of writing the Cayley table, Cn, for the group (Zn2 ,+). Then we present a natural

correspondence between entries in Cn−1 and Cn; and briefly analyze properties of this

correspondence. Finally, we show that a transversal in Cn−1 corresponds to several
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transversals in Cn. We will use the notation 〈k〉n, introduced in Chapter 2, to denote the

n-bit representation of the integer k; and we will drop the subscript when the length of

the representation is obvious given the context.

The Cayley Table Cn

We will write the Cayley table, Cn, for Zn2 in the following order. The rows of Cn are

indexed by Zn2 in lexicographic order. We index the columns of Cn two at a time by the

pairs 0〈k〉n−1 and 1〈k〉n−1 where k starts at 0 and ends at 2n−1 − 1. In Figure 5.1, the

Cayley table C3 is given which follows this construction.

(Z3
2,+) 000 100 001 101 010 110 011 111

000 000 100 001 101 010 110 011 111
001 001 101 000 100 011 111 010 110
010 010 110 011 111 000 100 001 101
011 011 111 010 110 001 101 000 100
100 100 000 101 001 110 010 111 011
101 101 001 100 000 111 011 110 010
110 110 010 111 011 100 000 101 001
111 111 011 110 010 101 001 100 000

Figure 5.1: Cayley table, C3, for Z3
2.

Correspondence between Cn−1 and Cn

The Cayley tableCn has twice as many columns and rows asCn−1. We associate column

(row) i of Cn−1 with columns (rows) 2i and (2i+1) of Cn. So, the column of Cn−1 with

index 0〈k〉n−2 maps to the pair of columns (0〈2k〉n−1, 1〈2k〉n−1) in Cn, and the column

with index 1〈k〉n−2 maps to the pair (0〈2k+1〉n−1, 1〈2k+1〉n−1). Further, the row with

index 〈k〉n−1 maps to the pair of rows (〈2k〉n, 〈2k + 1〉n).
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For the case when n = 3, the column indices of Cn−1 are associated with the column

indices of Cn as shown in Figure 5.2. The association of rows is shown in Figure 5.3.

Column index of C2 00 10 01 11
Column index of C3 000 100 001 101 010 110 011 111

Figure 5.2: Association between column indices of C2 and C3

Row index of C2 Row index of C3

00 000
001

01 010
011

10 100
101

11 110
111

Figure 5.3: Association between row indices of C2 and C3

This index association between Cn−1 and Cn naturally associates entries of Cn−1

with 2 × 2 blocks in Cn. For example, the association between C2 and C3 divides C3

into 16 blocks as shown in Figure 5.4. Each block corresponds to one entry in the Cayley

table C2.

In general, we denote the 2× 2 block in Cn that corresponds to the entry 0〈k〉 (1〈k〉)

in Cn−1 by [0〈k〉]u ([1〈k〉]u) for k ∈ {0, 1, ..., 2n−2 − 1} when the entries are in the

upper half of the table; we use the subscript l on the blocks in the lower half of the table.

For instance, if 0〈i〉 is a row in Cn−1 and 0〈j〉 is a column, then the entry of Cn−1 in

that row and column is 0〈k〉 = 0〈i〉 + 0〈j〉. The corresponding 2 × 2 block in Cn is

denoted [0〈k〉]u has entries 0〈2k〉, 1〈2k〉, 0〈2k+1〉, 〈2k+1〉. In Figure 5.5, the structure

of [0〈k〉]u, [0〈k〉]l, [1〈k〉]u, and [1〈k〉]l for k ∈ {0, 1, ..., 2n−2 − 1} is shown.
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00 10 01 11
000 100 001 101 010 110 011 111

00
000 000 100 001 101 010 110 011 111
001 001 101 000 100 011 111 010 110

01
010 010 110 011 111 000 100 001 101
011 011 111 010 110 001 101 000 100

10
100 100 000 101 001 110 010 111 011
101 101 001 100 000 111 011 110 010

11
110 110 010 111 011 100 000 101 001
111 111 011 110 010 101 001 100 000

Figure 5.4: Cayley table, C3, partitioned into blocks associated with entries in C2.

0〈j〉 1〈j〉

0〈2j〉 1〈2j〉 0〈2j + 1〉 1〈2j + 1〉

0〈i〉 0〈2i〉 0〈2k〉 1〈2k〉
0〈2k + 1〉 1〈2k + 1〉

0〈2k + 1〉 1〈2k + 1〉
0〈2k〉 1〈2k〉0〈2i+ 1〉

[0〈k〉]u [1〈k〉]u

1〈i〉 0〈2i〉 1〈2k〉 0〈2k〉
1〈2k + 1〉 0〈2k + 1〉

1〈2k + 1〉 0〈2k + 1〉
1〈2k〉 0〈2k〉0〈2i+ 1〉

[1〈k〉]l [0〈k〉]l

Figure 5.5: Diagram describes the form of every 2×2 block in Figure 5.4 blocks [0〈k〉]∗
and [1〈k〉]∗ for 〈k〉 = 〈i〉+ 〈j〉 in Cn for i, j ∈ {0, 1, ..., 2n−2 − 1}

Remark 5.3. Note that all four blocks [0〈k〉]u, [0〈k〉]l, [1〈k〉]u, and [1〈k〉]l contain the

same elements. Additionally, diagonal elements are shared among all four blocks. The

difference between the blocks in the upper half of the table and the lower half is unimpor-

tant for the transversal argument used to prove the lower bound, as such we sometimes

use ∗ to denote the value u or l in the subscript of the blocks.
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Transversals in Cn−1 and Cn

Recall that a transversal in a Cayley table (or Latin square) of order 2n is a set of 2n

distinct entries such that no two entries are in the same row or column.

Each transversal in Cn−1 is a set of 2n−1 entries with values

{0〈0〉, 1〈0〉, 0〈1〉, 1〈1〉, ..., 0〈2n−2 − 1〉, 1〈2n−2 − 1〉}.

Each of these 2n−1 entries corresponds to one of 2n−1 blocks in Cn such that no two

blocks have a row or column in common. These blocks are

{[0〈0〉]∗, [1〈0〉]∗, ..., [0〈2n−2 − 1〉]∗, [1〈2n−1 − 1〉]∗}

where ∗ ∈ {u, l}. Note that exactly half of the blocks are in the upper half of the Cayley

table and have subscript u and the other half have subscript l; however, knowledge of

the particular subscript for each block is unnecessary for the argument that follows.

We construct a set of transversals in Cn by choosing diagonal elements from the

blocks. For each k ∈ {0, 1, ..., 2n−2 − 1}, there are two diagonals in [0〈k〉]∗ from which

to choose. Note that a choice of diagonals in [0〈k〉]∗ forces our choice in [1〈k〉]∗ by

Remark 5.3. Thus, the number of transversals in Cn is at least 22n−2 times the number

of transversals in Cn−1. Equivalently, the number of orthomorphisms of Zn2 is at least

22
n−2 times the number of orthomorphisms of Zn−12 .

We can improve this bound by fixing the entry of Cn−1 in the first row and first col-

umn. Using the notation for sets of orthomorphisms extending partial orthomorphisms
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given in Section 3.3, we have Sn(00, (2n − 1)1) ≥ Sn−1(00)22
n−2−2, but Sn(00, (2n −

1)1) = Sn/(2n(2n − 2)) and Sn−1(00) = Sn−1/2n−1. Therefore,

Sn ≥ Sn−122
n−2

(2n−1 − 1),

for all n > 2.

For a non-recursive lower bound, we have the following corollary.

Corollary 5.4. For n > 5,

Sn ≥ 244744192
n−1∏
k=4

22
k−1

(2k − 1).

5.3 An Orthomorphism Formula

Several formulas for orthomorphisms of Zn2 for arbitrary n > 1 can be derived by

analyzing the structure of transversals of the Cayley table Cn. Using the notation

(x1, x2, ..., xn) ∈ Zn2 , we provide one such formula.

Proposition 5.5. If π : Zn2 → Zn2 such that n > 1 and

π(x1, x2, ..., xn) = (x1 + xn, x1, x2, ..., xn−1),

then π is an orthomorphism.

Proof. To prove π is an orthomorphism, we first show π is a permutation of the finite
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group Zn2 by showing the function is surjective. Then we show the function

π + id : (x1, x2, ..., xn) 7→ (xn, x1 + x2, ..., xn−1 + xn)

is a permutation of Zn2 by showing π + id is surjective.

To begin, let (y1, y2, ..., yn) ∈ Zn2 and note that

π(y2, y3, ..., yn, y1 + y2) = (y1, y2, ..., yn).

Thus, π is surjective. Further, since π + id maps the element

(
y1 +

n∑
i=2

yi, y1 +
n∑
i=3

yi, ..., y1 + yn, y1

)
∈ Zn2

to (y1, y2, ..., yn) we may conclude π + id is surjective.

5.4 Remarks on Upper Bounds

The only upper bound in the literature for the number of orthomorphisms of Zn2 is the

upper bound for the number of transversals in a latin square of order N = 2n given in

(5.1) above. Another upper bound for the cardinality of the set orthomorphisms of Zn2

is the number of permutations with precisely one fixed point and no transpositions (see

[22]). However, this bound is not as tight as the current published bound.
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Theorem 5.6. For any n > 1,

Sn ≤ 2n!
2n−1∑
m=1

1

m!

m∑
k=0

k!(−1)m−k
(
m

k

)

·
2n−1−m∑
i=0

2−2
n−1+m+i

(i+ k)!
|s(i+ k, k)|

(
m− k

2n − 1−m− i

)
(5.7)

∼ 2n!e−3/2

Proof. Note that s(·, ·) represents the Stirling number of the first kind. Since an or-

thomorphism of Zn2 has precisely one fixed point and no transpositions, the number of

permutations of Zn2 with this property provides an upper bound. The stated result follows

from [22].

Note that Equation (5.7) is significantly greater than the upper bound given in Equa-

tion (5.1), for small n and in the limit.

5.5 A Count for n = 5

Determining the number of orthomorphisms of Z5
2 computationally is a difficult prob-

lem. Implementing a naive breadth-first search of the set of permutations of Zn2 for

n = 2, 3, 4 (see Algorithm 1) in the Python programming language, on currently avail-

able commodity hardware, yields results in a reasonable amount of time. However, this

approach is too computationally difficult to address the n = 5 case. With the help of

Bart Massey and David Johnston, a naive depth-first search algorithm was implemented

in the C programming language which takes partial orthomorphisms as parameters, and

optionally returns orthomorphisms or a count, was developed [31]. At the date of this
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writing, a process using this implementation is running on the Portland State University

research computers, and is currently at a count of 76,596,911,431,680 orthomorphisms

of Z5
2.

For all computer implementations we have described, we use integers to represent el-

ements in Zn2 in the natural way, and use the ordering inherent to integers. Further, in the

implementations we have described, an injective function π : {1, 2, ...,m} → Zn2 , where

m < 2n, is represented as a tuple. That is, we represent π as (π(0), π(1), ..., π(m)) so

that element i of the tuple is the image of i under π. A presentation of the pseudocode

of the algorithm used in the Python implementation is given below.

Algorithm 1 Naive breadth-first search algorithm generates orthomorphisms of Zn2
function ORTHOMORPHISMS(partials,n)

while the length of the elements of partials are not equal to 2n do
Let newpartials be an empty list
for π in partials do

τ = π⊕ [0,1,...,|π| − 1]
Let valid be an empty list
for i = 0..(2n − 1) do

if i not in π and i⊕ |π| not in τ then
append i to valid

for i in valid do
extend π so that π(|π|) = i and add to newpartials

partials = newpartials

return partials
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GENERATING ORTHOMORPHISMS

Applications of orthomorphisms to cryptography require an efficient way to sample

from the set of orthomorphisms of Zn2 , and knowledge of the cardinality of the set of

orthomorphisms for any given n. We use a Metropolis-Hastings Markov Chain Monte

Carlo algorithm to sample from a particular distribution on the set of permutations that

weighs orthomorphisms highest. Additionally, we present an algorithm for sampling

orthomorphisms uniformly using the algebraic objects introduced in Chapter 4. Lastly,

we discuss applications of importance sampling to getting a count of the number of

orthomorphisms of Zn2 .

6.1 Introduction

In order to use orthomorphisms in any cryptographic primitive, we need a way to gen-

erate them. Failing that, we would at least like a way to generate a large subset of them.

Randomly generating orthomorphisms is not only valuable for cryptographic applica-

tions but is valuable to the field of mathematics itself [1].

For the group Zn2 , some work in this direction has been done (see [4], [17], and [34]).
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In [34], the authors develop an evolutionary algorithm that generates orthomorphisms

of Z8
2 based on an initial population of orthomorphisms of Z2

2, Z3
2 and Z4

2. An algorithm

that generates all linear orthomorphisms is given in [4]. In this paper they find the

number of linear orthomorphisms for n ∈ {1, ..., 10}. Based on this data, we can see the

proportion of automorphisms that are linear orthomorphisms approaches 0.288 quickly.

The proportion of orthomorphisms that are linear is 1, 1, and ≈0.0003 for n = 2, 3,

and 4, respectively. In [17], the authors develop a method of generating non-linear

orthomorphisms based on linear ones via a bar-sinister latin square. The non-linear

orthomorphisms are especially useful in the construction of block substitutions [20, 34].

It is already known that orthomorphisms are precisely those permutations that have

the so-called “balanced-map property” [25]. That is, a permutation is an orthomorphism

if and only if it maps all maximal subgroups of the group half-in and half-out of them-

selves. We use the balanced-map property to improve the results of our implementation

of the Metropolis-Hastings algorithm.

In this chapter, we describe implementations of the Metropolis-Hastings algorithm

that generate sets of orthomorphisms. Ideally, we would be able to develop a method

to sample from the set of orthomorphisms of Zn2 for a given n uniformly. In the con-

text of the Metropolis Hastings algorithm, that would require a set of functions that act

transitively on the set of orthomorphisms. Candidates for this set include the known

functions described in previous chapters that preserve the orthomorphism property of a

permutation. However, these functions, in their action on the set of orthomorphisms, do

not generate a single orbit. We are left to work in a set of permutations that contains

the orthomorphisms and use functions that prioritize the orthomorphism property of a
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permutation.

6.2 Metropolis-Hastings Algorithm

A Markov Chain Monte Carlo (MCMC) method for the simulation of a distribution f is

any method producing an ergodic Markov chain (X(t)) whose stationary distribution is

f [3]. The Metropolis-Hastings algorithm is an algorithm that produces such a Markov

chain. In essence, the Metropolis-Hastings algorithm provides a way to generate a se-

quence of samples that approximates a target distribution, f , even if the distribution’s

normalizing factor is unknown. The samples returned by the algorithm have the property

that a given sample is only dependent on the previous sample, thus making it a Markov

chain. In particular, for any given step, a candidate sample is drawn from a proposal

distribution, q, and is accepted as the next sample (or rejected) with some probability

dependent on the target and proposal distributions. Further, as the number of iterations

increases, the distribution of the samples more closely approximates the target distribu-

tion.

Remark. Note that the ratio in the definition of α eliminates the necessity of knowing the

normalizing constant associated with f . This is of particular interest in the application

of this algorithm to generating samples from the set of orthomorphisms of Zn2 since so

little is known about the cardinality of the set.

The parameters of the Metropolis-Hastings algorithm over which we have control

are the sample (state) space S which contains (X(t))t, the target distribution f , and the

proposal distribution q.
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Algorithm 2 Metropolis-Hastings Algorithm

Given x(t)

Sample yt from Yt ∼ q(y|x(t))
Take x(t+1) from

X(t+1) =

{
yt with probability α(x(t), yt),
x(t) with probability 1− α(x(t), yt),

where

α(x, y) =

{
min

{
f(y)q(x|y)
f(x)q(y|x) , 1

}
if f(x)q(y|x) > 0

1 otherwise.

In order for the algorithm to produce samples from a target distribution, several

conditions related to the proposal distribution q(y|x) must be satisfied.

Theorem 6.1. [3] Let (X(t)) be the Markov chain produced by Algorithm 2. For every

proposal distribution q, if the support of q includes that of the target distribution f , then

f is a stationary distribution of (X(t)).

As stated previously, in order for the Metropolis-Hasting algorithm to be an MCMC

method, the resulting Markov chain must be ergodic. A Markov chain, (X(t)), with a

finite state space is ergodic if it is irreducible (it is possible to get to any state from

any state) and at least one state, i, is aperiodic (there exists n such that for all n′ > n,

P (X(n′) = i|X(0) = i) > 0) [32]. The ergodicity of the Markov chain is necessary

to consider when choosing parameters of the Metropolis-Hastings algorithm. Further,

it ensures that the Markov chain converges uniquely to the target distribution, as the

following theorem shows.
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Theorem 6.2. [30] If the Markov chain, (X(t)), drawn from a finite state space is er-

godic (aperiodic and irreducible) then the Markov chain converges to its stationary

distribution f .

Remark. A common practice among users of MCMC methods is to disregard several

initial samples from a single run; disregarding these initial samples is referred to as

a “burn-in” period. Though there is little mathematical basis for the practice, it can

address the problem of starting in a part of the state space that is unrepresentative of

the stationary distribution. To address this problem, in each of our trials and in the

first iteration of the algorithm, a permutation is continually sampled until it maps the

subgroup {0, 1, ..., 2n−1 − 1} exactly half in to itself, thus making use of the balanced-

map property of orthomorphisms.

Remark. Note that the set of samples produced by the Metropolis-Hastings algorithm

are not independent samples, as x(t+1) is dependent on x(t). Theoretically, to obtain

i.i.d. samples from the distribution f , one can take the terminus of several runs of the

Metropolis-Hastings algorithm. Some researchers approximate i.i.d. samples by taking

every N th sample from a single run of the algorithm [21]. Note that, in practice, one

cannot obtain i.i.d. samples if the random inputs to the algorithm are not i.i.d. as well

[23].

6.2.1 Implementation

For the implementations of the Metropolis-Hastings algorithm we present in this chap-

ter, we consider sample spaces S that are contained in the set of permutations of Zn2 ;
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and a target distribution, f , defined on those spaces that weigh orthomorphisms highest.

Further, we consider several proposal distributions, q, one of which is symmetric (i.e.,

q(x|y) = q(y|x)) and one that is more likely to return permutations that are “closer”, in

some sense, to orthomorphisms.

Since it is currently infeasible to use the uniform distribution on the set of ortho-

morphisms as the target distribution, we use a target distribution that weighs orthomor-

phisms higher than other permutations:

f(π) =
10| im(π+id)|

Z
, Z =

∑
π

10| im(π+id)|.

Note that, if π is an orthomorphism of Zn2 , then | im(π + id)| = 2n.

Trial 1

For our initial implementation of the Metropolis-Hastings algorithm, we use the entire

set of permutations on Zn2 for n = 4 and n = 5. For the proposal distribution we use

q(x|y) = q(x) =
1

(2n)!
,

i.e., our candidate samples are drawn from the set of permutations on Zn2 , all with equal

probability.

In Figure 6.1 we see results of this implementation for n = 4 with 222 iterations. To

get a sample that is closer to independent, we follow a heuristic often used with these

methods by taking every 210 samples. Further, we use a burn-in method that relies on

the balanced map property of orthomorphisms; that is, we start collecting samples after
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we find the first permutation that maps the maximal subgroup {0, 1, 2, ..., 2n−1−1} half

into itself and half outside of itself.

Figure 6.1: Distribution for Trial 1, n = 4, 222 iterations, acceptance rate 5.12%

The rate of convergence of the algorithm to the desired target distribution can be af-

fected by the proposal distribution. Determining the rate of convergence of the Metropo-

lis Hastings algorithm is an active area of research, and in many cases the acceptance

rate of a run is used as an indicator of convergence. The acceptance rate is the pro-

portion of times the proposed sample is accepted. Work has yet to be done in studying

convergence rates of the Metropolis-Hastings algorithm in the context we are concerned

with, so we have inadequate information to determine if our chain has converged.

Executing this algorithm for n = 5 results in a sample with no orthomorphisms, as

shown in Figure 6.2. Assuming this indicates our chain is not quickly converging, we

consider reducing the size of our state space and changing the proposal distribution used
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in the algorithm. We describe these changes in detail in the next section.

Figure 6.2: Distribution for Trial 1, n = 5, 222 iterations, acceptance rate 0.17%

Trial 2

The implementation of the Metropolis-Hastings algorithm that generates the most or-

thomorphisms has as its sample space a subset of permutations of Zn2 . Specifically, for a

given tuple p = (p1, p2, ..., pm), m < 2n, we define our sample space Sp = {π : π(i) =

pi for 1 ≤ i ≤ m}. Essentially, our sample space is the set of permutations whose first

m elements all share the same image.

For this implementation, we use a more complex proposal distribution which we de-

scribe here. Given a permutation x and some number β ∈ [0, 1], we permute 4 randomly

selected elements of (x(m + 1), ..., x(2n − 1)) with probability β, and with probabil-

ity 1 − β we transpose the image of the element k = min{i ∈ Zn2 : x(i) + i =
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x(j) + j, j ∈ Zn2} with the image of a randomly selected element l > k, unless x is an

orthomorphism. If x is an orthomorphism, we permute 4 randomly selected elements of

(x(m+ 1), ..., x(2n − 1)).

So, if x is a permutation of Zn2 and we sample y by the method previously described,

then the proposal density can be written as

q(y|x) =


β
(

(2n−m−4)!
(2n−m)!

)
+ (1− β)

(
1

2n−m−k+1

)
if x is not an orthomorphism

(2n−m−4)!
(2n−m)!

if x is an orthomorphism.

Implementing these changes to the proposal distribution and sample space produces

a significantly larger number of orthomorphisms for both the n = 4 case, as can be seen

in Figure 6.3, and the n = 5 case, as seen in Figure 6.4. However, the run time of the

algorithm increases by a factor of five. For this implementation, we use a sample space

Sp where p = (0, 2).

6.3 Conclusions

The change in proposal distribution led to a significant increase in orthomorphisms sam-

pled. For the n = 5 case, we are able to use the resulting sample of orthomorphisms

to add to the list of cycle types realized, which is displayed in Appendix 7. However,

the sampling is not uniform across the set of orthomorphisms and our choice of target

distribution limits our ability to determine the size of the set of orthomorphisms. The ap-

proach of using the Metropolis-Hastings algorithm could, in principle, be improved by

finding a set of functions that act transitively on the set of all orthomorphisms for a given
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Figure 6.3: Distribution for Trial 2, n = 4, 220 iterations, acceptance rate 5.00%

n. With such a set of functions, the algorithm could then be used to sample from the set

of orthomorphisms uniformly and estimate the cardinality of the set of orthomorphisms.
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Figure 6.4: Distribution for Trial 2, n = 5, 220 iterations, acceptance rate 6.22%
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CONCLUSIONS AND FUTURE DIRECTIONS

The research contained in this document extends human knowledge of orthomorphisms

of the group Zn2 in terms of both theoretical understanding and applications to cryptog-

raphy. There are many further avenues of research concerning orthomorphisms of Zn2 .

We outline some specific directions based on each chapter’s content.

The work on the cycle-type distribution of partial orthomorphisms can be extended

to consider partial orthomorphisms of larger sizes and assist in determining valid cycle

types of orthomorphisms of Zn2 . Additionally, these methods can be pursued to deter-

mine conditions in which extensions of partial orthomorphisms of Zn2 , with size greater

than 2, exist. Beyond extensions and cycle type distributions, the techniques described

in Chapter 3 can be used to determine statements about the divisibility of the cardinality

of the set of orthomorphisms of Zn2 .

The theory developed in Chapter 4 concerning the group of automorphisms of Zn2

acting on the set of orthomorphisms can be extended in many ways. Extending the the-

ory concerning orbits of the group action can be generalized to statements about the

cycle types of orthomorphisms of Zn2 . Further, such theoretical extensions can be used
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in conjunction with Burnside’s lemma to determine, or bound, the number of orthomor-

phisms that exist.

The new lower bound and upper bound on the cardinality of orthomorphisms, spe-

cific to the group Zn2 , described in Chapter 5 have potential for improvement. Experi-

menting with varying the column structure of the Cayley table for Zn2 and applying the

same block argument could lead to a tighter lower bound; and, investigating and apply-

ing new theory concerning the valid cycle types of orthomorphisms of Zn2 can be used

to tighten the upper bound.

Another direction for further research, as it pertains to generating orthomorphisms,

concerns uniform and importance sampling. The Metropolis-Hastings algorithm can be

used to generate a uniform sampling of orthomorphisms of Zn2 if we can get a set of

representatives from each orbit under any known group action on the set of orthomor-

phisms. For example, given the action of conjugation by automorphisms and a set {πi}

of orbit representatives, we can define a proposal distribution

q(x, y) =
1

|{πi}|
stabG(πj)

|Aut(Zn2 )|
, x ∈ orb(πj)

from which we sample by uniformly selecting an orbit representative and automor-

phism independent of the orthomorphism y. Implementing and executing a Metropolis-

Hastings algorithm with this proposal distribution and a uniform target distribution will

result in set of uniformly sampled orthomorphisms. Ideally, we could avoid all this if

we could discover a set of orthomorphism-preserving transformations that, collectively,

act transitively on the set of orthomorphisms.
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Alternative Monte Carlo methods can be used to generate an independent sample

of permutations of Zn2 that over-weight orthomorphisms, and the theory surrounding

importance sampling can be used to estimate the number of orthomorphisms of Zn2 . An

excellent presentation of this approach can be found in [26].

In conclusion, the study of orthomorphisms of Zn2 is relatively new in both the math-

ematics community as well as with cryptography researchers. Our work extending this

theory has led to many new problems and areas of potential research.
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APPENDIX CYCLE TYPES FOR Z5
2

The number of valid cycle types of orthomorphisms of Zn2 is known for n < 5. For

the n = 5 case, we have found examples of orthomorphisms with 347 different cycle-

types out of the 391 possible cycle types of permutations that have no transpositions and

precisely one fixed point.

Cycle Types Orthomorphism

(1, 3, 5, 5, 7, 11) (1, 2, 3)(4, 8, 16, 23, 30)(5, 10, 22, 28, 26, 17, 21)(6, 11, 20, 7, 9, 18, 15, 29, 24, 14, 31)(12, 25, 13, 19, 27)

(1, 3, 6, 10, 12) (0, 9, 28, 31, 15, 21, 4, 10, 12, 23)(1, 11, 24, 7, 25, 5)(2, 13, 20)(3, 8, 26, 29, 17, 16, 18, 6, 14, 22, 19, 30)

(1, 3, 6, 9, 13) (0, 19, 30, 9, 6, 20, 24, 7, 3, 18, 4, 16, 8)(1, 17, 11, 2, 23, 10, 22, 29, 26)(5, 27, 21, 31, 25, 28)(12, 13, 14)

(1, 4, 6, 8, 13) (1, 2, 4, 3)(5, 8, 19, 6, 7, 16, 13, 20, 28, 24, 9, 21, 10)(11, 17, 31, 22, 26, 12, 18, 25)(14, 29, 23, 15, 27, 30)

(1, 6, 6, 8, 11) (1, 2, 15, 3, 21, 19, 18, 9, 29, 8, 24)(4, 23, 25, 30, 6, 26, 5, 13)(7, 12, 14, 28, 11, 22)(10, 16, 31, 27, 17, 20)

(1, 7, 8, 8, 8) unknown

(1, 3, 7, 10, 11) (0, 1, 3)(2, 5, 9, 20, 27, 15, 29, 24, 21, 10, 4)(7, 17, 25, 12, 31, 8, 18, 22, 14, 30)(11, 16, 26, 19, 13, 28, 23)

(1, 3, 3, 4, 7, 14) (1, 2, 4, 3)(5, 8, 19, 25, 12, 18, 10)(6, 7, 16, 13, 20, 11, 17, 31, 15, 27, 9, 21, 28, 23)(14, 29, 24)(22, 30, 26)

(1, 3, 6, 6, 7, 9) (0, 10, 5, 7, 29, 14, 27, 31, 30)(1, 9, 22, 6, 11, 16)(2, 12, 24, 4, 13, 26)(3, 8, 17)(15, 25, 21, 19, 20, 23, 18)

(1, 3, 13, 15) (0, 21, 30, 1, 23, 27, 7, 5, 29, 28, 31, 15, 9)(2, 17, 12, 11, 4, 22, 13, 8, 6, 18, 26, 3, 20, 25, 19)(10, 16, 14)

(1, 4, 6, 9, 12) (1, 2, 4, 3)(5, 8, 19, 12, 18, 10)(6, 7, 16, 13, 20, 24, 28, 25, 23)(9, 21, 31, 22, 30, 14, 29, 11, 17, 26, 15, 27)

(1, 3, 4, 6, 7, 11) (1, 2, 4, 3)(5, 8, 19, 23, 28, 12, 18, 26, 15, 27, 10)(6, 7, 16, 13, 20, 30)(9, 21, 25, 11, 17, 31, 22)(14, 29, 24)

(1, 3, 3, 3, 3, 3, 6, 10) (1, 2, 3)(4, 8, 16)(5, 10, 22, 28, 18, 27)(6, 11, 25)(7, 12, 23, 13, 20, 19, 14, 29, 21, 17)(9, 24, 30)(15, 31, 26)

(1, 4, 8, 19) (1, 2, 4, 3)(5, 8, 19, 25, 15, 27, 9, 21, 30, 23, 6, 7, 16, 13, 20, 11, 17, 31, 10)(12, 18, 26, 22, 14, 29, 24, 28)

(1, 3, 3, 3, 7, 15) (0, 27, 9, 14, 4, 24, 29, 3, 26, 15, 7, 11, 10, 30, 16)(1, 25, 22)(2, 31, 18, 20, 23, 21, 17)(5, 19, 12)(6, 28, 13)

(1, 4, 6, 7, 14) (1, 2, 4, 3)(5, 8, 19, 23, 15, 27, 14, 29, 11, 17, 31, 22, 26, 10)(6, 7, 16, 13, 20, 28, 25)(9, 21, 30, 12, 18, 24)

(1, 3, 4, 4, 4, 4, 6, 6) (1, 2, 4, 3)(5, 8, 19, 12, 18, 10)(6, 7, 16, 24, 28, 23)(9, 21, 25)(11, 17, 31, 22)(13, 20, 30, 27)(14, 29, 15, 26)

(1, 3, 3, 5, 5, 6, 9) (1, 2, 3)(4, 8, 16, 23, 28, 26, 7, 9, 18)(5, 10, 22)(6, 11, 20, 30, 14, 31)(12, 25, 13, 19, 27)(15, 29, 24, 17, 21)

(1, 3, 3, 4, 8, 13) (1, 2, 4, 3)(5, 8, 19, 12, 18, 25, 11, 17, 31, 23, 15, 27, 10)(6, 7, 16, 13, 20, 30, 26, 22)(9, 21, 28)(14, 29, 24)

(1, 3, 3, 3, 4, 4, 4, 10) (1, 2, 4, 3)(5, 8, 19, 14, 29, 23, 30, 22, 24, 10)(6, 7, 16)(9, 21, 25, 28)(11, 17, 26)(12, 18, 13, 20)(15, 27, 31)

(1, 8, 23) (0, 8, 19, 12, 26, 6, 9, 20, 23, 22, 4, 15, 27, 1, 11, 18, 21, 16, 3, 10, 7, 31, 17)(2, 14, 25, 29, 13, 24, 30, 28)

(1, 3, 3, 5, 9, 11) (0, 30, 10, 17, 23)(1, 29, 26, 18, 27, 11, 4, 25, 8, 5, 19)(2, 24, 20, 16, 21, 6, 31, 7, 9)(3, 28, 22)(13, 14, 15)

(1, 6, 6, 6, 6, 7) unknown

(1, 4, 5, 5, 6, 11) (1, 2, 4, 3)(5, 8, 19, 26, 10)(6, 7, 16, 15, 27)(9, 21, 25, 28, 23, 31, 13, 20, 30, 11, 17)(12, 18, 22, 24, 14, 29)

(1, 3, 3, 3, 11, 11) (1, 2, 3)(4, 8, 16, 23, 17, 12, 25, 28, 6, 11, 20)(5, 10, 22)(7, 9, 18, 24, 14, 31, 27, 15, 29, 21, 30)(13, 19, 26)
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Cycle Types Orthomorphism

(1, 5, 5, 5, 6, 10) unknown

(1, 5, 9, 17) (0, 15, 28, 7, 24, 5, 2, 9, 19, 17, 6, 14, 30, 23, 22, 18, 10)(1, 12, 29, 11, 21, 16, 4, 8, 20)(3, 13, 31, 25, 26)

(1, 10, 21) (0, 14, 31, 23, 16, 5, 3, 12, 28, 4, 9, 18, 19, 10, 1, 13, 30, 27, 7, 25, 26)(2, 8, 21, 17, 6, 15, 29, 11, 20, 22)

(1, 3, 3, 3, 3, 4, 15) (1, 2, 4, 3)(5, 8, 19, 14, 29, 22, 9, 21, 31, 26, 30, 23, 15, 27, 10)(6, 7, 16)(11, 17, 25)(12, 18, 28)(13, 20, 24)

(1, 3, 5, 11, 12) (0, 5, 13, 24, 23, 11, 20, 31, 12, 27, 10)(1, 7, 21, 15, 25, 9, 16, 30, 3, 4, 6, 2)(8, 22, 14, 26, 19)(17, 29, 28)

(1, 4, 5, 7, 7, 8) (1, 2, 4, 3)(5, 8, 19, 24, 9, 21, 10)(6, 7, 16, 13, 20)(11, 17, 25, 23, 15, 27, 14, 29)(12, 18, 30, 26, 31, 22, 28)

(1, 5, 7, 7, 12) unknown

(1, 3, 3, 3, 4, 18) (1, 2, 4, 3)(5, 8, 19, 6, 7, 16, 13, 20, 11, 17, 31, 22, 14, 29, 23, 28, 24, 10)(9, 21, 25)(12, 18, 26)(15, 27, 30)

(1, 6, 6, 7, 12) unknown

(1, 3, 3, 3, 3, 19) (0, 27, 9, 14, 4, 24, 21, 17, 2, 31, 29, 3, 26, 15, 7, 11, 10, 30, 16)(1, 25, 22)(5, 19, 12)(6, 28, 13)(18, 20, 23)

(1, 4, 4, 10, 13) (1, 2, 4, 3)(5, 8, 19, 25, 12, 18, 30, 23, 15, 27, 9, 21, 10)(6, 7, 16, 13, 20, 28, 24, 14, 29, 22)(11, 17, 31, 26)

(1, 4, 4, 4, 6, 13) (1, 2, 4, 3)(5, 8, 19, 12, 18, 10)(6, 7, 16, 13, 20, 28, 14, 29, 24, 9, 21, 31, 22)(11, 17, 26, 30)(15, 27, 23, 25)

(1, 3, 3, 4, 6, 6, 9) (1, 2, 4, 3)(5, 8, 19, 24, 13, 20, 9, 21, 10)(6, 7, 16)(11, 17, 31, 22, 28, 25)(12, 18, 26, 30, 14, 29)(15, 27, 23)

(1, 6, 9, 16) (0, 24, 30, 19, 15, 4, 27, 10, 29)(1, 26, 12, 6, 31, 17)(2, 28, 14, 7, 8, 11, 9, 13, 5, 16, 3, 25, 21, 18, 23, 22)

(1, 3, 3, 3, 4, 5, 13) (1, 2, 4, 3)(5, 8, 19, 12, 18, 28, 22, 30, 23, 15, 27, 31, 10)(6, 7, 16, 13, 20)(9, 21, 25)(11, 17, 26)(14, 29, 24)

(1, 3, 3, 3, 3, 3, 3, 3, 10) unknown

(1, 13, 18) (0, 13, 29, 8, 22, 1, 14, 28, 7, 26, 3, 15, 30, 24, 19, 9, 17, 5)(2, 11, 23, 20, 21, 18, 16, 6, 12, 31, 27, 4, 10)

(1, 5, 5, 6, 15) unknown

(1, 4, 4, 5, 6, 12) (1, 2, 4, 3)(5, 8, 19, 12, 18, 24, 22, 31, 23, 15, 27, 10)(6, 7, 16, 13, 20)(9, 21, 25, 28)(11, 17, 26, 30, 14, 29)

(1, 5, 5, 5, 16) unknown

(1, 3, 3, 3, 6, 7, 9) (0, 29, 11, 7, 10, 18, 24, 17, 20)(1, 30, 25, 2, 27, 9)(3, 31, 8, 6, 28, 23, 19)(4, 26, 21)(5, 16, 22)(12, 15, 14)

(1, 3, 4, 4, 5, 5, 5, 5) (1, 2, 4, 3)(5, 8, 19, 26, 10)(6, 7, 16, 13, 20)(9, 21, 30, 22)(11, 17, 31, 14, 29)(12, 18, 24, 28, 25)(15, 27, 23)

(1, 3, 3, 3, 3, 3, 3, 13) unknown

(1, 3, 14, 14) (0, 10, 28, 6, 13, 31, 16, 12, 15, 27, 21, 2, 14, 29)(1, 8, 24, 3, 11, 26, 5, 4, 9, 17, 19, 22, 18, 20)(7, 30, 25)

(1, 3, 4, 5, 6, 6, 7) (1, 2, 4, 3)(5, 8, 19, 25, 9, 21, 10)(6, 7, 16, 13, 20)(11, 17, 26, 31, 22, 30)(12, 18, 28, 24, 14, 29)(15, 27, 23)

(1, 3, 4, 10, 14) (1, 2, 4, 3)(5, 8, 19, 25, 11, 17, 31, 9, 21, 10)(6, 7, 16, 13, 20, 24, 28, 12, 18, 26, 15, 27, 30, 23)(14, 29, 22)

(1, 3, 3, 3, 3, 4, 7, 8) (1, 2, 4, 3)(5, 8, 19, 12, 18, 15, 26, 10)(6, 7, 16)(9, 21, 13, 20, 31, 14, 29)(11, 17, 25)(22, 28, 24)(23, 30, 27)

(1, 3, 3, 3, 4, 5, 6, 7) (1, 2, 4, 3)(5, 8, 19, 12, 18, 10)(6, 7, 16, 13, 20)(9, 21, 25, 23, 30, 22, 28)(11, 17, 26)(14, 29, 24)(15, 27, 31)

(1, 3, 3, 12, 13) (0, 31, 6, 30, 11, 5, 18, 2, 25, 10, 16, 20)(1, 28, 21, 7, 8, 4, 24, 9, 3, 29, 26, 17, 23)(12, 13, 15)(19, 27, 22)

(1, 3, 3, 3, 5, 6, 11) (0, 1, 3)(2, 5, 9, 20, 8, 18, 22, 15, 29, 10, 4)(7, 17, 25)(11, 16, 26, 19, 12, 31)(13, 28, 23, 24, 21)(14, 30, 27)

(1, 3, 3, 3, 4, 4, 7, 7) (1, 2, 4, 3)(5, 8, 19, 14, 29, 24, 10)(6, 7, 16)(9, 21, 25, 23, 30, 22, 28)(11, 17, 26)(12, 18, 13, 20)(15, 27, 31)

(1, 4, 5, 10, 12) (1, 2, 4, 3)(5, 8, 19, 24, 11, 17, 14, 22, 31, 10)(6, 7, 16, 13, 20, 26, 30, 15, 25, 28, 12, 18)(9, 21, 29, 23, 27)

(1, 3, 3, 4, 9, 12) (1, 2, 4, 3)(5, 8, 19, 26, 15, 27, 30, 12, 18, 24, 28, 10)(6, 7, 16, 13, 20, 11, 17, 31, 23)(9, 21, 25)(14, 29, 22)

(1, 3, 7, 7, 14) (1, 2, 3)(4, 8, 16, 23, 7, 9, 18)(5, 10, 22, 30, 26, 14, 31)(6, 11, 20, 13, 19, 24, 15, 29, 27, 17, 12, 25, 28, 21)

(1, 4, 4, 4, 4, 5, 10) (1, 2, 4, 3)(5, 8, 19, 24, 10)(6, 7, 16, 25)(9, 21, 13, 20)(11, 17, 31, 23, 27, 30, 15, 26, 14, 29)(12, 18, 22, 28)

(1, 7, 7, 17) (0, 7, 23, 9, 18, 8, 20, 11, 22, 31, 29, 14, 24, 10, 2, 3, 6)(1, 5, 15, 27, 21, 12, 25)(13, 26, 17, 30, 19, 16, 28)

(1, 3, 4, 6, 6, 6, 6) (1, 2, 4, 3)(5, 8, 19, 22, 31, 10)(6, 7, 16, 13, 20, 30)(9, 21, 25, 23, 28, 24)(11, 17, 14, 29, 15, 27)(12, 18, 26)

(1, 7, 12, 12) (0, 22, 11, 12, 4, 17, 31)(1, 21, 9, 10, 25, 3, 20, 24, 26, 30, 14, 7)(2, 16, 29, 18, 19, 8, 13, 6, 23, 15, 5, 27)

(1, 3, 3, 8, 17) (0, 16, 27, 4, 23, 30, 20, 13)(1, 19, 14)(2, 22, 8, 11, 10, 31, 5, 29, 6, 17, 25, 15, 3, 18, 21, 9, 12)(24, 28, 26)

(1, 3, 3, 3, 3, 3, 3, 6, 7) unknown

(1, 3, 4, 5, 5, 7, 7) (1, 2, 4, 3)(5, 8, 19, 24, 9, 21, 10)(6, 7, 16, 13, 20)(11, 17, 31, 15, 27, 23, 30)(12, 18, 26)(14, 29, 25, 28, 22)

(1, 9, 11, 11) (1, 2, 24, 16, 23, 12, 9, 13, 4, 15, 17)(3, 27, 29, 10, 25, 6, 8, 30, 11, 18, 31)(5, 20, 21, 26, 22, 28, 14, 19, 7)

(1, 3, 7, 7, 7, 7) (1, 2, 3)(4, 8, 16, 12, 24, 28, 20)(5, 10, 19, 13, 26, 29, 23)(6, 11, 17, 14, 27, 30, 21)(7, 9, 18, 15, 25, 31, 22)

(1, 4, 4, 4, 4, 4, 5, 6) (1, 2, 4, 3)(5, 8, 19, 22, 30, 10)(6, 7, 16, 25)(9, 21, 13, 20, 24)(11, 17, 31, 27)(12, 18, 15, 26)(14, 29, 23, 28)

(1, 3, 4, 5, 9, 10) (1, 2, 4, 3)(5, 8, 19, 24, 10)(6, 7, 16, 13, 20, 26, 31, 12, 18)(9, 21, 28)(11, 17, 14, 22, 30, 15, 25, 29, 23, 27)

Continued on next page
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Cycle Types Orthomorphism

(1, 4, 4, 4, 4, 5, 5, 5) (1, 2, 4, 3)(5, 8, 19, 24, 10)(6, 7, 16, 25, 23)(9, 21, 13, 20)(11, 17, 14, 29)(12, 18, 30, 22, 28)(15, 26, 31, 27)

(1, 3, 3, 3, 3, 3, 4, 6, 6) (1, 2, 3)(4, 8, 16)(5, 10, 19, 21)(6, 11, 23, 13, 31, 24)(7, 12, 17)(9, 28, 22)(14, 29, 25)(15, 20, 26, 18, 27, 30)

(1, 5, 10, 16) (0, 26, 14, 5, 18, 21, 16, 1, 24, 28, 12, 4, 25, 23, 20, 22)(2, 30, 17, 3, 27, 8, 9, 15, 6, 29)(7, 10, 31, 19, 13)

(1, 3, 3, 5, 5, 7, 8) (1, 2, 3)(4, 8, 16, 12, 22)(5, 10, 29, 26, 31, 20, 28)(6, 11, 24)(7, 9, 18, 13, 25, 15, 30, 23)(14, 27, 17, 21, 19)

(1, 3, 3, 3, 22) (0, 31, 25, 19, 8, 12, 1, 29, 7, 15, 3, 30, 21, 18, 16, 4, 28, 9, 10, 26, 11, 14)(2, 27, 13)(5, 23, 22)(6, 24, 17)

(1, 5, 6, 6, 7, 7) unknown

(1, 4, 4, 4, 6, 6, 7) (1, 2, 4, 3)(5, 8, 19, 12, 18, 10)(6, 7, 16, 13, 20, 24, 22)(9, 21, 28, 25, 15, 27)(11, 17, 26, 30)(14, 29, 23, 31)

(1, 4, 4, 5, 5, 5, 8) (1, 2, 4, 3)(5, 8, 19, 27, 10)(6, 7, 16, 30, 23, 15, 26, 22)(9, 21, 31, 13, 20)(11, 17, 14, 29)(12, 18, 25, 28, 24)

(1, 3, 3, 3, 3, 3, 3, 5, 8) unknown

(1, 3, 4, 4, 6, 14) (1, 2, 4, 3)(5, 8, 19, 12, 18, 22, 24, 14, 29, 15, 27, 23, 31, 10)(6, 7, 16, 13, 20, 30)(9, 21, 28, 25)(11, 17, 26)

(1, 4, 4, 4, 4, 4, 11) (1, 2, 4, 3)(5, 8, 19, 25, 23, 31, 11, 17, 9, 21, 10)(6, 7, 16, 27)(12, 18, 22, 26)(13, 20, 29, 24)(14, 28, 15, 30)

(1, 3, 3, 3, 3, 3, 3, 4, 4, 5) unknown

(1, 3, 3, 5, 6, 6, 8) (0, 1, 3)(2, 5, 9, 20, 10, 4)(7, 17, 25, 14, 30, 27)(8, 18, 22, 15, 29)(11, 16, 26, 23, 24, 19, 12, 31)(13, 28, 21)

(1, 3, 4, 4, 4, 4, 4, 8) (1, 2, 4, 3)(5, 8, 19, 23, 28, 22, 24, 10)(6, 7, 16, 25)(9, 21, 13, 20)(11, 17, 29)(12, 18, 26, 31)(14, 27, 15, 30)

(1, 3, 3, 4, 5, 6, 10) (1, 2, 4, 3)(5, 8, 19, 26, 11, 17, 31, 9, 21, 10)(6, 7, 16, 13, 20)(12, 18, 25)(14, 29, 24, 28, 22, 30)(15, 27, 23)

(1, 3, 4, 12, 12) (1, 2, 4, 3)(5, 8, 19, 22, 14, 29, 15, 27, 11, 17, 31, 10)(6, 7, 16, 13, 20, 30, 23, 28, 24, 9, 21, 25)(12, 18, 26)

(1, 3, 3, 3, 3, 5, 5, 9) (1, 2, 3)(4, 8, 16, 22, 15, 19, 6, 11, 31)(5, 10, 24)(7, 12, 29, 25, 17)(9, 26, 13, 18, 23)(14, 30, 20)(21, 27, 28)

(1, 3, 5, 5, 6, 12) (0, 4, 7, 16, 2)(1, 6, 3, 5, 10, 18, 26, 11, 20, 15, 21, 12)(8, 22, 28)(9, 31, 30, 23, 25)(13, 17, 29, 14, 19, 24)

(1, 4, 4, 4, 5, 7, 7) (1, 2, 4, 3)(5, 8, 19, 24, 9, 21, 10)(6, 7, 16, 28, 25, 13, 20)(11, 17, 31, 27)(12, 18, 15, 26)(14, 29, 23, 30, 22)

(1, 3, 3, 3, 4, 4, 6, 8) (1, 2, 4, 3)(5, 8, 19, 14, 29, 15, 27, 10)(6, 7, 16)(9, 21, 25)(11, 17, 26, 31, 23, 30)(12, 18, 13, 20)(22, 28, 24)

(1, 5, 5, 5, 8, 8) unknown

(1, 3, 3, 3, 4, 5, 5, 8) (1, 2, 4, 3)(5, 8, 19, 14, 29, 12, 18, 10)(6, 7, 16)(9, 21, 31, 15, 27)(11, 17, 24, 13, 20)(22, 30, 26)(23, 28, 25)

(1, 4, 5, 5, 7, 10) (1, 2, 4, 3)(5, 8, 19, 26, 10)(6, 7, 16, 15, 27)(9, 21, 25, 28, 23, 31, 14, 29, 11, 17)(12, 18, 22, 24, 13, 20, 30)

(1, 3, 4, 4, 5, 5, 10) (1, 2, 4, 3)(5, 8, 19, 24, 10)(6, 7, 16, 15, 27)(9, 21, 31, 22, 26, 30, 14, 29, 11, 17)(12, 18, 23, 25)(13, 20, 28)

(1, 3, 3, 4, 4, 5, 12) (1, 2, 4, 3)(5, 8, 19, 12, 18, 28, 22, 31, 23, 15, 27, 10)(6, 7, 16, 13, 20)(9, 21, 25)(11, 17, 26, 30)(14, 29, 24)

(1, 5, 5, 8, 13) unknown

(1, 3, 5, 7, 7, 9) (1, 2, 3)(4, 8, 16, 12, 24, 30, 21)(5, 10, 19, 23, 29, 13, 26, 31, 22)(6, 11, 17, 14, 27, 28, 20)(7, 9, 18, 15, 25)

(1, 3, 3, 3, 3, 5, 6, 8) (1, 2, 3)(4, 8, 16, 13, 20, 17)(5, 10, 21, 6, 11, 23, 9, 30)(7, 12, 29)(14, 28, 27, 19, 26)(15, 31, 25)(18, 24, 22)

(1, 5, 5, 5, 7, 9) unknown

(1, 3, 3, 4, 6, 15) (1, 2, 4, 3)(5, 8, 19, 22, 24, 10)(6, 7, 16, 13, 20, 28, 12, 18, 30, 23, 15, 27, 14, 29, 25)(9, 21, 31)(11, 17, 26)

(1, 3, 3, 4, 6, 7, 8) (1, 2, 4, 3)(5, 8, 19, 12, 18, 10)(6, 7, 16, 13, 20, 26, 22)(9, 21, 31)(11, 17, 25)(14, 29, 24, 28, 23, 30, 15, 27)

(1, 3, 5, 5, 18) (31)(0, 20, 14, 11, 5, 28, 2, 16, 15, 8, 7, 4, 23, 30, 18, 3, 21, 24)(1, 22, 29, 13, 9)(6, 19, 25, 27, 26)(10, 17, 12)

(1, 4, 4, 4, 4, 4, 4, 7) (1, 2, 4, 3)(5, 8, 19, 29, 14, 24, 10)(6, 7, 16, 25)(9, 21, 13, 20)(11, 17, 27, 31)(12, 18, 23, 28)(15, 30, 22, 26)

(1, 3, 3, 3, 3, 4, 4, 5, 6) (1, 2, 4, 3)(5, 8, 19, 27, 23, 10)(6, 7, 16)(9, 21, 28, 25)(11, 17, 31, 13, 20)(12, 18, 24)(14, 29, 22)(15, 26, 30)

(1, 3, 3, 4, 4, 4, 4, 9) (1, 2, 4, 3)(5, 8, 19, 24, 28, 22, 30, 23, 10)(6, 7, 16)(9, 21, 25)(11, 17, 31, 26)(12, 18, 13, 20)(14, 29, 15, 27)

(1, 3, 3, 6, 7, 12) (0, 10, 5, 7, 29, 14, 27, 31, 30, 2, 12, 24)(1, 9, 22, 6, 11, 16)(3, 8, 17)(4, 13, 26)(15, 25, 21, 19, 20, 23, 18)

(1, 9, 22) (0, 24, 22, 2, 28, 14, 7, 8, 11, 9, 13, 5, 16, 3, 25, 20, 19, 15, 4, 27, 10, 29)(1, 26, 12, 6, 31, 30, 18, 23, 17)

(1, 6, 8, 8, 9) (1, 2, 22, 30, 6, 3, 12, 11, 23)(4, 9, 16, 10, 20, 24, 28, 13)(5, 7, 21, 27, 17, 26)(8, 19, 18, 15, 31, 25, 14, 29)

(1, 3, 4, 7, 17) (1, 2, 4, 3)(5, 8, 19, 24, 29, 23, 27, 31, 12, 18, 6, 7, 16, 13, 20, 26, 10)(9, 21, 28)(11, 17, 14, 22, 30, 15, 25)

(1, 4, 5, 6, 16) (1, 2, 4, 3)(5, 8, 19, 12, 18, 25, 9, 21, 28, 24, 14, 29, 23, 15, 27, 10)(6, 7, 16, 13, 20)(11, 17, 31, 26, 22, 30)

(1, 7, 24) (0, 13, 29, 8, 22, 1, 14, 28, 7, 26, 3, 15, 30, 24, 27, 4, 10, 2, 11, 23, 19, 9, 17, 5)(6, 12, 31, 20, 21, 18, 16)

(1, 3, 3, 3, 4, 9, 9) (1, 2, 4, 3)(5, 8, 19, 25, 12, 18, 30, 23, 10)(6, 7, 16)(9, 21, 13, 20, 28, 14, 29, 24, 22)(11, 17, 26)(15, 27, 31)

(1, 3, 6, 6, 6, 10) (1, 2, 3)(4, 8, 16, 7, 12, 31)(5, 10, 28, 14, 27, 21, 19, 15, 17, 24)(6, 11, 26, 29, 9, 25)(13, 20, 30, 22, 18, 23)

(1, 4, 4, 4, 4, 6, 9) (1, 2, 4, 3)(5, 8, 19, 23, 27, 11, 17, 24, 10)(6, 7, 16, 30)(9, 21, 31, 14, 29, 22)(12, 18, 15, 26)(13, 20, 28, 25)

(1, 4, 11, 16) (1, 2, 4, 3)(5, 8, 19, 25, 28, 23, 15, 27, 9, 21, 10)(6, 7, 16, 13, 20, 24, 14, 29, 12, 18, 26, 30, 11, 17, 31, 22)
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(1, 3, 5, 9, 14) (0, 20, 11, 14, 5, 25, 1, 23, 10, 27, 29, 17, 28, 30)(2, 18, 9, 8, 15, 7, 3, 22, 24)(4, 19, 16, 31, 13)(6, 21, 12)

(1, 3, 3, 4, 4, 5, 5, 7) (1, 2, 4, 3)(5, 8, 19, 26, 10)(6, 7, 16, 15, 27)(9, 21, 31, 14, 29, 11, 17)(12, 18, 22, 30)(13, 20, 24)(23, 28, 25)

(1, 7, 7, 7, 10) unknown

(1, 4, 4, 7, 7, 9) (1, 2, 4, 3)(5, 8, 19, 31, 9, 21, 10)(6, 7, 16, 13, 20, 12, 18, 24, 22)(11, 17, 25, 28, 23, 30, 26)(14, 29, 15, 27)

(1, 3, 7, 9, 12) (0, 22, 14, 7, 1, 21, 15, 5, 27, 2, 16, 29)(3, 20, 11, 12, 4, 17, 31)(6, 23, 24, 26, 30, 18, 19, 8, 13)(9, 10, 25)

(1, 3, 5, 6, 7, 10) (0, 28, 10, 19, 24, 9)(1, 31, 25, 3, 30, 22, 18)(2, 26, 16, 23, 5, 17, 20, 4, 27, 21)(6, 29, 8, 7, 11)(12, 14, 13)

(1, 4, 4, 4, 19) (1, 2, 4, 3)(5, 8, 19, 11, 17, 25, 23, 6, 7, 16, 13, 20, 31, 15, 27, 14, 29, 24, 10)(9, 21, 28, 22)(12, 18, 30, 26)

(1, 3, 4, 8, 16) (1, 2, 4, 3)(5, 8, 19, 11, 17, 31, 26, 10)(6, 7, 16, 13, 20, 30, 22, 9, 21, 28, 24, 14, 29, 15, 27, 23)(12, 18, 25)

(1, 3, 3, 3, 3, 3, 4, 4, 8) (1, 2, 4, 3)(5, 8, 19, 12, 18, 15, 31, 10)(6, 7, 16)(9, 21, 30, 27)(11, 17, 24)(13, 20, 28)(14, 26, 22)(23, 29, 25)

(1, 4, 4, 6, 8, 9) (1, 2, 4, 3)(5, 8, 19, 22, 26, 10)(6, 7, 16, 13, 20, 30, 12, 18, 25)(9, 21, 28, 24)(11, 17, 31, 23, 15, 27, 14, 29)

(1, 5, 6, 6, 6, 8) unknown

(1, 3, 4, 6, 8, 10) (1, 2, 4, 3)(5, 8, 19, 12, 18, 23, 31, 15, 27, 10)(6, 7, 16, 13, 20, 30)(9, 21, 28)(11, 17, 26, 22, 24, 14, 29, 25)

(1, 3, 4, 4, 8, 12) (1, 2, 4, 3)(5, 8, 19, 25, 9, 21, 28, 10)(6, 7, 16, 13, 20, 11, 17, 26, 15, 27, 31, 23)(12, 18, 30)(14, 29, 24, 22)

(1, 3, 3, 5, 7, 13) (0, 3, 1)(2, 5, 14, 18, 6)(7, 20, 13, 19, 28, 11, 25, 21, 27, 22, 30, 23, 29)(8, 24, 9, 31, 26, 15, 16)(10, 12, 17)

(1, 5, 5, 7, 7, 7) unknown

(1, 3, 3, 3, 5, 7, 10) (0, 29, 24, 11, 7, 10, 18)(1, 30, 9)(2, 27, 20)(3, 31, 4, 26, 19, 25, 8, 6, 28, 23)(5, 16, 22, 17, 21)(12, 15, 14)

(1, 3, 3, 6, 6, 6, 7) (1, 2, 3)(4, 8, 16, 24, 15, 31)(5, 10, 23, 17, 21, 28)(6, 11, 29, 9, 26, 20)(7, 12, 22)(13, 18, 14, 27, 30, 25, 19)

(1, 6, 6, 6, 13) unknown

(1, 4, 5, 5, 5, 5, 7) (1, 2, 4, 3)(5, 8, 19, 24, 12, 18, 10)(6, 7, 16, 28, 22)(9, 21, 27, 13, 20)(11, 17, 14, 29, 25)(15, 26, 31, 23, 30)

(1, 6, 7, 8, 10) (0, 23, 9, 11, 13, 7)(1, 20, 15, 4, 16, 28, 29, 18, 10, 24)(2, 17, 31, 14, 6, 22, 27, 30)(3, 21, 8, 12, 5, 26, 25)

(1, 3, 3, 3, 3, 3, 4, 4, 4, 4) unknown

(1, 3, 3, 3, 5, 5, 5, 7) unknown

(1, 5, 6, 8, 12) unknown

(1, 5, 7, 8, 11) (0, 4, 7, 20, 13, 25, 2)(1, 6, 3, 5, 12, 26, 22, 10)(8, 23, 29, 15, 24, 16, 31, 14, 27, 11, 21)(9, 17, 28, 18, 19)

(1, 4, 5, 5, 5, 12) (1, 2, 4, 3)(5, 8, 19, 24, 10)(6, 7, 16, 13, 20, 26, 31, 27, 23, 29, 12, 18)(9, 21, 28, 15, 25)(11, 17, 14, 22, 30)

(1, 3, 5, 10, 13) (0, 5, 13, 24, 11, 20, 14, 26, 17, 28, 19, 18, 10)(1, 7, 21, 8, 22, 31, 3, 4, 6, 2)(9, 16, 30, 15, 25)(12, 27, 23)

(1, 3, 3, 3, 4, 4, 14) (1, 2, 4, 3)(5, 8, 19, 14, 29, 13, 20, 30, 22, 9, 21, 28, 24, 10)(6, 7, 16)(11, 17, 31, 26)(12, 18, 25)(15, 27, 23)

(1, 4, 5, 8, 14) (1, 2, 4, 3)(5, 8, 19, 24, 13, 20, 28, 10)(6, 7, 16, 15, 27)(9, 21, 31, 22, 26, 30, 14, 29, 12, 18, 23, 25, 11, 17)

(1, 4, 5, 11, 11) (1, 2, 4, 3)(5, 8, 19, 24, 22, 26, 12, 18, 23, 31, 10)(6, 7, 16, 15, 27)(9, 21, 28, 13, 20, 30, 14, 29, 25, 11, 17)

(1, 3, 6, 11, 11) (0, 21, 31, 19, 24, 7, 5, 29, 30, 15, 9)(1, 23, 12, 11, 4, 22, 27, 26, 3, 20, 28)(2, 17, 13, 8, 6, 18)(10, 16, 14)

(1, 3, 3, 25) (0, 6, 7, 17, 14, 23, 31, 3, 4, 1, 5, 11, 28, 16, 13, 22, 8, 29, 18, 27, 15, 21, 24, 19, 2)(9, 26, 10)(12, 20, 30)

(1, 3, 3, 3, 10, 12) (0, 31, 25, 18, 16, 4, 28, 9, 10, 26, 11, 14)(1, 29, 7, 15, 3, 30, 20, 19, 8, 12)(2, 27, 13)(5, 23, 22)(6, 24, 17)

(1, 3, 4, 4, 5, 6, 9) (1, 2, 4, 3)(5, 8, 19, 31, 23, 25, 12, 18, 10)(6, 7, 16, 13, 20)(9, 21, 28, 22)(11, 17, 26, 30, 15, 27)(14, 29, 24)

(1, 4, 7, 8, 12) (1, 2, 4, 3)(5, 8, 19, 24, 9, 21, 10)(6, 7, 16, 13, 20, 28, 22, 26, 12, 18, 23, 30)(11, 17, 31, 15, 27, 14, 29, 25)

(1, 3, 4, 4, 4, 4, 12) (1, 2, 4, 3)(5, 8, 19, 25, 11, 17, 31, 26, 15, 27, 23, 10)(6, 7, 16)(9, 21, 28, 24)(12, 18, 13, 20)(14, 29, 22, 30)

(1, 3, 3, 5, 10, 10) (1, 2, 3)(4, 8, 16, 23, 28, 26, 14, 31, 12, 25)(5, 10, 22, 6, 11, 20, 30, 7, 9, 18)(13, 19, 27)(15, 29, 24, 17, 21)

(1, 3, 3, 3, 6, 6, 10) (1, 2, 3)(4, 8, 16, 22, 17, 24, 15, 19, 23, 25)(5, 10, 26)(6, 11, 29, 7, 12, 18)(9, 27, 30, 13, 20, 28)(14, 21, 31)

(1, 4, 6, 6, 7, 8) (1, 2, 4, 3)(5, 8, 19, 25, 9, 21, 10)(6, 7, 16, 13, 20, 24, 28, 23)(11, 17, 31, 22, 14, 29)(12, 18, 26, 15, 27, 30)

(1, 3, 4, 4, 6, 7, 7) (1, 2, 4, 3)(5, 8, 19, 12, 18, 24, 10)(6, 7, 16, 13, 20, 28, 23)(9, 21, 25)(11, 17, 31, 22, 14, 29)(15, 27, 30, 26)

(1, 4, 27) (1, 2, 4, 3)(5, 8, 19, 24, 28, 9, 21, 29, 23, 27, 30, 15, 25, 11, 17, 14, 22, 31, 12, 18, 6, 7, 16, 13, 20, 26, 10)

(1, 3, 3, 3, 3, 3, 7, 9) (1, 2, 3)(4, 8, 16, 7, 12, 18, 27, 15, 22)(5, 10, 26)(6, 11, 30, 13, 28, 24, 29)(9, 21, 31)(14, 19, 20)(17, 23, 25)

(1, 3, 4, 5, 19) (1, 2, 4, 3)(5, 8, 19, 24, 22, 26, 12, 18, 23, 30, 14, 29, 25, 11, 17, 9, 21, 31, 10)(6, 7, 16, 15, 27)(13, 20, 28)

(1, 3, 3, 3, 6, 8, 8) (0, 16, 11, 1, 18, 7)(2, 20, 10, 21, 29, 9, 5, 24)(3, 17, 8)(4, 19, 28)(6, 23, 25, 31, 22, 27, 30, 26)(12, 14, 15)

(1, 3, 3, 3, 3, 3, 3, 3, 4, 6) unknown

(1, 3, 3, 6, 6, 13) (1, 2, 3)(4, 8, 16, 12, 22, 19, 5, 10, 29, 26, 28, 14, 27)(6, 11, 24)(7, 9, 18, 15, 30, 23)(13, 25, 17, 21, 31, 20)
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(1, 3, 3, 6, 9, 10) (0, 16, 11, 1, 18, 7)(2, 20, 28, 25, 31, 27, 22, 10, 21, 26)(3, 17, 8)(4, 19, 29, 9, 5, 24, 6, 23, 30)(12, 14, 15)

(1, 3, 3, 4, 4, 4, 5, 8) (1, 2, 4, 3)(5, 8, 19, 25, 28, 9, 21, 10)(6, 7, 16)(11, 17, 24, 22)(12, 18, 26, 30)(13, 20, 31, 14, 29)(15, 27, 23)

(1, 3, 4, 5, 7, 12) (1, 2, 4, 3)(5, 8, 19, 25, 28, 24, 14, 29, 12, 18, 26, 10)(6, 7, 16, 13, 20)(9, 21, 30, 11, 17, 31, 22)(15, 27, 23)

(1, 3, 3, 3, 4, 6, 6, 6) (1, 2, 4, 3)(5, 8, 19, 26, 30, 10)(6, 7, 16)(9, 21, 31, 15, 23, 27)(11, 17, 14, 29, 24, 22)(12, 18, 25)(13, 20, 28)

(1, 3, 4, 5, 8, 11) (1, 2, 4, 3)(5, 8, 19, 12, 18, 24, 9, 21, 25, 28, 10)(6, 7, 16, 13, 20)(11, 17, 31, 23, 30, 26, 15, 27)(14, 29, 22)

(1, 3, 3, 5, 6, 7, 7) (1, 2, 3)(4, 8, 16, 23, 28, 12, 25)(5, 10, 22, 30, 26, 14, 31)(6, 11, 20, 13, 19, 21)(7, 9, 18, 27, 17)(15, 29, 24)

(1, 4, 4, 4, 5, 14) (1, 2, 4, 3)(5, 8, 19, 26, 11, 17, 9, 21, 31, 13, 20, 24, 28, 10)(6, 7, 16, 15, 27)(12, 18, 23, 25)(14, 29, 22, 30)

(1, 3, 4, 6, 9, 9) (1, 2, 4, 3)(5, 8, 19, 26, 22, 24, 9, 21, 10)(6, 7, 16, 13, 20, 30)(11, 17, 25, 12, 18, 23, 28, 14, 29)(15, 27, 31)

(1, 4, 4, 6, 6, 11) (1, 2, 4, 3)(5, 8, 19, 12, 18, 10)(6, 7, 16, 13, 20, 30, 26, 11, 17, 24, 22)(9, 21, 25, 28, 23, 31)(14, 29, 15, 27)

(1, 3, 4, 6, 6, 12) (1, 2, 4, 3)(5, 8, 19, 24, 28, 10)(6, 7, 16, 13, 20, 11, 17, 31, 22, 14, 29, 23)(9, 21, 25)(12, 18, 26, 15, 27, 30)

(1, 3, 3, 4, 4, 4, 13) (1, 2, 4, 3)(5, 8, 19, 6, 7, 16, 13, 20, 26, 31, 9, 21, 10)(11, 17, 25)(12, 18, 24, 28)(14, 29, 22)(15, 27, 23, 30)

(1, 3, 3, 5, 20) (0, 31, 6, 30, 10, 16, 20, 7, 8, 4, 24, 9, 3, 29, 26, 17, 23, 1, 28, 21)(2, 25, 11, 5, 18)(12, 13, 15)(19, 27, 22)

(1, 3, 5, 7, 16) (1, 2, 3)(4, 8, 16, 23, 30)(5, 10, 22, 6, 11, 20, 28, 15, 29, 27, 13, 19, 7, 9, 18, 24)(12, 25, 14, 31, 26, 17, 21)

(1, 7, 9, 15) (0, 28, 10, 25, 17, 5, 20, 16, 7, 12, 2, 24, 26, 8, 15)(1, 30, 23, 18, 19, 11, 13)(3, 29, 4, 31, 21, 22, 6, 27, 14)

(1, 6, 7, 9, 9) (1, 2, 4, 14, 18, 29, 16, 27, 26)(3, 19, 12, 9, 28, 20)(5, 24, 6, 10, 25, 23, 13, 21, 7)(8, 17, 22, 31, 11, 15, 30)

(1, 6, 10, 15) (0, 9, 28, 3, 8, 26, 31, 19, 30, 29)(1, 11, 24, 4, 10, 12, 23, 7, 25, 15, 21, 2, 13, 20, 5)(6, 14, 22, 17, 16, 18)

(1, 4, 4, 8, 15) (1, 2, 4, 3)(5, 8, 19, 23, 30, 6, 7, 16, 13, 20, 28, 12, 18, 24, 10)(9, 21, 25, 15, 27, 14, 29, 22)(11, 17, 31, 26)

(1, 5, 8, 18) (0, 17, 24, 27, 4, 22, 12, 3, 19, 15, 2, 23, 31, 8, 10, 30, 21, 14)(1, 18, 20, 9, 13)(5, 28, 25, 7, 6, 16, 26, 29)

(1, 3, 3, 3, 6, 16) (0, 16, 11, 1, 18, 7)(2, 20, 28, 25, 31, 27, 22, 10, 21, 26, 4, 19, 29, 9, 5, 24)(3, 17, 8)(6, 23, 30)(12, 14, 15)

(1, 5, 5, 6, 7, 8) unknown

(1, 3, 5, 6, 17) (0, 25, 22, 16, 2, 29)(1, 27, 23, 19, 20, 3, 24, 11, 8, 10, 28, 13, 4, 26, 15, 5, 17)(6, 30, 31, 18, 14)(7, 9, 12)

(1, 4, 4, 4, 4, 7, 8) (1, 2, 4, 3)(5, 8, 19, 23, 30, 12, 18, 10)(6, 7, 16, 27)(9, 21, 31, 15, 26, 22, 24)(11, 17, 14, 29)(13, 20, 28, 25)

(1, 3, 9, 9, 10) (1, 2, 3)(4, 8, 16, 12, 24, 29, 15, 25, 31, 20)(5, 10, 19, 23, 6, 11, 17, 14, 27)(7, 9, 18, 21, 28, 22, 30, 13, 26)

(1, 5, 8, 8, 10) unknown

(1, 6, 25) (0, 9, 21, 17, 1, 10, 6, 8, 18, 20, 22, 5, 4, 14, 24, 31, 16, 2, 15, 26, 7, 30, 29, 12, 27)(3, 11, 19, 13, 25, 28)

(1, 3, 4, 4, 4, 16) (1, 2, 4, 3)(5, 8, 19, 24, 22, 6, 7, 16, 13, 20, 11, 17, 9, 21, 31, 10)(12, 18, 26)(14, 29, 25, 28)(15, 27, 23, 30)

(1, 3, 3, 3, 3, 3, 4, 5, 7) unknown

(1, 3, 3, 3, 3, 5, 14) (0, 3, 1)(2, 5, 14, 18, 6)(7, 20, 30)(8, 24, 9, 31, 22, 27, 23, 13, 19, 29, 21, 26, 15, 16)(10, 12, 17)(11, 25, 28)

(1, 4, 4, 23) (1, 2, 4, 3)(5, 8, 19, 25, 11, 17, 31, 22, 6, 7, 16, 13, 20, 28, 23, 15, 27, 14, 29, 24, 9, 21, 10)(12, 18, 30, 26)

(1, 4, 4, 6, 7, 10) (1, 2, 4, 3)(5, 8, 19, 12, 18, 10)(6, 7, 16, 13, 20, 24, 9, 21, 31, 22)(11, 17, 25, 23, 28, 14, 29)(15, 27, 30, 26)

(1, 3, 4, 4, 4, 5, 5, 6) (1, 2, 4, 3)(5, 8, 19, 24, 10)(6, 7, 16, 30)(9, 21, 31, 22)(11, 17, 12, 18, 23, 27)(13, 20, 28)(14, 29, 25, 15, 26)

(1, 3, 3, 3, 5, 17) (0, 27, 14, 10, 20, 21, 3, 25, 13, 11, 1, 24, 17, 18, 30, 15, 8)(2, 29, 31)(4, 28, 19)(5, 22, 6, 26, 23)(7, 12, 9)

(1, 3, 4, 5, 5, 6, 8) (1, 2, 4, 3)(5, 8, 19, 24, 10)(6, 7, 16)(9, 21, 25, 28, 22)(11, 17, 31, 23, 30, 26)(12, 18, 15, 27, 14, 29, 13, 20)

(1, 3, 5, 5, 5, 5, 8) unknown

(1, 5, 8, 9, 9) (0, 20, 12, 6, 21, 11, 14, 5, 25)(1, 23, 10, 27, 29, 17, 28, 30)(2, 18, 9, 8, 15, 7, 3, 22, 24)(4, 19, 16, 31, 13)

(1, 4, 4, 4, 7, 12) (1, 2, 4, 3)(5, 8, 19, 11, 17, 24, 22, 28, 25, 9, 21, 10)(6, 7, 16, 13, 20, 31, 23)(12, 18, 30, 26)(14, 29, 15, 27)

(1, 3, 28) (0, 8, 27, 26, 28, 30, 2, 12, 22, 18, 7, 24, 6, 15, 20, 3, 9, 29, 16, 19, 31, 14, 23, 1, 10, 13, 21, 5)(4, 11, 25)

(1, 3, 5, 5, 5, 13) (1, 2, 3)(4, 8, 16, 12, 22)(5, 10, 29, 23, 31, 15, 30, 21, 17, 20, 19, 26, 28)(6, 11, 24, 14, 27)(7, 9, 18, 13, 25)

(1, 4, 4, 6, 17) (1, 2, 4, 3)(5, 8, 19, 6, 7, 16, 13, 20, 24, 14, 29, 23, 15, 27, 9, 21, 10)(11, 17, 31, 22, 30, 26)(12, 18, 25, 28)

(1, 8, 8, 15) (0, 23, 30, 28, 1, 21, 29, 15, 11, 6, 16, 12, 9, 2, 19)(3, 22, 13, 10, 18, 24, 25, 26)(4, 20, 27, 5, 31, 17, 14, 8)

(1, 5, 6, 6, 14) unknown

(1, 5, 5, 5, 5, 5, 6) unknown

(1, 4, 4, 4, 9, 10) (1, 2, 4, 3)(5, 8, 19, 24, 14, 29, 23, 15, 27, 10)(6, 7, 16, 13, 20, 11, 17, 31, 22)(9, 21, 25, 28)(12, 18, 26, 30)

(1, 3, 3, 11, 14) (0, 27, 9, 14, 4, 24, 21, 22, 1, 25, 23, 18, 20, 16)(2, 31, 29, 3, 26, 15, 7, 11, 10, 30, 17)(5, 19, 12)(6, 28, 13)

(1, 3, 3, 7, 7, 11) (0, 30, 26, 18, 27, 11, 4, 25, 8, 5, 19)(1, 29, 10, 17, 23, 16, 21)(2, 24, 20, 6, 31, 7, 9)(3, 28, 22)(13, 14, 15)
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(1, 3, 3, 4, 10, 11) (1, 2, 4, 3)(5, 8, 19, 11, 17, 31, 15, 27, 9, 21, 10)(6, 7, 16, 13, 20, 28, 22, 26, 30, 23)(12, 18, 25)(14, 29, 24)

(1, 3, 3, 4, 5, 8, 8) (1, 2, 4, 3)(5, 8, 19, 24, 10)(6, 7, 16)(9, 21, 28, 25, 12, 18, 13, 20)(11, 17, 31, 14, 29, 23, 15, 27)(22, 30, 26)

(1, 3, 12, 16) (0, 21, 31, 19, 2, 17, 12, 11, 4, 22, 15, 9)(1, 23, 28, 3, 20, 25, 24, 27, 7, 5, 29, 13, 8, 6, 18, 26)(10, 16, 14)

(1, 3, 3, 3, 3, 3, 4, 12) (1, 2, 4, 3)(5, 8, 19, 12, 18, 15, 31, 27, 30, 23, 25, 10)(6, 7, 16)(9, 21, 29)(11, 17, 26)(13, 20, 24)(14, 28, 22)

(1, 6, 8, 17) (0, 18, 12, 23, 15, 3, 19, 14, 5, 28, 30, 1, 16, 20, 25, 31, 8)(2, 22, 10, 4, 17, 11)(6, 21, 26, 29, 24, 27, 13, 7)

(1, 3, 5, 5, 9, 9) (1, 2, 3)(4, 8, 16, 23, 30, 27, 6, 11, 20)(5, 10, 22, 28, 24, 15, 29, 14, 31)(7, 9, 18, 26, 17)(12, 25, 13, 19, 21)

(1, 3, 8, 10, 10) (0, 5, 13, 24, 23, 15, 25, 10)(1, 7, 21, 9, 16, 30, 3, 4, 6, 2)(8, 22, 12, 27, 11, 20, 31, 14, 26, 19)(17, 29, 28)

(1, 3, 3, 3, 4, 6, 12) (1, 2, 4, 3)(5, 8, 19, 12, 18, 10)(6, 7, 16, 13, 20, 26, 22, 28, 9, 21, 30, 23)(11, 17, 25)(14, 29, 24)(15, 27, 31)

(1, 5, 13, 13) (0, 4, 3, 6, 5, 9, 24, 10, 11, 30, 14, 21, 29)(1, 7, 19, 26, 12, 22, 8, 31, 16, 15, 23, 28, 18)(13, 20, 25, 27, 17)

(1, 4, 4, 9, 14) (1, 2, 4, 3)(5, 8, 19, 11, 17, 31, 22, 30, 26, 15, 27, 9, 21, 10)(6, 7, 16, 13, 20, 24, 14, 29, 23)(12, 18, 25, 28)

(1, 3, 3, 5, 5, 5, 10) (1, 2, 3)(4, 8, 16, 12, 22)(5, 10, 29, 20, 19, 23, 28, 26, 31, 21)(6, 11, 24)(7, 9, 18, 15, 30)(13, 25, 17, 14, 27)

(1, 3, 3, 3, 5, 8, 9) (1, 2, 3)(4, 8, 16, 23, 30)(5, 10, 22)(6, 11, 20, 13, 19, 24, 15, 29, 27)(7, 9, 18, 26, 14, 31, 21, 17)(12, 25, 28)

(1, 3, 4, 5, 5, 5, 9) (1, 2, 4, 3)(5, 8, 19, 26, 10)(6, 7, 16)(9, 21, 25, 28, 24)(11, 17, 31, 23, 15, 27, 14, 29, 22)(12, 18, 13, 20, 30)

(1, 3, 4, 7, 8, 9) (1, 2, 4, 3)(5, 8, 19, 25, 9, 21, 10)(6, 7, 16, 13, 20, 24, 28, 23)(11, 17, 31, 22, 14, 29, 15, 27, 30)(12, 18, 26)

(1, 7, 10, 14) (0, 24, 13, 8, 3, 26, 20)(1, 27, 17, 16, 19, 28, 14, 9, 4, 31, 29, 12, 10, 23)(2, 30, 18, 5, 21, 6, 25, 7, 15, 11)

(1, 3, 3, 4, 21) (1, 2, 4, 3)(5, 8, 19, 25, 11, 17, 31, 15, 27, 30, 23, 6, 7, 16, 13, 20, 24, 28, 9, 21, 10)(12, 18, 26)(14, 29, 22)

(1, 3, 3, 3, 3, 3, 5, 11) unknown

(1, 3, 4, 4, 20) (1, 2, 4, 3)(5, 8, 19, 25, 11, 17, 31, 14, 29, 22, 6, 7, 16, 13, 20, 24, 28, 9, 21, 10)(12, 18, 26)(15, 27, 30, 23)

(1, 3, 5, 6, 6, 11) (1, 2, 3)(4, 8, 16, 23, 30)(5, 10, 22, 15, 29, 21)(6, 11, 20, 7, 9, 18)(12, 25, 28, 26, 13, 19, 24, 14, 31, 27, 17)

(1, 4, 6, 10, 11) (1, 2, 4, 3)(5, 8, 19, 12, 18, 26, 11, 17, 31, 10)(6, 7, 16, 13, 20, 24, 14, 29, 25, 28, 22)(9, 21, 30, 23, 15, 27)

(1, 3, 4, 4, 5, 7, 8) (1, 2, 4, 3)(5, 8, 19, 26, 11, 17, 31, 10)(6, 7, 16, 13, 20)(9, 21, 30, 22)(12, 18, 24, 14, 29, 25, 28)(15, 27, 23)

(1, 4, 9, 18) (1, 2, 4, 3)(5, 8, 19, 24, 11, 17, 14, 22, 31, 15, 25, 28, 9, 21, 29, 23, 27, 10)(6, 7, 16, 13, 20, 26, 30, 12, 18)

(1, 3, 3, 4, 5, 5, 5, 6) (1, 2, 4, 3)(5, 8, 19, 12, 18, 10)(6, 7, 16)(9, 21, 25, 13, 20)(11, 17, 27)(14, 29, 15, 26, 31)(22, 30, 23, 28, 24)

(1, 4, 10, 17) (1, 2, 4, 3)(5, 8, 19, 24, 9, 21, 29, 15, 25, 10)(6, 7, 16, 13, 20, 26, 31, 27, 23, 30, 11, 17, 14, 22, 28, 12, 18)

(1, 3, 3, 3, 5, 5, 12) (0, 27, 21, 22, 16)(1, 25, 20)(2, 31, 29)(3, 26, 9, 14, 4, 24, 15, 7, 11, 10, 30, 17)(5, 19, 23, 18, 12)(6, 28, 13)

(1, 4, 5, 6, 7, 9) (1, 2, 4, 3)(5, 8, 19, 25, 9, 21, 10)(6, 7, 16, 13, 20)(11, 17, 26, 22, 31, 23, 15, 27, 30)(12, 18, 28, 24, 14, 29)

(1, 4, 4, 5, 9, 9) (1, 2, 4, 3)(5, 8, 19, 24, 9, 21, 25, 28, 10)(6, 7, 16, 13, 20, 11, 17, 31, 22)(12, 18, 26, 30)(14, 29, 23, 15, 27)

(1, 3, 3, 9, 16) (0, 29, 11, 7, 10, 18, 24, 17, 20)(1, 30, 25, 8, 6, 28, 23, 19, 3, 31, 4, 26, 21, 2, 27, 9)(5, 16, 22)(12, 15, 14)

(1, 4, 7, 7, 13) (1, 2, 4, 3)(5, 8, 19, 24, 9, 21, 10)(6, 7, 16, 13, 20, 28, 22)(11, 17, 31, 26, 12, 18, 30, 23, 15, 27, 14, 29, 25)

(1, 3, 3, 3, 4, 8, 10) (1, 2, 4, 3)(5, 8, 19, 22, 30, 12, 18, 10)(6, 7, 16, 13, 20, 24, 14, 29, 23, 25)(9, 21, 28)(11, 17, 26)(15, 27, 31)

(1, 3, 4, 4, 4, 4, 4, 4, 4) unknown

(1, 4, 6, 6, 6, 9) (1, 2, 4, 3)(5, 8, 19, 31, 26, 10)(6, 7, 16, 13, 20, 30, 11, 17, 25)(9, 21, 28, 23, 15, 27)(12, 18, 22, 24, 14, 29)

(1, 3, 6, 7, 7, 8) (0, 18, 5, 26, 6, 21, 24)(1, 16, 9, 7, 2, 22, 8)(3, 19, 31, 25, 29, 11)(4, 17, 10, 23, 28, 27, 20, 30)(13, 15, 14)

(1, 3, 5, 8, 15) (0, 9, 28, 31, 3, 8, 26, 27, 15, 21, 5, 1, 11, 24, 29)(2, 13, 20)(4, 10, 12, 23, 16, 18, 30, 19)(6, 14, 22, 7, 25)

(1, 3, 3, 3, 3, 3, 3, 3, 3, 3, 4) unknown

(1, 5, 12, 14) (0, 22, 9, 10, 25)(1, 21, 15, 5, 27, 3, 20, 24, 28, 30, 14, 7)(2, 16, 29, 18, 19, 8, 13, 6, 23, 11, 12, 4, 17, 31)

(1, 5, 5, 10, 11) (0, 17, 24, 31, 5, 28, 4, 22, 29, 21, 14)(1, 18, 20, 9, 13)(2, 23, 8, 10, 30, 27, 12, 3, 19, 15)(6, 16, 26, 25, 7)

(1, 3, 7, 8, 13) (0, 29, 24, 11, 7, 10, 18)(1, 30, 8, 6, 28, 23, 3, 31, 4, 26, 19, 25, 9)(2, 27, 20, 5, 16, 22, 17, 21)(12, 15, 14)

(1, 4, 7, 9, 11) (1, 2, 4, 3)(5, 8, 19, 24, 29, 23, 27, 31, 10)(6, 7, 16, 13, 20, 26, 9, 21, 28, 12, 18)(11, 17, 14, 22, 30, 15, 25)

(1, 4, 4, 5, 6, 6, 6) (1, 2, 4, 3)(5, 8, 19, 12, 18, 10)(6, 7, 16, 13, 20)(9, 21, 25, 28)(11, 17, 26, 30, 15, 27)(14, 29, 23, 31, 22, 24)

(1, 4, 6, 7, 7, 7) (1, 2, 4, 3)(5, 8, 19, 25, 9, 21, 10)(6, 7, 16, 30, 27, 13, 20)(11, 17, 24, 28, 23, 31)(12, 18, 15, 26, 22, 14, 29)

(1, 4, 4, 4, 4, 15) (1, 2, 4, 3)(5, 8, 19, 23, 31, 22, 11, 17, 27, 13, 20, 24, 9, 21, 10)(6, 7, 16, 30)(12, 18, 25, 28)(14, 29, 15, 26)

(1, 3, 3, 3, 3, 7, 12) (1, 2, 3)(4, 8, 16, 20, 17, 27, 19, 26, 14, 28, 15, 18)(5, 10, 21)(6, 11, 23, 9, 30, 25, 31)(7, 12, 29)(13, 24, 22)

(1, 3, 3, 4, 4, 7, 10) (1, 2, 4, 3)(5, 8, 19, 24, 9, 21, 10)(6, 7, 16, 13, 20, 30, 11, 17, 31, 22)(12, 18, 26)(14, 29, 25, 28)(15, 27, 23)

(1, 3, 3, 4, 4, 4, 4, 4, 5) (1, 2, 4, 3)(5, 8, 19, 25, 10)(6, 7, 16)(9, 21, 29)(11, 17, 24, 22)(12, 18, 13, 20)(14, 28, 23, 27)(15, 31, 26, 30)
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(1, 5, 5, 6, 6, 9) unknown

(1, 3, 3, 3, 4, 4, 5, 9) (1, 2, 4, 3)(5, 8, 19, 11, 17, 12, 18, 26, 10)(6, 7, 16)(9, 21, 31, 22)(13, 20, 24)(14, 29, 25, 23, 28)(15, 27, 30)

(1, 15, 16) (0, 24, 14, 9, 4, 31, 1, 27, 17, 16, 19, 28, 18, 5, 21)(2, 30, 12, 10, 23, 6, 25, 13, 8, 3, 26, 22, 20, 7, 15, 11)

(1, 4, 4, 4, 8, 11) (1, 2, 4, 3)(5, 8, 19, 12, 18, 25, 11, 17, 24, 28, 10)(6, 7, 16, 30, 27, 15, 26, 22)(9, 21, 13, 20)(14, 29, 23, 31)

(1, 3, 3, 4, 5, 16) (1, 2, 4, 3)(5, 8, 19, 12, 18, 26, 30, 11, 17, 31, 22, 28, 23, 15, 27, 10)(6, 7, 16, 13, 20)(9, 21, 25)(14, 29, 24)

(1, 3, 3, 3, 9, 13) (0, 12, 18, 27, 2, 8, 31, 7, 28, 6, 11, 29, 21)(1, 14, 19)(3, 13, 17, 20, 5, 4, 15, 16, 23)(9, 25, 10)(24, 26, 30)

(1, 3, 3, 4, 4, 4, 6, 7) (1, 2, 4, 3)(5, 8, 19, 25, 9, 21, 10)(6, 7, 16)(11, 17, 31, 26)(12, 18, 15, 27, 23, 30)(13, 20, 28, 24)(14, 29, 22)

(1, 7, 11, 13) (0, 6, 1, 4, 5, 14, 25, 11, 23, 8, 21, 12, 24)(3, 7, 22, 28, 16, 29, 30, 13, 27, 20, 10)(9, 19, 17, 31, 15, 26, 18)

(1, 3, 4, 4, 4, 4, 5, 7) (1, 2, 4, 3)(5, 8, 19, 25, 23, 31, 10)(6, 7, 16)(9, 21, 28, 24)(11, 17, 26, 22)(12, 18, 13, 20)(14, 29, 15, 27, 30)

(1, 3, 3, 7, 18) (0, 4, 3, 6, 5, 9, 24, 18, 25, 17, 12, 22, 8, 31, 29, 1, 7, 19)(10, 11, 30, 16, 15, 23, 26)(13, 20, 27)(14, 21, 28)

(1, 3, 3, 4, 4, 6, 11) (1, 2, 4, 3)(5, 8, 19, 12, 18, 10)(6, 7, 16)(9, 21, 31, 15, 27, 23, 30, 22, 24, 13, 20)(11, 17, 26)(14, 29, 25, 28)

(1, 3, 5, 5, 5, 6, 7) (1, 2, 3)(4, 8, 16, 12, 22)(5, 10, 29, 26, 17, 20, 28)(6, 11, 24, 14, 27)(7, 9, 18, 13, 25)(15, 30, 23, 19, 21, 31)

(1, 5, 5, 7, 14) (0, 15, 19, 2, 11, 30, 9, 26, 29, 22, 6, 8, 28, 25)(1, 13, 18, 24, 27)(3, 14, 16, 20, 21)(4, 12, 17, 23, 5, 7, 31)

(1, 3, 3, 6, 19) (0, 28, 22, 16, 23, 2, 26, 18, 1, 31, 5, 17, 20, 4, 27, 21, 3, 30, 9)(6, 29, 25, 8, 7, 11)(10, 19, 24)(12, 14, 13)

(1, 3, 3, 4, 4, 8, 9) (1, 2, 4, 3)(5, 8, 19, 14, 29, 13, 20, 24, 10)(6, 7, 16)(9, 21, 28, 22)(11, 17, 31, 23, 15, 27, 30, 26)(12, 18, 25)

(1, 3, 3, 3, 4, 7, 11) (1, 2, 4, 3)(5, 8, 19, 12, 18, 24, 10)(6, 7, 16)(9, 21, 25)(11, 17, 31, 26, 30, 23, 15, 27, 14, 29, 22)(13, 20, 28)

(1, 5, 6, 20) (0, 3, 2, 7, 19, 20, 15, 31, 5, 11, 18, 12, 29, 27, 17, 26, 23, 10, 6, 4)(8, 16, 24, 13, 30)(9, 22, 25, 14, 28, 21)

(1, 5, 5, 21) (0, 17, 24, 29, 5, 28, 27, 4, 22, 12, 3, 19, 15, 2, 23, 31, 8, 10, 30, 21, 14)(1, 18, 20, 9, 13)(6, 16, 26, 25, 7)

(1, 5, 26) (0, 24, 14, 9, 4, 31, 1, 27, 17, 16, 19, 28, 18, 5, 21, 7, 15, 11, 2, 30, 13, 8, 3, 26, 22, 20)(6, 25, 12, 10, 23)

(1, 4, 5, 5, 8, 9) (1, 2, 4, 3)(5, 8, 19, 26, 12, 18, 23, 31, 10)(6, 7, 16, 15, 27)(9, 21, 25, 11, 17)(13, 20, 30, 14, 29, 22, 24, 28)

(1, 3, 4, 5, 6, 13) (1, 2, 4, 3)(5, 8, 19, 12, 18, 28, 24, 14, 29, 23, 15, 27, 10)(6, 7, 16, 13, 20)(9, 21, 25)(11, 17, 26, 31, 22, 30)

(1, 6, 12, 13) (0, 10, 15, 22, 16, 17, 19, 29, 18, 5, 2, 14, 21)(1, 8, 25, 7, 26, 30)(3, 11, 27, 24, 12, 20, 6, 13, 23, 4, 9, 31)

(1, 11, 20) (0, 16, 27, 25, 4, 23, 9, 12, 2, 22, 28, 26, 30, 5, 29, 21, 15, 3, 18, 13)(1, 19, 20, 8, 11, 10, 31, 6, 17, 24, 14)

(1, 3, 4, 7, 7, 10) (1, 2, 4, 3)(5, 8, 19, 11, 17, 24, 10)(6, 7, 16, 13, 20, 28, 12, 18, 23, 25)(9, 21, 31)(14, 29, 22, 26, 30, 15, 27)

(1, 4, 4, 5, 18) (1, 2, 4, 3)(5, 8, 19, 6, 7, 16, 13, 20, 24, 28, 12, 18, 25, 15, 27, 9, 21, 10)(11, 17, 31, 26)(14, 29, 23, 30, 22)

(1, 3, 3, 3, 3, 6, 6, 7) (1, 2, 3)(4, 8, 16, 30, 15, 22, 17)(5, 10, 24, 28, 26, 31)(6, 11, 21)(7, 12, 23)(9, 20, 29)(13, 27, 19, 25, 14, 18)

(1, 4, 5, 22) (1, 2, 4, 3)(5, 8, 19, 24, 10)(6, 7, 16, 13, 20, 26, 30, 15, 25, 28, 9, 21, 29, 23, 27, 11, 17, 14, 22, 31, 12, 18)

(1, 3, 6, 6, 8, 8) (1, 2, 3)(4, 8, 16, 5, 10, 28, 14, 31)(6, 11, 23, 25, 30, 22)(7, 12, 21, 17, 27, 15, 24, 29)(9, 20, 18, 13, 19, 26)

(1, 4, 4, 7, 8, 8) (1, 2, 4, 3)(5, 8, 19, 25, 28, 9, 21, 10)(6, 7, 16, 13, 20, 31, 23)(11, 17, 24, 22, 14, 29, 15, 27)(12, 18, 30, 26)

(1, 9, 9, 13) (0, 18, 23, 15, 1, 17, 27, 7, 5, 31, 6, 19, 12)(2, 20, 28, 26, 30, 10, 29, 22, 13)(3, 16, 25, 4, 21, 11, 8, 9, 14)

(1, 3, 3, 3, 3, 4, 5, 5, 5) (1, 2, 3)(4, 8, 16)(5, 10, 17, 15, 21)(6, 11, 23)(7, 12, 19, 26, 18)(9, 20, 13, 31)(14, 25, 29)(22, 28, 27, 30, 24)

(1, 3, 3, 3, 3, 3, 3, 4, 9) unknown

(1, 5, 6, 9, 11) (1, 2, 27, 18, 10)(3, 11, 28, 13, 7, 23, 16, 21, 19, 30, 12)(4, 8, 9, 31, 29, 25)(5, 22, 24, 6, 26, 15, 20, 14, 17)

(1, 3, 4, 11, 13) (1, 2, 4, 3)(5, 8, 19, 24, 29, 23, 27, 31, 15, 25, 10)(6, 7, 16, 13, 20, 26, 11, 17, 14, 22, 30, 12, 18)(9, 21, 28)

(1, 3, 6, 8, 14) (0, 25, 13, 9, 5, 20, 1, 26, 23, 7, 14, 8, 2, 31)(3, 27, 16, 18, 4, 30, 12, 11)(6, 24, 15, 10, 22, 21)(19, 29, 28)

(1, 3, 4, 4, 9, 11) (1, 2, 4, 3)(5, 8, 19, 12, 18, 25, 28, 24, 10)(6, 7, 16)(9, 21, 13, 20)(11, 17, 31, 14, 29, 23, 30, 22, 26, 15, 27)

(1, 3, 6, 7, 15) (0, 18, 29, 10, 23, 27)(1, 16, 9, 7, 2, 22, 8)(3, 19, 5, 26, 6, 21, 31, 20, 25, 30, 24, 28, 4, 17, 11)(13, 15, 14)

(1, 3, 6, 6, 16) (0, 21, 25, 26, 7, 5, 29, 12, 11, 4, 22, 28, 3, 20, 15, 9)(1, 23, 31, 30, 19, 24)(2, 17, 13, 8, 6, 18)(10, 16, 14)

(1, 4, 4, 11, 12) (1, 2, 4, 3)(5, 8, 19, 6, 7, 16, 13, 20, 24, 9, 21, 10)(11, 17, 31, 22, 14, 29, 23, 28, 25, 15, 27)(12, 18, 26, 30)

(1, 3, 4, 4, 4, 7, 9) (1, 2, 4, 3)(5, 8, 19, 25, 11, 17, 31, 23, 10)(6, 7, 16)(9, 21, 28, 24)(12, 18, 13, 20)(14, 29, 22, 26, 15, 27, 30)

(1, 4, 7, 10, 10) (1, 2, 4, 3)(5, 8, 19, 12, 18, 24, 10)(6, 7, 16, 13, 20, 28, 9, 21, 30, 23)(11, 17, 31, 26, 22, 14, 29, 25, 15, 27)

(1, 3, 8, 8, 12) (0, 17, 25, 4, 22, 29, 20, 14)(1, 18, 12, 3, 19, 21, 9, 13)(2, 23, 15)(5, 28, 27, 24, 7, 6, 16, 26, 31, 8, 10, 30)

(1, 3, 3, 3, 3, 8, 11) (0, 1, 3)(2, 5, 9, 20, 8, 18, 22, 15, 29, 10, 4)(7, 17, 25)(11, 16, 26, 23, 24, 19, 12, 31)(13, 28, 21)(14, 30, 27)

(1, 5, 7, 9, 10) (0, 15, 19, 2, 11, 30, 9, 26, 25)(1, 13, 18, 24, 29, 22, 6, 8, 28, 27)(3, 14, 16, 20, 21)(4, 12, 17, 23, 5, 7, 31)

(1, 6, 6, 9, 10) unknown
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(1, 12, 19) (0, 23, 30, 29, 15, 11, 6, 16, 12, 9, 2, 19)(1, 21, 26, 3, 22, 13, 10, 18, 24, 25, 27, 5, 31, 17, 14, 8, 4, 20, 28)

(1, 3, 4, 4, 4, 8, 8) (1, 2, 4, 3)(5, 8, 19, 12, 18, 15, 27, 10)(6, 7, 16)(9, 21, 28, 25)(11, 17, 26, 30)(13, 20, 24, 22, 14, 29, 23, 31)

(1, 4, 5, 5, 17) (1, 2, 4, 3)(5, 8, 19, 24, 13, 20, 26, 30, 14, 29, 12, 18, 23, 31, 22, 28, 10)(6, 7, 16, 15, 27)(9, 21, 25, 11, 17)

(1, 3, 5, 6, 8, 9) (0, 28, 20, 4, 27, 9)(1, 31, 5, 17, 21, 3, 30, 24, 22)(2, 26, 16, 23, 18, 25, 10, 19)(6, 29, 8, 7, 11)(12, 14, 13)

(1, 3, 4, 4, 4, 6, 10) (1, 2, 4, 3)(5, 8, 19, 14, 29, 23, 31, 22, 24, 10)(6, 7, 16)(9, 21, 25, 28)(11, 17, 26, 30, 15, 27)(12, 18, 13, 20)

(1, 3, 4, 4, 6, 6, 8) (1, 2, 4, 3)(5, 8, 19, 12, 18, 10)(6, 7, 16)(9, 21, 31, 26, 15, 27)(11, 17, 25, 23, 30, 14, 29, 22)(13, 20, 24, 28)

(1, 3, 4, 8, 8, 8) (1, 2, 4, 3)(5, 8, 19, 14, 29, 12, 18, 10)(6, 7, 16)(9, 21, 28, 24, 13, 20, 30, 22)(11, 17, 26, 31, 15, 27, 23, 25)

(1, 3, 3, 4, 4, 5, 6, 6) (1, 2, 4, 3)(5, 8, 19, 12, 18, 10)(6, 7, 16, 13, 20)(9, 21, 25, 28)(11, 17, 26)(14, 29, 23, 30, 22, 24)(15, 27, 31)

(1, 4, 5, 6, 8, 8) (1, 2, 4, 3)(5, 8, 19, 31, 23, 15, 27, 10)(6, 7, 16, 13, 20)(9, 21, 28, 25, 12, 18, 24, 22)(11, 17, 26, 30, 14, 29)

(1, 3, 3, 3, 3, 4, 4, 4, 7) (1, 2, 4, 3)(5, 8, 19, 26, 9, 21, 10)(6, 7, 16)(11, 17, 27, 31)(12, 18, 15, 29)(13, 20, 24)(14, 22, 30)(23, 28, 25)

(1, 4, 4, 5, 7, 11) (1, 2, 4, 3)(5, 8, 19, 24, 9, 21, 10)(6, 7, 16, 13, 20, 28, 25, 11, 17, 31, 22)(12, 18, 30, 26)(14, 29, 23, 15, 27)

(1, 4, 7, 20) (1, 2, 4, 3)(5, 8, 19, 25, 28, 24, 14, 29, 15, 27, 23, 6, 7, 16, 13, 20, 12, 18, 26, 10)(9, 21, 30, 11, 17, 31, 22)

(1, 3, 3, 3, 3, 4, 4, 11) (1, 2, 4, 3)(5, 8, 19, 14, 29, 15, 27, 30, 23, 31, 10)(6, 7, 16)(9, 21, 25)(11, 17, 26)(12, 18, 13, 20)(22, 28, 24)

(1, 4, 4, 4, 5, 6, 8) (1, 2, 4, 3)(5, 8, 19, 23, 31, 9, 21, 10)(6, 7, 16, 13, 20, 30)(11, 17, 24, 22, 26)(12, 18, 25, 28)(14, 29, 15, 27)

(1, 3, 3, 6, 8, 11) (0, 1, 2, 7, 22, 25, 23, 15, 18, 4, 6)(5, 12, 19, 31, 20, 30)(8, 26, 9, 29, 21, 24, 13, 17)(10, 14, 16)(11, 27, 28)

(1, 3, 3, 3, 3, 3, 3, 3, 3, 7) unknown

(1, 5, 7, 19) (0, 28, 16, 26, 19)(1, 30, 15, 13, 9, 7, 8, 14, 11, 12, 25, 17, 5, 18, 2, 24, 21, 20, 23)(3, 29, 22, 4, 31, 6, 27)

(1, 3, 3, 5, 8, 12) (0, 17, 9, 4, 18, 6, 22, 11)(1, 19, 28, 24, 7)(2, 21, 27, 23, 31, 26, 3, 16, 10, 20, 29, 8)(5, 25, 30)(12, 15, 13)

(1, 3, 3, 7, 9, 9) (0, 30, 6, 31, 8, 5, 19)(1, 29, 26, 22, 3, 28, 20, 16, 21)(2, 24, 18, 27, 10, 17, 23, 7, 9)(4, 25, 11)(13, 14, 15)

(1, 6, 7, 18) (0, 17, 24, 27, 4, 22, 14)(1, 18, 20, 31, 5, 28, 25, 7, 6, 16, 26, 29, 21, 8, 10, 30, 9, 13)(2, 23, 12, 3, 19, 15)

(1, 3, 3, 7, 8, 10) (0, 28, 22, 3, 30, 4, 27, 9)(1, 31, 8, 7, 11, 6, 29, 24, 16, 23)(2, 26, 20, 18, 25, 10, 19)(5, 17, 21)(12, 14, 13)

(1, 3, 3, 4, 5, 5, 11) (1, 2, 4, 3)(5, 8, 19, 26, 22, 30, 11, 17, 9, 21, 10)(6, 7, 16, 13, 20)(12, 18, 24, 14, 29)(15, 27, 31)(23, 28, 25)

(1, 3, 4, 4, 4, 5, 11) (1, 2, 4, 3)(5, 8, 19, 24, 10)(6, 7, 16)(9, 21, 13, 20)(11, 17, 14, 29, 23, 31, 22, 26, 30, 15, 27)(12, 18, 28, 25)

(1, 4, 5, 6, 6, 10) (1, 2, 4, 3)(5, 8, 19, 24, 28, 10)(6, 7, 16, 13, 20)(9, 21, 25, 12, 18, 26, 11, 17, 31, 22)(14, 29, 23, 15, 27, 30)

(1, 4, 4, 5, 8, 10) (1, 2, 4, 3)(5, 8, 19, 24, 28, 12, 18, 10)(6, 7, 16, 13, 20)(9, 21, 25, 15, 27, 14, 29, 23, 30, 22)(11, 17, 31, 26)

(1, 3, 3, 3, 5, 5, 6, 6) unknown

(1, 3, 3, 5, 5, 5, 5, 5) unknown

(1, 3, 3, 4, 4, 17) (1, 2, 4, 3)(5, 8, 19, 6, 7, 16, 13, 20, 11, 17, 31, 22, 28, 23, 15, 27, 10)(9, 21, 25)(12, 18, 26, 30)(14, 29, 24)

(1, 3, 3, 3, 3, 3, 16) (0, 11, 26, 31, 13, 22, 17, 18, 4, 8, 24, 5, 3, 10, 14, 20)(1, 9, 30)(2, 15, 23)(6, 12, 21)(7, 27, 25)(19, 28, 29)

(1, 3, 5, 5, 8, 10) (1, 2, 3)(4, 8, 16, 23, 28, 15, 29, 24, 12, 25)(5, 10, 22, 30, 26, 13, 19, 21)(6, 11, 20, 14, 31)(7, 9, 18, 27, 17)

(1, 4, 4, 5, 5, 13) (1, 2, 4, 3)(5, 8, 19, 24, 10)(6, 7, 16, 15, 27)(9, 21, 28, 25, 23, 31, 14, 29, 13, 20, 30, 11, 17)(12, 18, 22, 26)

(1, 3, 8, 9, 11) (0, 25, 13, 9, 5, 20, 1, 26, 23)(2, 31, 15, 10, 22, 21, 6, 24, 7, 14, 8)(3, 27, 16, 18, 4, 30, 12, 11)(19, 29, 28)

(1, 3, 3, 3, 3, 9, 10) (0, 11, 26, 25, 4, 8, 24, 31, 13, 22)(1, 9, 30)(2, 15, 23)(3, 10, 14, 20, 17, 19, 7, 27, 5)(6, 12, 21)(18, 28, 29)

(1, 14, 17) (0, 18, 15, 1, 17, 26, 28, 24, 4, 21, 13, 2, 20, 10, 29, 23, 12)(3, 16, 25, 6, 19, 22, 30, 7, 5, 31, 11, 8, 9, 14)

(1, 3, 3, 3, 3, 3, 3, 3, 5, 5) unknown

(1, 4, 4, 4, 5, 5, 9) (1, 2, 4, 3)(5, 8, 19, 23, 15, 26, 22, 30, 10)(6, 7, 16, 27)(9, 21, 28, 25)(11, 17, 31, 13, 20)(12, 18, 24, 14, 29)

(1, 4, 4, 5, 5, 6, 7) (1, 2, 4, 3)(5, 8, 19, 31, 9, 21, 10)(6, 7, 16, 13, 20)(11, 17, 24, 22, 30, 26)(12, 18, 25, 28)(14, 29, 23, 15, 27)

(1, 5, 6, 7, 13) (0, 4, 7, 20, 30, 2)(1, 6, 3, 5, 12, 26, 18, 19, 8, 23, 14, 27, 10)(9, 17, 28, 16, 31, 13, 25)(11, 21, 15, 24, 22)

(1, 3, 4, 6, 18) (1, 2, 4, 3)(5, 8, 19, 26, 12, 18, 24, 28, 23, 6, 7, 16, 13, 20, 11, 17, 31, 10)(9, 21, 25)(14, 29, 15, 27, 30, 22)

(1, 3, 3, 3, 4, 4, 4, 4, 6) (1, 2, 4, 3)(5, 8, 19, 31, 23, 10)(6, 7, 16)(9, 21, 27)(11, 17, 24)(12, 18, 13, 20)(14, 26, 15, 30)(22, 29, 25, 28)

(1, 4, 6, 6, 15) (1, 2, 4, 3)(5, 8, 19, 12, 18, 10)(6, 7, 16, 13, 20, 26, 31, 22, 28, 24, 14, 29, 15, 27, 23)(9, 21, 30, 11, 17, 25)

(1, 4, 5, 9, 13) (1, 2, 4, 3)(5, 8, 19, 24, 29, 23, 27, 31, 10)(6, 7, 16, 13, 20, 26, 11, 17, 14, 22, 30, 12, 18)(9, 21, 28, 15, 25)

(1, 3, 3, 3, 8, 14) (0, 16, 27, 5, 29, 20, 30, 8, 11, 10, 31, 4, 23, 13)(1, 19, 14)(2, 22, 15, 3, 18, 21, 9, 12)(6, 17, 25)(24, 28, 26)

(1, 7, 7, 8, 9) unknown

(1, 3, 4, 5, 5, 14) (1, 2, 4, 3)(5, 8, 19, 26, 10)(6, 7, 16, 15, 27)(9, 21, 31, 13, 20, 24, 14, 29, 12, 18, 22, 30, 11, 17)(23, 28, 25)
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(1, 4, 4, 7, 16) (1, 2, 4, 3)(5, 8, 19, 24, 14, 29, 25, 12, 18, 30, 23, 15, 27, 9, 21, 10)(6, 7, 16, 13, 20, 28, 22)(11, 17, 31, 26)

(1, 3, 3, 3, 7, 7, 8) (1, 2, 3)(4, 8, 16, 23, 28, 12, 25)(5, 10, 22, 15, 29, 7, 9, 18)(6, 11, 20, 30, 24, 17, 21)(13, 19, 27)(14, 31, 26)

(1, 4, 5, 5, 5, 6, 6) (1, 2, 4, 3)(5, 8, 19, 12, 18, 10)(6, 7, 16, 13, 20)(9, 21, 31, 23, 28)(11, 17, 24, 22, 26)(14, 29, 25, 15, 27, 30)

(1, 3, 4, 4, 7, 13) (1, 2, 4, 3)(5, 8, 19, 31, 9, 21, 10)(6, 7, 16, 13, 20, 28, 14, 29, 25, 12, 18, 24, 22)(11, 17, 26)(15, 27, 30, 23)

(1, 3, 3, 4, 5, 7, 9) (1, 2, 4, 3)(5, 8, 19, 25, 28, 24, 9, 21, 10)(6, 7, 16, 13, 20)(11, 17, 31, 15, 27, 23, 30)(12, 18, 26)(14, 29, 22)

(1, 3, 3, 5, 5, 15) (0, 3, 1)(2, 5, 14, 18, 6)(7, 20, 13, 19, 29)(8, 24, 9, 31, 21, 28, 11, 25, 22, 30, 27, 23, 26, 15, 16)(10, 12, 17)

(1, 3, 3, 3, 3, 5, 7, 7) (1, 2, 3)(4, 8, 16)(5, 10, 24, 18, 13, 26, 30)(6, 11, 22, 17, 20, 14, 23)(7, 12, 31, 15, 25)(9, 28, 21)(19, 27, 29)

(1, 5, 5, 9, 12) unknown

(1, 4, 6, 21) (1, 2, 4, 3)(5, 8, 19, 25, 12, 18, 26, 22, 6, 7, 16, 13, 20, 11, 17, 31, 14, 29, 24, 28, 10)(9, 21, 30, 23, 15, 27)

(1, 6, 6, 19) (0, 23, 14, 6, 22, 25, 8, 12, 5, 26, 27, 30, 29, 3, 21, 9, 11, 13, 7)(1, 20, 15, 4, 16, 28)(2, 17, 31, 18, 10, 24)

(1, 4, 8, 9, 10) (1, 2, 4, 3)(5, 8, 19, 25, 11, 17, 31, 9, 21, 10)(6, 7, 16, 13, 20, 12, 18, 26, 22)(14, 29, 24, 28, 23, 30, 15, 27)

(1, 3, 4, 4, 10, 10) (1, 2, 4, 3)(5, 8, 19, 11, 17, 26, 31, 15, 27, 10)(6, 7, 16, 13, 20, 24, 14, 29, 23, 25)(9, 21, 28)(12, 18, 22, 30)

(1, 3, 3, 3, 3, 3, 8, 8) (1, 2, 3)(4, 8, 16)(5, 10, 25, 29, 26, 19, 9, 28)(6, 11, 20)(7, 12, 27, 13, 17, 15, 18, 23)(14, 21, 31)(22, 30, 24)

(1, 3, 3, 3, 3, 3, 5, 5, 6) unknown

(1, 4, 5, 7, 15) (1, 2, 4, 3)(5, 8, 19, 12, 18, 26, 10)(6, 7, 16, 13, 20, 30, 11, 17, 31, 22, 14, 29, 24, 28, 23)(9, 21, 25, 15, 27)

(1, 3, 3, 5, 6, 14) (0, 16, 11, 1, 18, 7)(2, 20, 25, 22, 10, 21, 28, 26, 4, 19, 29, 9, 5, 24)(3, 17, 8)(6, 23, 31, 27, 30)(12, 14, 15)

(1, 3, 4, 4, 5, 15) (1, 2, 4, 3)(5, 8, 19, 12, 18, 24, 14, 29, 22, 30, 26, 11, 17, 31, 10)(6, 7, 16, 13, 20)(9, 21, 28, 25)(15, 27, 23)

(1, 3, 3, 8, 8, 9) (1, 2, 3)(4, 8, 16, 13, 23, 18, 24, 31)(5, 10, 25, 17, 15, 22, 7, 12, 19)(6, 11, 28, 9, 21, 27, 29, 20)(14, 26, 30)

(1, 3, 3, 3, 3, 4, 6, 9) (1, 2, 4, 3)(5, 8, 19, 14, 29, 23, 15, 27, 10)(6, 7, 16)(9, 21, 30, 26, 31, 22)(11, 17, 25)(12, 18, 28)(13, 20, 24)

(1, 4, 8, 8, 11) (1, 2, 4, 3)(5, 8, 19, 26, 12, 18, 24, 10)(6, 7, 16, 13, 20, 11, 17, 31, 15, 27, 23)(9, 21, 30, 22, 14, 29, 25, 28)

(1, 7, 8, 16) (0, 20, 24, 25, 18, 27, 6, 19, 3, 21, 31, 14, 11, 5, 28, 30)(1, 22, 12, 10, 17, 13, 9)(2, 16, 15, 8, 7, 4, 23, 26)

(1, 5, 5, 5, 5, 11) unknown

(1, 6, 7, 7, 11) (1, 2, 30, 26, 15, 31)(3, 18, 24, 20, 12, 13, 10)(4, 16, 9, 11, 28, 19, 22)(5, 14, 21, 6, 27, 29, 7, 17, 25, 23, 8)

(1, 3, 3, 3, 3, 4, 5, 10) (1, 2, 4, 3)(5, 8, 19, 14, 29, 25, 28, 9, 21, 10)(6, 7, 16)(11, 17, 27)(12, 18, 26, 22, 24)(13, 20, 31)(15, 23, 30)

(1, 3, 3, 10, 15) (0, 23, 29, 14, 8, 4, 20, 13, 10, 18)(1, 21, 28)(2, 19, 27, 25, 26, 5, 31, 30, 17, 15, 11, 6, 16, 12, 9)(3, 22, 24)

(1, 4, 9, 9, 9) (1, 2, 4, 3)(5, 8, 19, 6, 7, 16, 15, 27, 10)(9, 21, 25, 28, 23, 31, 22, 11, 17)(12, 18, 24, 14, 29, 13, 20, 26, 30)

(1, 3, 3, 4, 7, 7, 7) (1, 2, 4, 3)(5, 8, 19, 26, 12, 18, 10)(6, 7, 16, 13, 20, 31, 23)(9, 21, 25)(11, 17, 14, 29, 15, 27, 30)(22, 28, 24)

(1, 3, 3, 3, 3, 6, 13) (0, 16, 11, 1, 18, 7)(2, 20, 10, 21, 27, 30, 22, 31, 25, 29, 9, 5, 24)(3, 17, 8)(4, 19, 28)(6, 23, 26)(12, 14, 15)

(1, 3, 5, 5, 6, 6, 6) (0, 1, 3)(2, 5, 9, 20, 10, 4)(7, 17, 25, 14, 30, 27)(8, 18, 22, 15, 29)(11, 16, 26, 19, 12, 31)(13, 28, 23, 24, 21)

(1, 5, 6, 10, 10) (1, 2, 10, 27, 29, 7, 17, 26, 15, 5)(3, 30, 14, 21, 6)(4, 13, 25, 23, 8, 22)(9, 11, 28, 19, 18, 31, 24, 20, 12, 16)

(1, 3, 5, 7, 8, 8) (1, 2, 3)(4, 8, 16, 7, 12, 21, 31, 17)(5, 10, 22, 13, 25, 6, 11, 27)(9, 20, 29, 26, 18, 23, 19)(14, 28, 15, 30, 24)

(1, 3, 4, 9, 15) (1, 2, 4, 3)(5, 8, 19, 24, 9, 21, 29, 23, 27, 11, 17, 14, 22, 31, 10)(6, 7, 16, 13, 20, 26, 30, 12, 18)(15, 25, 28)

(1, 3, 3, 3, 4, 4, 4, 5, 5) (1, 2, 4, 3)(5, 8, 19, 23, 10)(6, 7, 16, 25)(9, 21, 13, 20, 24)(11, 17, 31)(12, 18, 26)(14, 27, 30)(15, 29, 22, 28)

(1, 3, 6, 22) (31)(0, 16, 8, 4, 2, 1)(3, 17, 24, 12, 6, 19, 9, 20, 10, 21, 26, 29, 14, 23, 11, 5, 18, 25, 28, 30, 15, 7)(13, 22, 27)

(1, 4, 12, 15) (31)(0, 16, 24, 12, 22, 27, 13, 6, 19, 25, 28, 14, 7, 3, 1)(2, 17, 8, 4)(5, 18, 9, 20, 26, 29, 30, 15, 23, 11, 21, 10)

(1, 3, 4, 24) (1, 16, 24, 12, 6, 19, 9, 20, 26, 29, 30, 31, 15, 23, 11, 21, 10, 5, 18, 25, 28, 14, 7, 3)(2, 17, 8, 4)(13, 22, 27)

(1, 3, 7, 21) (1, 16, 24, 28, 30, 31, 15, 23, 11, 21, 10, 5, 18, 25, 12, 6, 3, 17, 8, 4, 2)(7, 19, 9, 20, 26, 29, 14)(13, 22, 27)

(1, 4, 13, 14) (1, 16, 24, 28, 30, 31, 15, 20, 26, 29, 14, 4, 2)(3, 17, 8, 7, 19, 9, 23, 11, 22, 27, 13, 21, 10, 6)(5, 18, 25, 12)

(1, 3, 5, 23) (1, 16, 8, 4, 2)(3, 17, 24, 12, 6, 19, 9, 20, 10, 21, 26, 29, 14, 23, 11, 5, 18, 25, 28, 30, 31, 15, 7)(13, 22, 27)

(1, 3, 8, 20) (31)(0, 16, 8, 4, 2, 17, 24, 28, 14, 23, 11, 21, 10, 5, 18, 25, 12, 6, 3, 1)(7, 19, 9, 20, 26, 29, 30, 15)(13, 22, 27)

(1, 3, 11, 17) (31)(0, 16, 8, 20, 10, 21, 26, 13, 6, 3, 1)(2, 17, 24, 28, 14, 23, 27, 29, 30, 15, 7, 19, 25, 12, 22, 11, 5)(4, 18, 9)

(1, 5, 11, 15) (1, 16, 8, 4, 2)(3, 17, 24, 12, 22, 27, 13, 6, 19, 25, 28, 30, 31, 15, 7)(5, 18, 9, 20, 26, 29, 14, 23, 11, 21, 10)

(1, 3, 9, 19) (1, 16, 24, 28, 30, 31, 15, 23, 11, 5, 18, 25, 12, 6, 3, 17, 8, 4, 2)(7, 19, 9, 20, 10, 21, 26, 29, 14)(13, 22, 27)

(1, 9, 10, 12) (1, 16, 24, 12, 6, 19, 9, 4, 2)(3, 17, 8, 20, 10, 21, 26, 29, 14, 7)(5, 18, 25, 28, 30, 31, 15, 23, 27, 13, 22, 11)

(1, 8, 10, 13) (1, 16, 24, 28, 30, 31, 15, 23, 11, 21, 10, 5, 2)(3, 17, 8, 4, 18, 25, 12, 6)(7, 19, 9, 20, 26, 13, 22, 27, 29, 14)

Continued on next page
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(1, 10, 10, 11) (1, 16, 8, 4, 18, 9, 20, 26, 13, 6, 3)(2, 17, 24, 28, 14, 23, 11, 21, 10, 5)(7, 19, 25, 12, 22, 27, 29, 30, 31, 15)

(1, 8, 11, 12) (1, 16, 24, 31, 12, 6, 3, 17, 8, 4, 2)(5, 18, 25, 15, 23, 11, 21, 10)(7, 19, 9, 20, 26, 30, 28, 29, 13, 22, 27, 14)

(1, 6, 11, 14) (31)(0, 16, 8, 4, 2, 1)(3, 17, 24, 28, 30, 15, 7, 19, 25, 12, 22, 27, 13, 6)(5, 18, 9, 20, 26, 29, 14, 23, 11, 21, 10)

(1, 8, 9, 14) (1, 16, 24, 12, 6, 19, 9, 4, 2)(3, 17, 8, 20, 26, 29, 14, 7)(5, 18, 25, 28, 30, 31, 15, 23, 27, 13, 22, 11, 21, 10)

(1, 3, 10, 18) (31)(0, 16, 24, 12, 6, 19, 9, 20, 26, 29, 14, 7, 3, 17, 8, 4, 2, 1)(5, 18, 25, 28, 30, 15, 23, 11, 21, 10)(13, 22, 27)

(1, 31) (1, 16, 8, 4, 18, 9, 20, 26, 13, 6, 19, 25, 28, 30, 31, 15, 7, 3, 17, 24, 12, 22, 27, 29, 14, 23, 11, 21, 10, 5, 2)

Cycle-types and examples of orthomorphisms of Z5
2.
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