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Abstract

Complex numbers and their basic operations are important components of
the college-level algebra curriculum. Common learning objectives of college algebra
are the computation of roots and powers of complex numbers, and the finding of
solutions to equations that have complex roots. A portion of this instruction includes
the conversion of complex numbers to their polar forms and the use of the work of
the French mathematician, Abraham De Moivre, which is De Moivre’s Theorem.

The intent of this research project is to explore De Moivre’s Theorem, the
complex numbers, and the mathematical concepts and practices that lead to the
derivation of the theorem. The research portion of this document will a include a
proof of De Moivre’s Theorem,

2" =[r(cos0+isinB)] =" (cosn®+isinno).
where z =r(cos0+isin0) is a complex number and n is a positive integer, the

application of this theorem, nth roots, and roots of unity, as well as related topics such as

Euler’s Formula:

e™ =cosx +isinx,
and Euler’s Identity €™ +1=0.

This research will provide a greater understanding of the deeper
mathematical concepts necessary to effectively teach the subject matter. In addition
it will provide the opportunity to explore lessons and activities that will facilitate
students developing a greater appreciation for the significance and power of the
complex number system.
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Part One:

The History and Mathematics of
De Moivre's Formula



Chapter 1 — Some History

Section 1.1 — History of the Complex Numbers

The set of complex or imaginary numbers that we work with today have the fingerprints of many
mathematical giants.

In 1545 Gerolamo Cardano, an Italian mathematician, published his work Ars Magnus
containing a formula for solving the general cubic equation

Craxt+bx+e=0

While deriving the formula, Cardano came across the solution with the square root of a negative
number. Cardano did not publish this casus irreducibilis, considering it useless.

Rafael Bombelli introduced a label for such numbers in his set of books /’Algebra
published in 1572 and 1579. While Cardano chose not to publish his work with complex

numbers, Bombelli found the casus irreducibilis had validity and introduced a notation, calling it

a “piu di meno,” for +V=1 and “meno di meno” for —J—1. He devised a table to explain his

notation.

piu di meno via piu di meno fa meno

piu di meno via meno di meno fa piu

Meno di meno via piu di meno fa piu

meno di men via meno di meno fa meno (Bashmakovia & Smirnova, 2000).
Which means:



V-1 x~-1=~1

V-1 x (—w/—_1)=+1
(—w/—_l)x -1=+1
(V=1)x (A-1)=-1.

Abraham De Moivre (1667 — 1754) further extended the study of such numbers when he
published Miscellanea Analytica in 1730, utilizing trigonometry to represent powers of complex
numbers. His work is the subject of the mathematical portion of this paper, and his life is
described in more detail in the next section.

John Wallis contributed to the visualization of complex numbers in a treatise titled
Algebra. Employing a single axis with positive values to the right and negative values to the left,
Wallis constructed a circle with one end of the diameter 4C at the origin and the other to the
right as a positive value. By then constructing similar right triangles within and about the circle
and tangent to the circle, he reasoned the geometric mean would hold true regardless of positive

or negative values assigned to vertices.

. AB . . .
Thatis — = % for side lengths AB and PB or x =+/AB- PB regardless of the position relative
X

to the axis. While Wallis’ theories furthered the geometric image of complex numbers, they were

awkward and inconclusive (Nahin, 1998).



The Norwegian surveyor Caspar Wessel presented his visual interpretation of complex
numbers to the Royal Danish Academy of Science in 1797. Wessel described a complex number

a + bi, as point (a, b) on a plane consisting of a real axis and an imaginary axis (Nahin, 1998).

¥ imaginary axis

x real axis

Sources attribute other brilliant men working in the field of mathematics, during the same

time period, with utilizing similar representations of complex numbers. Carl Fredrick Gauss

(1777 — 1855) relied upon a positional description of V-1 , much like Wessel’s. According to
Paul J. Nahin, “Gauss had been in possession of these concepts in 1796 and had used them to
reproduce without Gauss’ knowledge, Wessel’s results” (1998, p. 82). In 1799, as part of his
dissertation, Gauss relied on this knowledge to prove that any polynomial with real coefficients
could be written as the product of linear or quadratic factors. Any such polynomial would then
have a solution contained in the set of complex numbers (Mazur, 207). This we now know as the
Fundamental Theorem of Algebra. Gauss is also attributed with the introduction of the term
complex number.

Leonhard Euler (1707 — 1783), a Swiss mathematician, refined the geometric definition
of complex numbers. He described the solutions of the equation x" —1=0 as vertices of a

regular polygon in the plane. Euler also introduced the notation \/—_1 =1i. He defined the

complex exponential, and published his proof of the identity e™ = cosx +isinx, in 1748 (Nahin,

1998).



Isaac Newton once said, “If I have seen further it is by standing on ye shoulders of
Giants” (Livio 101). While Newton’s word where likely a slight to his contemporary Robert
Hooke, it is certain that our understanding of complex numbers, or any other mathematical

concept, are an evolution of the contributions of many.

Section 1.2 — History of Abraham De Moivre

Abraham De Moivre was born in Champagne France on May 26, 1667. He became interested in
mathematics at an early age and pursued mathematics intentionally in school and on his own. It
was De Moivre’s unfortunate luck to be born into a protestant family at a time when the ruling
monarchy was restricting religious freedom. He left France when he was 18, to live in London
where his luck would most decidedly change. He was eventually thrown into the company of
many brilliant mathematicians. Throughout his time in London he supported himself as a tutor.

Shortly after his arrival in London, De Moivre obtained a copy of Isaac Newton’s book
Principia. He studied Newton’s work intently even tearing out, and carrying pages of the book
so that he could study the work during spare moments. Tradition has it that De Moivre
eventually became such an expert on Newton’s work that Newton himself would refer questions
regarding Principia to de Moivre, saying, “he knows more about it than I do” (Nahin 1998).

De Moivre met Edmond Halley in 1692. Halley took a paper written by De Moivre to the
Royal Society. Through this introduction De Moivre became part of the exclusive society where
men like Newton, Halley, Wallis and Cotes exchanged and clashed over ideas that were to
become the many of the founding precepts of mathematical theory today. He was elected to the

Royal Society in 1697. He was appointed to a commission in 1712 that would settle the battle



between Newton and Leibniz over the right to claim himself as the inventor of calculus. He of
course ruled in favor of Newton (Maor 1998).

De Moivre made many contributions to the field of mathematics, mainly in the areas of
theory of probability and algebra/trigonometry. In 1718 he published The Doctrine of Chances:
or, a Method of Calculating the Probability of Events in Play. In 1725 De Moivre published a

work A Treatise of Annuities upon Lives, an examination of mortality statistics. De Moivre

published a formula in 1733 that approximated n factorial, n!~ cn"“/ze_”, where ¢ is some

constant. Unfortunately De Moivre was not able to determine the value of c. Today the formula

is known as Stirling’s formula, since James Stirling of Scotland determined the value to be

nl=\2mn"e™ (Maor 1998).

De Moivre’s third publication in 1730 is the work that motivates this research,
Miscellanea Analytica. Here De Moivre tackles the important dilemma of the time, the
factorization of the polynomial x*" + px" +1 into quadratics. De Moivre was continuing the
efforts of Roger Cotes. Essential to his work was a trigonometric representation of powers of
complex numbers, we know today as De Moivre’s Theorem. That is
(cos0+isinB)" = cos(n0)+isin(n0). It is interesting to note that it was Euler and not De Moivre

that wrote this result explicitly (Nahin 1998).

Despite De Moivre’s mathematical contributions, he continued to support himself by
tutoring. He was never able to attain an appointment to a chair at a university. In his latter years
he began to sleep more and more. It is reported that he predicted the day of his own death. After
observing his sleep time increased each day by an additional 15 minutes he calculated the
arithmetic progression until he would sleep forever. His calculations were correct. He died

November 27, 1754 (Maor, 1998).



Chapter 2 — Some Mathematics

Section 2.1 — Complex Numbers—Rectangular Form

The standard form of a complex number is a + bi where a is the real part of the number and b is

the imaginary part, and of course we define i = \/—_1 Also we assume i> =—1 since
(\/—_1)2 = 1.
The set of complex numbers contains the set of all real numbers, that is when b = 0.

We apply the same properties to complex numbers as we do to real numbers. To be
considered equal, two complex numbers must be equal in both their real and their imaginary
components. That is to say, the numbers a+bi =c +di are equal to one another if and only if
a=cand b=d.

Complex numbers have the same additive identity as the real number system, namely
zero. The additive inverse of the complex number a + bi is ((@+5i)=—a—bi thus
(a+bi)+(—a—bi)=0+0i =0.

When we add or subtract complex numbers, we add or subtract the real parts and the

imaginary parts separately. Given the complex numbers a + bi and ¢ + di, we add or subtract as

follows:
(a+bi)+(c+di)=(a+c)+(b+d)i
(a+bi)—(c+di)=(a—c)+(b—d)i.
For example: (2+2i)+(4+5))=(6+7i)

(2+2i)—(4+5i))=(-2-3i)



It is important to note that the sum or difference of two complex numbers can become a real
number with no imaginary part,
(1+6i))—(5+6i)=(—4+0i)=—4.
Because the complex numbers contain the set of real numbers, however, this fact does not
contradict the fact that the complex numbers are closed under both addition and multiplication.
Many other properties of real numbers apply to complex numbers:
e The Associative Property of Addition
[(a+bi)+(c+di)|+(e+ fi)=(a+bi)+[(c+di)+(e+ fi)]
e The Commutative Property of Addition
(a+bi)+(c+di)=(c+di)+(a+bi)
e The Distributive Property of Multiplication over Addition
k(a+bi)=(a+bi)+(a+bi)+(a+bi)+ ... +(a+bi)=(ka+kbi) for keR.
These same properties hold for multiplication of complex numbers. Here we must rely on the

defined value i> =—1. Then for the complex numbers a + bi and ¢ + di,

(a+b)(c+dl)=a(ci+—d)+b(ci+d)i i
=a +(a )i+ (P di+ B> d
=a +(a Y+ @i+ N-1) d
=a —b +da )i+ di c
=(a —b )e(a &b )id c
As the above computation illustrates, we can also use the polynomial multiplication process

commonly called FOIL to multiply complex numbers. In order to find the quotient of complex

numbers we rely on the complex conjugate. The complex conjugate of (a-+ bi) is the complex
number (a — bi), where the imaginary parts differ only by a sign and the product of the two is a

real number.



(a + bi)(a - bi) = a(a - bi)+ bi(a — bi)
= aa—(ab)i + (ab)i — (bb)i*
=a’ - b* (-1)

=a® +b*

Then for the quotient of complex numbers we have

a+bi _(a+bilc—dij

c+di \c+dilc—di
_ac — adi+bci — bdi*

¢’ +d*

ac —adi+bci—bd(—l)
c’ +d?

_ac —adi+bci+bd
+d?

B (ac +bd)+(bc —ad)i

- c*+d*

where the simplified value has no imaginary part in the denominator. Notice that, as a result, the

complex numbers are closed under division, as long as the divisor is nonzero.

We graph complex numbers on the coordinate system called the ‘complex plane', where

the horizontal axis is the real axis and the vertical axis is the imaginary axis. On the complex

plane, every ordered pair or point (a, b) corresponds to a unique complex number a +bi.

The Complex Plane

Imaginary Axis

a+bi —— (a, b)
.

Real

Axis



The absolute value of a complex number is defined as the distance from the origin to the ordered
pair or point (a, b),
la+bi| = W.
If we construct a segment connecting any complex number on the plane with the origin,
then we will quickly observe that complex number operations share many similarities to
operations of vectors. The absolute value of a complex number is the same calculation as the

magnitude of a vector.

la +bi| = a* +b* ”V” = \lvl2 +v22
When we add and subtract complex numbers graphically, it appears very much like vector

addition and subtraction.

(@+c)+ (b + di

C+d\ a + bi

While the multiplication of complex numbers does not match the process for any vector

operation, if we visualize the complex numbers as vectors, it is much easier to understand what is
occurring geometrically. On the graph below we see that the multiplication of complex numbers
A=a+biand B=c+di produces a new complex number C = (ac —bd)+(ad + bc)i, with
magnitude equal to the product of the magnitudes of A and B. In addition, the angle formed by
the positive x-axis and C =(ac —bd)+ (ad +be)i is equal to the sum of the angles formed by each

of the complex numbers A =a+bi and B =c +di, and the positive x-axis.

10



|(ac - bd) + (ad + bc)i‘ = (|a + bi|)(]c + di|)

"IC = (ac - bd) + (ad + bc)i

Operations with complex numbers can often become tedious and lengthy. Further discussion of
the multiplication and division of complex numbers necessitates the consideration of another

form of complex numbers.

Section 2.2 — Complex Numbers—Polar Form

We can represent a complex number using trigonometry much like we represent vectors in
trigonometric form. We also call this representation the ‘polar form' of complex numbers. Rather
than using a coordinate for the real part and the imaginary part, we use the absolute value of the
complex number and the directed angle from the positive x-axis or polar axis to the line segment
connecting the complex point to the pole, measured in a counter-clockwise direction.
Then the parameters of the rectangular and polar form are related as follows:

a=rcos0 and  bh=rsind

with

b
r=va*+b*, and tan® =(—J

a

11



so that z=a+bi=(rcos0)+(rsin0O)i..

Here r is called the modulus of the z and @ is called the argument. Unlike the rectangular

coordinates (a, b) for a complex number, the ordered pair g7 _, is not unique since for any angle

cosO=cos(0+2nk) and  sin® =sin(0+27k).
Generally, to address this issue, we restrict such representations of complex numbers to an
interval such as0 <0<2m, although a negative angle value may be used. For example we can

find the trigonometric representation of the number z =—-2 —2; in the following manner:
r=1(=2) +(=2) =8 =242

-2
tan0=—=1 and
2

0 =tan ' (1) = 45°

T T
but we know that z lies in the 3 quadrant and arctangent has a range of (_E’EJ S0

0=45°+180°=225°, or 225° :%n

Putting it all together, we have

St .. 5¢m
z=24/2(cos225° +isin225°) or z= 2\/§£cos7 +i smTJ.

12



.}
~
S

z=-2-2i
We use trigonometric or polar form of imaginary numbers for several calculations
including multiplication and division of complex numbers, and for finding powers of complex
numbers.
Given the complex numbers z, = (cos®, +isin®,) and z, =r,(cosH, +isin6, ) We find the
product
212, = rlrz(cosel = isin61Xcos92 +isin92)
=nn (cos 0, cos 0, +cosh,isin@, +isind, cosO, +i*sind, sinGz)
=nr [cos 0, cos0, +(~1)sin, sin6, +i(sinB, cos O, +cos 6, sinez)]

=nn [(cos 0, cos0, —sinb, sin62)+ i(sin@1 cos0, +cos 6, sin@z)]

Here we see the formula for the cosine of the sum of two angles and the sine of the sum of two

angles thus

2,2, =173 [oos(0, +0, )+isin(6, +0, )]

We have a very easy calculation to find the product of two complex numbers. We simply
multiply the modulii and add the arguments. This method is a much more efficient model of the

previously mentioned graphical representation of complex number multiplication.

13



Given the same two complex numbers z, =7 (cosé, +ising, ) and

z, =(r; c0s0, +isin0,) We find the quotient as follows.

7 ri(cos®, +isin6,)
z, B r2(00592 +z'sin92)
2 (cose1 +isin61X00592 —iSinez)

7 (cos 0, + isin@z)(cos 0, —cos 92)

n [cose1 cos0, —icosH, sinB, +isin®, cosH, —i*sind, sin@z]

7 [(cos 62)2 —icos0,sin®, +icos0,sind, —i* (sin@z)z]

7 [cos@l cos 0, — (~1)sin6, sin6, +i(sin6, cos 6, —cos6, sinez)]

7 [cos2 0, — (~1)sin’ 62]

n [(cos 0, cos0, +sin0, sin92)+ i(sine1 cos0, —cos0, sm62)]

2 . 2
rz[cos 0, +sin 62]

Here we see the formula for the cosine of the difference of two angles and the sine of the
difference of two angles, and a Pythagorean identity thus

zZ, 5

L =L [cos(B, -6, )+isin(9, —6,)]

1
Z h
Then for the quotient of two complex numbers we find the quotient of the modulii and the

difference of the arguments.

Section 2.3 — Powers of Complex Numbers—De Moivre’s Theorem

In order to compute powers of complex numbers we must consider the process of repeated

multiplication. Given z = r(cos0+isin0), then

14



z* = [r(cos 0 +isin®)[r(cos 0+ isin0) ]| = r*(cos 20 +isin26)

2= [r2 (cos20+ isin29)][r(cose +isin0)]=r"(cos 30 +isin30)
zt = [r3(cos 30+ isin39)][r(cose+ isinB)]=r*(cos 40 +isin40)
2= [r4 (cos40+ isin49)][r(cos@+isin9)] =7°(cos 50 +isin50)

As we continue to increase the power of z, we can see a pattern developing. This pattern is the

core of the theorem named after the French mathematician Abraham De Moivre.

De Moivre’s Theorem: If z =r(cos0+isin0) is a complex number and n is a positive integer,

then,

2" =[r(cos0+isinB)] =" (cosnO+isinno).

Using this theorem we can easily compute the power of a complex number such as z = (2 +2i).
First we must convert the complex number to its polar form:
z = (2+2i)=2+/2(cos 45° +isin 45°),

with
2
r=422+2% =+/8 =2+/2, andtan I(EJ =45°

where z lies in thelst quadrant.

Then

20 =(2+2i)" = 22 (cos 45°+ isin45°)]6 =2 )6 (c0s270° +isin270°) = —512i.

15



Section 2.4 — The Proof of De Moivre's Theorem

To prove De Moivre’s Theorem, we use a simple proof by induction. Given a complex number,

z=(cos0+isin0)
we can easily show using repeated multiplication that forn =0, 1, 2, 3, and 4,

= [ro(cos 00+ isinOG)]= 1(cos0+isin0)=1+i0 =1
Z' = [rl(coseﬂ'sine)]1 = r(cos0+isin0)
[ (cos@ﬂsm@)]2 [(cos0+isin6)][(cos 0+ isin®)] = r* (cos 20 +isin26)
[ (cosOﬂsmG)]3 (00529+zsm29)][r(cose+zsm6)] 7(cos 30 + isin 30)
=l

= (cos@ﬂsm@)]4 [ (cos39+zsm39)][r(cose+lsm9)]—r4(cos49+zsm49)

Now let us assume that 2" = [(cos0+isin®)]" =" (cos 70 +isinn0)

: +
is true for some n e Z.".

Then we must show that this implies it is true for all n + 1, that is,
[r(cos@ﬂsm@)]1 " (cos(n+1)0+isin(n +1)0).
Then given
[(cos0+isin®)]" =" (cos n0+isinn0)
we multiply both sides of the equation by [r(cos 0 +isin6)]
Then
[(cos0+isin0)[[(cos0+isin0)] = [r” cos n0+isinn0 [(cos0+isin0)]
Therefore

[r(cos®+i sme)]” r[cos nOcos 0+ cos nBisin®+isinnOeos O —sinnOsind].

16



We then employ the use of the common trigonometric formulas for the sum of an angle for sine

and cosine,
sin(x +y)= sinxcosy+cosxsiny and cos(x +y) =COSXCOS )y —sinxsiny.
We let x =70, and ¥ =0 and we have
7" cos(n0+0)+isin(n0+0)] ="+ [cos(n +1)0 +isin(n +1)0],
as desired for all positive integers.
We must also consider n € Z.~ for
2" = [r(cosO+isinG)] " =" [cos(~n0)+isin(~n0)].
Since cosine and sine are even and odd functions respectively, we have

cos(—n0)+isin(—n0) = cos(n0) — i sin(0)
_ cos(n) —isin(n0)
cos*(n0)+sin*(n0)
) ! | 1
~ cos(nB)+isin(#0) cos(nB)—isin(n0)
) !
~ cos(nB)+isin(10)

- cos(n0) — isin(n0)

Therefore

r" [cos(~n8)+isin(n0)] = %{ ! J

7" LcosnO+isinnd

17



Chapter 3 — Some Uses and Related Content

Section 3.1 — Extracting Roots

Potentially the greatest value of De Moivre’s work lies in the ability to find the n distinct roots of

a complex number. If we let z = p(cos®+isinf)andz" =w,
then for w = r(cos p+ising) where z" = [p(cos9+isine)]”

we have p"(cosn0+isinn0)=r(cosp+ising).

So that implies that p" =~ and " =0, or p=4/r and 0="2.

n

Since both cosine and sine have a period of 27, we have solutions to both sides of the equation

. 2nk .
n0 =, that is n0=0+21k or 6=2""" with k= 0, 1,2, ..., n—1.
n
. . [0) o+2nk @ .
If we let k = n then we repeat the solutions since 6 =~ and —— =—+2m are co-terminal
n n n

angles. Therefore for the positive integer n, we find n distinct nth roots of the complex number

+isin
n n

+2nk . + 27k
w = r(cos@+ising) by 2= WKCOS(P P J

Visually we see, on the complex plane, these solutions or nth roots lie on a circle of

. . . 2m .
radius 74/, with n solutions evenly spaced at —intervals.
n

18



Imaginary
Axis

Real

Axis

Using this formula we can easily compute the third roots of 1. First we represent 1 as a

complex number, that is 1 = 1+0i. Then the modulus » =+/1> +0? =1, and the argument

40
0 =tan I(TJ =0, so we have 1 =cos0+isin0.

Then for the third roots of 1 we have cos 0+2mk +isin0+2nk

Then the roots are as follows,

cos0+isin0 =1

2 . 2n 1 A3
COS?+ZSII’1—:——+Z

_——

2
4n . 4n 1 A3
COS—+iI1SIn—=
3 3 2 2

withk=0, 1, and 2.

19



Imaginary
Axis

1+ 0i

Real
AXxis

For any set of nth roots of 1, the n distinct roots are called the nth roots of unity. These roots will

lie on the unit circle, as seen above, and complex solutions will occur as conjugate pairs.

Section 3.2 — Power Series and Euler's Formula

Most any pre-calculus text will contain a chapter of sequences and series. As part of the unit of

sequences and series, students become familiar with arithmetic, geometric and power series. Two

familiar power series are those used to represent sine and cosine and the number e.

)C3 xS x7

Smx =x——+———-
357

x2 x4 x6
cosx=l-—+——-——
21 4 6
x x? X x?

e =l+—+—+—+—+

o2 3 4

Leonard Euler (1707 — 1783), a Swiss mathematician, derived a formula relating the three series.

Euler’s formula is e” =cosx +isinx,

. . \2 . \3 . \4
L G I G A GO M
TR TR TR

where ¢ =

+ﬂ+

oyt

20



2. 4 4 (n=1) _(n-1
3.3 i*x l(n )x(n )

. I'x "X
=1+ix+ Fooei T+ ...
34l (n—1)
. X2 DC3 x4 l)C5 )C6 1x7
=l+ix————+—F— —— ——
200 3 4 5 6 7

20 4 6
( x2 )C4 X6 j ( x3 x5 X7 }
=l-—4—-—+ X -t =

20 4 6 35 7

=Cosx +isinx

If we let x =T, then

e™ =cosm+isinmt =—1+1i0

or
™ +1=0,
an equation relating the five most important numerical constants in mathematics. This

relationship encourages one to explore the question, “How many mathematicians does it take to

screw in a light bulb?” The answer: —™ which of course equals 1 (Weisstein).

21



Part Two:

Teaching Complex Numbers

and De Moivre's Formula

Overview of the Curriculum

The following lessons were designed for Pre-calculus classes taught at Oregon City High
School (OCHS) in Oregon City, Oregon. This class is a two-trimester class, Pre-Calculus A and
Pre-Calculus B, with a maximum of 35 students enrolled in each class. The student population
consisted of primarily juniors and seniors with just a few sophomores. At OCHS students are
required to earn a C or higher in Algebra 2 before they can take Pre-Calculus. Students are also
strongly encouraged to take a one-trimester Trigonometry class before taking Pre-Calculus B but
it is not required. As one of the two instructors teaching Pre-Calculus at OCHS, | taught 3
sections of Pre-Calculus A during fall trimester, and 3 sections of Pre-Calculus B during winter
trimester. Based on various influences—scheduling, failures, student preference—the student
roster changed from fall to winter with about 60% of the students | taught in the fall returning for

Pre-Calculus B in the winter.
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The student population of Pre-Calculus A and B comes with a wide variety of skill levels.
During the first few weeks of Pre-Calculus A students spend time reviewing topics from Algebra
2 including graphing equations by hand and with the calculator, solving equations graphically
and algebraically, and solving inequalities graphically and algebraically. It is not unusual to find
students who are unfamiliar or have great difficulty with point-slope form of a line, factoring to
solve, completing the square to solve, and the domain and range of functions. In Pre-Calculus B
we have students who have taken Trigonometry and can solve right triangles with confidence
while other students struggle to make sense of SOH CAH TOA. It can be challenging to find
meaningful lessons and activities that meet the needs of this diverse group of learners.

The following lessons are taken from the textbook PRECALCULUS WITH LIMITS A

GRAPHING APPROACH, Third Edition. Ron Larson, Robert P. Hostetler, Bruce H. Edwards.

The lessons were taught over the two-trimester time period but not as one continuous unit. There
is a curriculum map already in place at OCHS and within the math department there are strong
feelings towards maintaining the pacing calendar and section order developed by previous
instructors.

For this research project Lesson 1, Complex Numbers, and Lesson 2, The Fundamental
Theorem of Algebra, were taught during Pre-Calculus A, during the sixth or seventh week of the
trimester. They were lessons from the second chapter of the textbook titled Polynomials and
Rational Functions. Lesson 3, The Complex Plane, was taught in Pre-Calculus B during the
seventh or eighth week of the winter trimester, and was an extension of the Complex Numbers
section from the second chapter of the textbook, and the section on De Moivre’s Theorem, with

additional supplements from several other sources.
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This lesson followed a vector unit from chapter 6, Additional Topics in Trigonometry,
and preceded the lesson on De Moivre’s Theorem, also from chapter 6. Graphing complex
numbers was not part of the Pre-Calculus A curriculum. Therefore it was assumed that students
would have no prior knowledge of the complex plane or graphing complex numbers. It was also
a good opportunity to review complex numbers. Lesson 4, Polar Coordinates, from the tenth
chapter, Topics in Analytic Geometry, directly followed the Complex Plane lesson and provided
students with a more detailed rationale for De Moivre’s Theorem. Lesson 5 and 6, De Moivre’s
Theorem came from chapter 6, the same chapter as the unit on vectors.

It is important to note that students had several weeks worth of experience with
trigonometry by the time they were exposed to De Moivre’s Theorem. These students had been
practicing Radian and Degree Measure, Trigonometric Functions and the Unit Circle, Right-
Triangle trigonometry, Graphing Trigonometric Functions, Inverse Trigonometric Functions,
Using and Verifying Trigonometric Identities, Solving Trigonometric Equations, and working
with several formulas such as the Sum and Difference, Multiple-Angle, and Product to Sum
formulas. They had also spent several days using the Law of Sines and the Law of Cosines.
These were difficult topics for many of these students, more so for those that had not taken the
Trigonometric class offered at OCHS. Some students seemed to be growing weary of
trigonometry by the time De Moivre’s Theorem was taught. This was the culminating
trigonometric topic covered in Pre-Calculus B. The next chapter was Conics and students were

relieved to find no sign of sine or cosine anywhere in their assignments.
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Activity 1 Lesson Plan — Basic Operations of Complex Numbers

Instructor: Cynthia Schneider

Subject: Mathematics

Grade Level: 12" grade

Title: Basic Operations of Complex Numbers

Unit Title: Polynomials and Rational Functions

Content/Topic: This lesson is an introduction to the imaginary unit i, and it’s use in writing
complex numbers in standard form. Students will learn how to add, subtract, and multiply
complex numbers, and how to use complex conjugates to divide complex numbers.

Content Objectives: Students will be able to recognize and write complex numbers in standard
form. They will be able to perform basic operations of complex numbers, including the use of

complex conjugates.

Language Objectives: Students will be able to use the following terminology correctly:
imaginary unit i, complex numbers, complex conjugate.

Required materials:
e SMART Board lesson including definitions and examples from PRECALCULUS WITH
LIMITS: A GRAPHING APPROACH, Third Edition
e Complex Number Operations worksheet #1

Instruction and Practice: See included SMART Board Lesson

Time Allotment: Allow approximately 25 minutes for the lesson. The included assessment will
require 30 — 40 minutes depending upon student skill level.

Assessment: See included Complex Number Operations worksheet #1
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Activity 1 SMART Board Slides - Operations of Complex Numbers

Slide 1
2.4 Complex Numbers
Use the square root method to solve the
quadratic equation.
X +1=0
Slide 2

Learning Objectives:

1.

You will be able to recognize and write complex numbers in
standard form.

2. You will be able to perform basic operations of complex numbers
Slide 3

Finding solutions to this type of equation necessitates

the use of imaginary numbers.

We define

i=+/-1

Then by adding real parts to multiples of this

imaginary unit we obtain the set of complex numbers.
Slide 4

If a and b are real humbers, the number « + bi is a complex
number, and it is said to be written in standard form.

If b=0 then a+bi=a Real humber
If h#0 then a+bi Imaginary number
If b#0,a=0 then bi Pure imaginary number
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Slide 5

When we add or subtract imaginary or complex numbers
we combine like terms, that is we add or subtract the
real parts together and the imaginary parts tegether.

Sum: (a+bi)+(c+di)=(a+c)+(b+d)i
Difference: (a + bi) - (c +di) = (a-c)+ (b - d)i

Find the sum and difference.

(4 +2i) + (3 +5i) =

(6 - 2i)- (4+9i)=
Slide 6
We multiply imaginary humbers using FOIL.
(a + bi)(c + di) = ac + adi + bei + bdi? = (ac - bd) + (ad +bc)i
First Outsice  Insice o

(3+2i)(4+10)

(5+2iy

(7 + 3i)(7 - 3i)
Slide 7

Complex Conjugates:
For a + bi the complex conjugate is a - bi

Find the product of the complex conjugates below.
(a + bi)(a - bi)

(1+)1-1)

(2 + 3i)(2 - 3i)
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Slide 8

We use the complex conjugate of the denominator to
find the quotient of complex numbers. In this manner
we eliminate the imaginary part of the number from the
denominator.

3+
3+ 3i

Slide 9

Assignment: Operations of Complex Numbers worksheet
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Activity 1 - Complex Number Operations

Write the complex number is standard form.

1) 3+4/-9 2)  3it+i 3) (—75)2

Perform the addition or subtraction and write the result in standard form.

4)  (4+)+(7-2i) 5)  (1-2)+(-3+6i)
6)  (7+V-18)-(3+3i2) 7)  13i-(14-7i)
8)  22+(-5+8i)+10i 9) {%+%z}—(%—éj

Perform the multiplication and write the result in standard form.

10)  -6-4-2 1) (1+i)3-2i)
12)  (6-2i)2-3i) 13)  (V14+i10)yi4 -i10)
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Find the product of the number and its conjugate.

14)  4+3i

15)  —3+i2

Perform the division and write the result in standard form.

16) &
1

18) ST
1-2i

w €0

17.) 4 -
4 —5i
1
19.) —Q
(4 -5i)
1) A5
241 2-—1i

Simplify the complex number and write it in standard form.

22)  4i*-2°

24.)

(-2)
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Activity 1 — Basic Operations of Complex Numbers (Teacher Version)

Write the complex number is standard form.

1) 3+4-9 2)  -Bit4i 3.) (x/R)2
i "2 _ ’ ) &7 5
<3430 = - (573)
“3EnNteL L
. = 5.3
= 34L = -5
Perform the addition or subtraction and write the result in standard form.
4) (4+i)+(7-2i) 5)  (11=2i)+(-3+6i)
= -L = §+YL
6)  (744-18)-(3+3i2) 7)  13i-(14-7i)
:<7+35G>—(3+3if71> = C )Y+ 200

= ¢

8)  22+(-5+8i)+10i (%+%i) (%—éi)
= |F+18L =2-2i-& rgt
o -14 3%
12 %0

Perform the multiplication and write the result in standard form.
10)  V-6-4-2 11)  (1+i)(3-2i)

= WiL =5 +u

= 413
12)  (6-2i)(2-3i) 13) (V14 +iV10)(+14 - i+/i0)

6-220 = ({%) - (ifiw)
=4 —(-10)
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Find the product of the number and its conjugate,

14.) (4+3z)(.,(._3¢7

= o — 9" = §-id
= b+ 9 =
:’;:for-;étl.le :(}i—vision and write the result ir: ;t)andﬁ)ra)y—t&; )
) (4-51 ) (4 ¥5c)
= :6’2,_: -—bi, = /b .,Lw(: B 16 +20.
e % -25it #H
g (142 .
18) T3 (1e2d) 19.) T
= 22+9 I (‘H f‘/Oi)
5 " (-yoi )(# +H0)
dhtdo. Yl e
Yo 32581

20,) (2- 3i)(.51)
2+3i

(15 +—10~3(2*3£>
(ar3i) (2-3:)

= 60"'25L' _ wo —251'

15.) (-3+h/i>(-3_. v P’Z>

21) 2i 5

240 2-i

- 2+ + 10e5e
" (ar(2-8D

= 1x2+fe _12+0
T3 13 A
Simplify the complex number and write it in standard form.
2) ' 4t -23 23) -5i° 24.) («/3)6
. o s o 8 N’
= V_(_ ,) - 21 (—D - 5( |Y"l> L =(£’ E)
S - L{ .l—-z(/ e, - 5 U = 3
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Activity 1 — Basic Operations of Complex Numbers (Student Work)

Write the complex number is standard form.

1) 34459 2) 34 3 (VT5)
kel il (NT A7)
9t (L ) ; ""[ ‘ :

(15

[5¢]

_5 =3

Perform the addition or subtraction and write the result in standard form.

4)  (4+i)+(7-2i) 5)  (11-2i)+(-3+6i)
[Tt [8 rui]
6)  (7+4=18)-(3+31n2) 7)  13i=(14-7)
(FrARi)- (3 3id2) [0
I‘J r! 1
( iy v
g V3 ) AM
8) 22&:}54,;5?(11{3 o )) R \ 9) -(2'3,1??]_(2_1-} Al ) ( 5
' e ' 47596 6h W1 2o/ 10
lrJ’ v3 1 +\0¢ {19 A |
'l.[".}a 1‘&% || Ve _-“_’-’J-BL
Perform the multiplication and write the result in standard form.
10)  V=6:4-2 1) (1+i)(3-2i)
(AG) (51 A(2 ) 2 -0 y3- At
(o.,.({l""l'z ) L *( )(‘7
iy aE]) i
12.) (6—2:’)(2—3;’]’; 13.) (-J—+nf_){ - i/10)
18- Yi v ot 1 — Ao + (Amp - 10
22004, 0 14 -10(i%)

Jq‘jé‘j 4 -\0

L)

Find the product of the number and its conjugate.

14.) (4+3¢)(L1 20) 15.) <3+z'\/_> -%- N’i)
T, o T q +3ove sz -2
Lo -a(Y) 9 =2(1)

-9 = |7 (%) -2 =VF\ (3-i2)

)
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Perform the division and write the result in standa:jfi form. _
16) 2 (i b o -bi - 17) (4—‘%(”*59 - 1+20;
PN/t NSNS b 2020, - 250

Mot200 - 1p+20¢
le -25(1) W28

lL‘.?*QULf -
_..al ,'.

G \\'QL> Br\ot -Fiwa 19) —1

W2L /| momun (4-5i)? (u-f;a)(ﬂ 5%)
LT P C GO Vo -20¢-20(+ 25 ?
\= ‘1(\) —%f A funuo o - Ho { +25
] ("” “\OOK‘-”“'()\ Y “H0e .
L =% e L. S BT
| N ALO0 . —
12 MW LOOT o8- 1o0C .—93\
20y 223060 . e-15¢ Y s
2+3i 240 2-i . \ g
. % 2 ( ) Z*qt + 10+ 5(,
\OL-lS" 2'%1.. k )‘(QZLTJ@ (Q (") L\) gA 2'1'. ’b %
24BN 730 - i) (2 L) (2-v (a+) .
PR (L Ni-2 4 oubp | TArHiHIONS]
200 - 30450 Ty e gt 3
Y —D”-b—*bi," C{"L ‘ Ll- 1 G {,q b
20 — LO*45i | N L1 i
T4 -9 - Y-y - ;
/oy + 3L

Simplify the co;nple:‘: number and write it in standard form.
2)  42-28 23) -5i° 24.) («1’3)6

L{(\)d 26) -5(0) (\5'/\]3

]H-aa, l 50\ ( NZ)’
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Reflection on Activity 1

Students were curious about the origins of complex numbers. | had several students ask
why another number system was necessary. A handful of students had already used complex
numbers and formed negative opinions regarding their use. | find that students seldom spend
time learning how the various sets of numbers, natural integer, rational, irrational, and real
numbers are related. Prior to pre-calculus there is little time spent teaching complex numbers let
alone that the set of complex numbers contains all other sets of numbers. For most students the
actual calculations were easy but the idea of another number system was more then they wanted
to think about.

Since this lesson was only introductory, it was process oriented and little time was spent
exploring the uses of complex numbers. Students found the process of adding and subtracting
very easy. | related this process to combining like terms in an algebraic expression. Once we
discussed the strategy for multiplying complex numbers using FOIL, this became an easy
calculation. Division was more difficult. About half the class comprehended the concept of a
conjugate and cleared complex numbers out of the denominator with ease after a few examples. |
used the phrase, “You don’t want i’s on your bottom” to catch their attention and help them
remember to complete this process. It seemed to be effective. | usually relate this to not wanting
zeros on “your bottom” or a radical on “your bottom”.

The last three problems of the activity worked well spawning several conversations
between students regarding the apparent patterns for computing powers of i. | was pleased with
this response. | love to see students discussing patterns in mathematics and | enjoy hearing the

words and phrases they use to explain math to one another.
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Activity 2 Lesson Plan — The Fundamental Theorem of Algebra

Instructor: Cynthia Schneider

Subject: Mathematics

Grade Level: 12" grade

Title: The Fundamental Theorem of Algebra
Unit Title: Polynomials and Rational Functions

Content/Topic: This lesson is an introduction to the Fundamental Theorem of Algebra (FTA).
Students will find all the zeros or roots of polynomial functions that lie in the complex number
system. Students will rely on factoring, synthetic and long division, and a graphing calculator to
locate the zeros or roots.

Content Objectives: Students will be able to use the Fundamental Theorem of Algebra (FTA) to
determine the number of zeros of a polynomial function, and then find these zeros or roots,
including complex solutions.

Language Objectives: Students will be able to use the following terminology correctly: FTA,
linear factorization, roots—zeros—solutions, irreducible.

Required materials:

e SMART Board lesson including definitions and examples from PRECALCULUS WITH
LIMITS: A GRAPHING APPROACH, Third Edition

e Fundamental Theorem of Algebra worksheet #2

Instruction and Practice: See included SMART Board Lesson

Time Allotment: Allow approximately 40 minutes for the lesson. The included assessment will
require 50 — 60 minutes to complete depending on student skill level.

Assessment: See included Fundament Theorem of Algebra worksheet #2
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Activity 2 SMART Board Slides — The Fundamental Theorem of Algebra
Slide 1

2.5 The Fundamental Theorem of Algebra

FTA:
If f(x) is a polynomial of degree n, where n> 0, then f
has at least one zero in the complex number system.

C = Complex Numbers

Slide 2
Learning Objective:
You will be able to use the Fundamental Theorem of Algebra to
determine the number of zeros of polynomial function, and find
the zeros or roots.
Slide 3

The Linear Factorization Theorem
If f(x) is a polynomial of degree n, where n> 0, then f
has precisely n linear factors

f()=a,(x—¢)(x—c,).(x—c,)

where ¢,,c,, ... ,c, are complex numbers.
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Slide 4

Both of these theorems are referred to as existence theorems.
They don't tell you how to find the zeros or solutions.
For that you rely on:

Factoring

Roots

Quadratic Formula

Rational Zero Test

Synthetic or Long Division

Calculator

Slide 5

EX: Find all the zeros of the function.

f(x)= xt—4xP+8x* —16x+16

Slide 6

EX: Find all the zeros of the function.
() =x"+x"+9x+9

Slide 7

IT IS IMPORTANT TO NOTE THAT COMPLEX
SOLUTIONS OF POLYNOMIALS OCCUR IN
PAIRS AS COMPLEX CONJUGATES.

(a+bi) and (a—bi)

EX: Find a fourth degree polynomial with real
coefficients that has -2, -2, and (1 - 4i) as zeros.
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Slide 8

Linear and Quadratic Factorization

When the quadratic factors of a function have no
rational roots, only irrational or complex roots, the
function is said to be irreducible over the rationals.

When the quadratic factors of a function have no real
roots, only complex roots (with i) the function is said to
be irreducible over the reals.

Slide 9
Irreducible over the rationals
Irreducible over the reals
Write the polynomial as the product of factors
that are irreducible over the rationals and as the
product of factors irreducible over the reals.
flx)=x"-x"—x+x* -2x+2
Slide 10

Fundamental Theorem of Algebra worksheet #2
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Activity 2 -The Fundamental Theorem of Algebra

Find all the zeros of the function.

1) f(x)zxz(x+3)(x2 —1) 2.) F(x)=(x+5)x -8)

3)  A(t)=(-3)t—2Xt-3iNt+3]) 4) h(m)=(m—4) (m—2+4i)(m—2—4i)

Find all the zeros of the function. Is there a relationship between the number of real zeros
and the number of x-intercepts of the graph? Explain.
5) f(x)=x>—4x*—4x+16

T

M ’n¢\ !
Ly

vV

Find all the zeros of the function and write the polynomial as a product of linear factors.
Use your graphing calculator to verify your results graphically.
6.)  f(x)=x—-3x>-15x+125 7)h(x)=x*+6x>+10x> +6x+9
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Find all the zeros of the function and write the polynomial as a product of linear factors.
Use your factorization to determine the x-intercepts of the graph of the function. Use your
graphing calculator to verify your results graphically.

8)  f(x)=x>-12x+34 9)  f(x)=x’-11x+150

10.)  f(x)=x>+10x>+33x+34 11)  f(x)=x*-8x’+17x> —8x+16

Find a polynomial function with integer coefficients that has the given zeros. (There are
many correct answers.)

12) 4, 3i, -3
13) 6, —5+2i, —5-2i

14) -5, -5, 1+iV3

Write the polynomial (a) as the product of factors that are irreducible over the rationals,
(b) as the product of linear and quadratic factors that are irreducible over the reals, (c) in
completely factored form.

15)  f(x)=x*-2x"-3x"+12x-18

(Hint: One factor is x> —6.)
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Use the given zero to find all the zeros of the function.

Function Zero
16.)  f(x)=2x*—x’+7x*—4x-4 2
17.)  n(x)=3x>—4x>+8x+8 l—i\/g

Graphical Analysis: Use the zero or root feature of a graphing calculator to approximate the
zeros of the function accurate to three decimal places. Determine one of the exact zeros and
use synthetic division to verify your result. Find the exact values of the remaining zeros.

18)  f(x)=x’+4x>+14x+20

EXPLORATION: Use a graphing calculator to graph the function f(x)=x* —4x? +k for

different values of k. Find values of k such that the zeros of f satisfy the specified
characteristics. (Some parts have many correct answers.)

a.) Four real zeros
b.) Two real zeros each of multiplicity 2
c.) Two real zeros and two complex zeros

d.) Four complex zeros
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Activity 2 — The Fundamental Theorem of Algebra (Teacher Version)

Find all the zeros of the function.

1) f(x)=x(x+3)2 1) 2)  f0)=(x+3)x-8)"
0= x‘(z+3Xx‘—t7 » O=(x+5)%x-¢)
x*ro, X+320, XUT P

s x+5=0 K-8=0
X=o X< “3 ., A¥= =-5, X=28

3) () =(t-3)t- )(z 3)t+3)  4) h(m)=(m-4) (m-2+4i)(m-2-4i)
-'(t 3Y -2 )¢ &Xéf'ﬁ) "@"’q)?(m'zf‘/'xm 2- 4>
' t 2’0 t 3‘-’0**3“ Mm-u4=0, m—ZHhrom 2%"0

T tﬂ?L’tg‘SL m= ‘(’ m=2-Y M-l"‘"h,

+ -
+=3

w

J

Find all the zeros of the function. Is there a relationship between the number of real
zeros and the number of x-intercepts of the graph? Explain.
AR YRR A

5) flx)=x*-4x*-4x+16 0= x3-Yy U G

sl =% =l
o:ch’L}_Y'z—bY +‘%7 L’i_‘z—j

-G B
0= 2Y x-4) AL ~8
anxi ‘LX LT:%,T

X +t170, X-2=0,¥-¢4=0

ye-2 =2 X=M VZ:S—

£¢0h WW'FWW“SO o)
G0 e efustion ov factsy of gpunion

Find all the zeros of the function and write the pol¥nomial as a product of linear
factors. Use your graphing calculator to verify your results graphically.

6)  f(x)=x’=3x*-15x+125 7)h(x) = x* +6x° +10x* +6x+9
- - -15 |2 _ 2
ol s * 1159 F A3 5K H125 0= x¥+La> 10 ¥

..3llulol.-"i

8 25 0 o= (sl x> #x+25) S

] . ) O (xe3) (2
=gt ‘4*4012? G:C-rqu_,‘(*_-bix—x,q,g{_) GH" )L"( P"nﬁ'; \Ct+;-)l .
2 !‘ -3 © -3
6
o {re3xe el ) ° lx--3
0 =(xe3Y xedY K4 Yx-1)

= 4+3; X=-b, ¥=1t30
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Find all the zeros of the function and write the polynomial as a product of linear
factors. Use your factorization to determine the x-intercepts of the graph of the

function. Use your graphing calculator to verify your results graphically. ~ .|| 0 -1l 150
8)  flx)=x*-12x+34 9)  f(x)=x*-11x+150
X-wt —o 3 -150
st x=t TH-4@GD - fodfereXx-4x+25) 575
ot B R o
-V5 > ~6 31UT x= 6* \36- 405
O -n2t2fZ . Lt Sol; 2
LEVZ % a:r K <L) % L3 L PP >
'F('i)g( - e %0 -vz -Cx)-—(‘xfb)gx -3t%Z X 3-37Z
10.) f(x)=x;+10x2+33x+34 1) f(x)=x*-8x" +1747 —8x+l6" -
: v 33 3 =9+ Vioy- ) - - [ L = e
yomd z(l«z -l “3¢ {_w q'_l__:_'j,i’- t o 4
By | 8 11° & “HEE IR B L e
)

( 'F('X) {X"'ZXV‘?YY""?) [(1) (x—u)(’){ q\({ ‘_‘)
_3",4.:; FR)= () w444 X H 401 %}-(x Y X-POCE R~ J

/ e W, soll x=¢. k=%

Find a polynomial function with integer coefficients that has the given zeros. (There
are many correct answers.)

12) 4,3, -3  $N)= (X— Y % - 3»1?‘*37 X 4>< wIx -3¢
13) 6, -5+2i, -5-2i FC¥) ——(x —LX‘fon}Ix ¢520)= K HUx"-3Ix-17Y

14) -5, -5, 1+iV3 FO¥) =(x+5) 2+ 5)(,(_“_;,'377(_, _if5)
= x*+ 8y’ +Ix '~ 10x + 100

Write the polynomial (a) as the product of factors that are irreducible over the
rationals, (b) as the product of linear and quadratic factors that are irreducible over

the reals, (c¢) in completely factored form.
- Q) fay=(x2)(x* -2 +3

15)  f(x)=x*-2x3-3x% +12x-18 e dyci e Over mmjb
(Hint: One factor is x* -6.)
X2-2Xt3 b.) fx)=(x +z )% -Ve ) X -2x ¢3)
YO - b x*-;leh‘fl 2x 18 reducihle over reals
20 eac Hak X= 2N
a3 +0x™ 1) Vil
__ﬂ_‘g = %t ) . >
3y 1-01“'3) C")!:(Jx'):—(‘xrﬁfyx-—wl’)(—'lfLEX‘X"I-’tﬁ
o
O
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Use the given zero to find all the zeros of the function.

(x-2Xx )

= x'+4

Function Zero

16-% zf;;)-%x4—x3+7x2—4x-4 2,720, 1, sl
e e 08 =(x-2i : 2 Z
)(lmy.,.qﬁ PR PLETAE (0 (X 2 XXrlo.XZT o (7

- (2 0x 8¢ = | f"C"EZ"S
-x3-x* -yx

(P rox’- ) =13 x=1
Y “ox -4 ¢ x‘:—% .
17)  h(x)=3x* —4x? +8x +8 _ 1-if3, (+cf3 ) - 2
(%= -~ifi>(x-t R -—;————-—-3}—'2 5
; v et xtoax+y BxP-dxr 8yt
o ()t-—l) -3t —@;‘—bx‘H?ﬂ -2 =9©
e x*ax+l ¥3 _ﬂfg) ?xc'zz
=y ~(2x? 7Yx ¢ k=s=
X UH:IJ( .. )f(X)-':(X-:_-_iﬁ}'x-lu"i}f?r—z\ R

Graphical Arialydis: Use the-zero or roof Yeature of a graphing calculator to
approximate the zeros of the function accurate to three decimal places. Determine one
of the exact zeros and use synthetic division to verify your result. Find the exact values

of the remaining zeros. /oo l’ o x.'?_
18)  f(x) = x* +4x? +14x+20 EXfer zenes |
-2 ( 72 4 2o 7 = "’2
L_,é_,_"__zi Y=-2L1¥-¥ikio Yo (£
( 2 (o © 2

= - +6'
gy)s(szx‘#Zx +10) S

= "'I"_:BL:

EXPLORATION: Use a graphing calculator to graph the function
f(x) =x* —4x® + k for different values of k. Find values of k such that the zeros of f
satisfy the specified characteristics. (Some parts have many correct answers.)

Ex <
a.) Four real zeros K=1 Xxtl132, X=10.58
b)  Two real zeros cach of multiplicity 2 g=f ~ (X-2) X-2) X+ XK +2)
c.) Two real zeros and two complex zeros k’ _.A XY=tz

d.)  Four complex zeros /( =(
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Activity 2 — The Fundamental Theorem of Algebra (Student Work)

Find all the zeros of the function.

L) f(x)=x(x+ 3)(x2 - l) 2)  f(x)=(x+5)(x-8)°
X= O,-% +| X=-5,8,8
3)  h(e)=(e=3)(t=2)(t-3i)(t +3i) 4)  h(m)=(m-4)"(m-2+4i)(m-2-4i) _
O:ML‘M 0= m- LUy
- 7 oV - L F m- U T
y g 6)Z\gl )'—’Z)L \ﬁ.. L"\'Q\t‘/‘\‘ JQ.L‘ qoq m[u:‘(L
AL R’

Find all the zeros of the function. Is there a relationship between the number of real zeros and the
number of x-intercepts of the graph? Explain.

A Y B T AR

EEF3
l} -I—ﬁ . X = _’)\ T M

| l"':\ I Y\&(‘C oxre ‘h\'CC \Cd\ Z(‘(O V\(H are.

So\u‘hoﬂly and three x- \n)ferQCPQ-s

TR on the S(ap%
R .
| J

T

Find all the zeros of the function and write the polynomial as a product of linear factors. Use your
graphing calculator to verify your results graphically.

6)  flx)=x>-3x*-15x+125 (Xﬂg 7)  h(x)=x*+6x> +10x2 +6x+9

ﬁ\l -l r\1s v -9, “t3, Y= -3 \(J&)Gﬁ)(’“a(& L
" —\4 :
\ ..‘*])_’L) 0 — | -2 Lo 10 lo
Y\‘{ Qv 4 2715 \ }“6] Lﬁ U“'l)v Y\ Liq)t L : lll "5 C{
$- xw ngs\.q +~X+77 (w’:}

%kf\c%; IR PN RACTY (\<+\)(y4.5 ) \“\{110H
BETR s X * 324X -3 e
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Find all the zeros of the function and write the polynomial as a product of linear factors. Use your

factorization to determine the x-intercepts of the graph of the function. Use your graphing calculator to
verify your results graphically. |x_ -, 3t 4y, I

8)  flx)=x*-12x+34 9) f x’ 11x +150 ‘
(x) ‘x X ; )‘D\}(tﬂ'\a (x . X >6< Zﬂc)(x 24
bt AN ttdae | —5 A
L@ - vac -lo ‘ > bt V-6
A I b 95 O / _—7_"—
19, j'\\i',L'i{'q{'ﬂl') X?. LQX;2§ | zbt1;~§tﬁb
= btm } —

12 N B
10)  f(x)= x‘+10x0+33x 11.)
_2‘\ \O 23 5;\\9\({'?,)(_)(*“%5()(6"' ,

1 -\ -

,-"—~—‘6‘

& \F 73*,

(8)(1\(1"\ . — 7 "
Jgt«lw T I A A !
. - B (¢* e Y- ”\3\(—.

Find a polynomial function with integer coefficients that has the given zeros. (There are manglr‘co;rvect

lel.s}wer:? 3, -3i (X O (x-3¢) (x30) = r-3ix-Uy v 12) (630) = x 3 v - @3- Aikey, 2
b 233 - o AL b -L}qs(l Lo 3(0‘—‘\(L||Qm ¥ bt

13) 6, =5+2h 5-2i (x-0) (5D lev'5-) (B + i 20 A2)0e5A)
JZMM%W‘Q“ M %ﬂwﬂ 7,\;;1—?;;\,_\
14) -5, =5, 1+i3 <W5>(”5>6(H“ﬁ>(w\ d—,))_ !

<¥’L tSX'bX*'D\S?((Y \) ‘\’“—57((\‘ \‘) } l \r/>> (X F\U)(il )((V I) k. (H‘f—ﬂ— —( |)‘,{
[N 20525 T v AV VoYl tineis L2 2w 12) = AT 200200 200,525

Write the polynomial (a) as-the product ol Tactors that are’irreducible over the rationals, (b) as the - 595 . 5p

product of linear and quadratic factors that are irreducible over the reals, (c) in completely factored ) 1/
form. x 1 @{%'3\(1—'70)/-5'0

15)  flx)=x*-2x*-3x +12x -18
A0 L2+ 3)
\rredualole

(Hint: One factor is x> -6.) Oy ’Y(“)'(
X2+ Ox-6[ 4.7 A
X~ wH- A3 Vel ,r)\y' AL
‘ b )\I‘ ) er
._(XLI‘ O3 b 7) \07 ) e )(V*ﬂ)(\( ] over reals

irreduable over

Jl‘(n rr(/

o\"‘é(
T T TS YRR AN AR (4
| i)
(’zyuomzy) 3L >( el - fod
G ;ox—IZ BB, 2eNTa . e 22
L L0y O ) - —~— — L- ,
ltin

47



Use the given zero to find all the zeros of the function.

Function ane
16)  f(x)=2x*-x*+7x*-4x-4 =}.70.5. 2, Y2
R e

1) 3 4 $)= (x-\)(wb-ﬂ(xhih) (x-AL)

SBEYL 1% N g
L\,*\,Q,'_t\—_

6 8 @ 242,4-0 QY:%X RNSTINEE M T8

17)  h(x)=3x*-4x>+8x+8 A 1-iV3 Xz -1/1,111'!&

s R\ ' 3
(é "'U\r’o> &X -)”L\E XL 2wt [2Zy3 “v‘ogj(("; Lx+2=0

(X D.L 67—%@——67'%&9 l*!) -(’ﬁyh(nv '”‘/), '1,/.‘ 71
¥ -

N2+ AT oyy 1B
Ce-1) (;; .u:{ ;‘é) Z/’s

(x-D(x-1) 173 - R SV I L 2yry

Graphical Analysis: Use the zero or root feature of a graphing calculator to approximate the zeros of the
JSunction accurate to three decimal places. Determine one of the exact zeros and use synthetic division to
verify your result. Find the exact values of the remaining zeros.

18)  f(x)=x>+4x%+14x+20 x= -7..000

Ql T L VO Y,Lx): (Xfl) <\(+ \430 CXF\—XO

o o Sl PRI

Yot B ¢ 10
AN 9T 2 (R 0)
= z ~2’{§(:—|tgb

EXPLORATION: Use a graphing calculator to gr:i[l)h the function f(x)= x* —4x” + k for different

values of k. Find values of & such that the zeros of f satisfy the specified characteristics. (Some parts have

many correct answers.)

‘ = = i g
a)  Fourreal zeros \,,: M= \,%‘ 55 «ky 19

L «\.“l‘-'\-q, l-"‘|\'l“
b.) Two real zeros each of multiplicity 2
¢)  Two real zeros and two complex zeros ' K = = ) i 2%, 2. B
d.) Four complex zeros v\ - 8 ‘
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Reflection on Activity 2

The second SMART Board was useful since it provided students with a concepts map to
help them think through the various sets of numbers. | noticed that many students drew the ven
diagram and referred back to it later. The Fundamental Theorem of Algebra seemed insignificant
to most students but they frequently made mention of the Linear Factorization Theorem when
talking to one another. They reminded each other that there were “n solutions” to an equation
they were working with. When finding solutions of polynomials students were most likely to rely
on their calculators. This of course was the fastest way to find solutions but | had hoped some

would remember to look at the possible set of rational solutions, that is

)4 factors of the contant term

= - —, and use synthetic division to confirm. I did require
q factors of the leading coefficient

students to verify solutions from the calculator with synthetic division,

Several students struggled with linear factorization and many forgot to include the pair of
complex conjugates. They then wondered why their neighbors were getting results with a higher
leading exponent, or they wondered what to do with the i left over when they multiplied terms
back together. This became a quick way for me to check understanding.

Most students found the terminology “irreducible over the rationals” or “irreducible over the
reals” very confusing. With continued practice the factoring, and writing linear factorizations
became easier. However for several students it was a formulaic process with specific clues at to
when to write irreducible over the rationals or reals without understanding why.

Problem number 15 was a good opportunity to review long division and it provided

students with an example of a polynomial that was factorable but had no rational solutions.
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The last problem gave students a chance to examine how the position of a graph is altered by the
constant term and reinforced the concepts of zeros as solutions and set the stage for the graphical

representation of complex solutions.
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Activity 3 Lesson Plan — Complex Numbers and the Complex Plane

Instructor: Cynthia Schneider

Subject: Mathematics

Grade Level: 12" grade

Title: Complex Numbers and The Complex Plane

Unit Title: Additional Topics in Trigonometry

Content/Topic: This lesson is an introduction to the complex plane. Students will learn how to
plot complex numbers given and real axis and an imaginary axis. They will also learn to find the

absolute value of a complex number.

Content Objectives: Students will be able to plot complex numbers on the complex plane and
find the absolute value of a complex number.

Language Objectives: Students will be able to understand and use the following terminology:
complex plane, real axis, imaginary axis, and absolute value of a complex number.

Required materials:
e SMART Board lesson including definitions and examples from PRECALCULUS WITH
LIMITS: A GRAPHING APPROACH, Third Edition
e Graphing Complex Numbers worksheet #3

Instruction and Practice: See included SMART Board Lesson

Time Allotment: Allow approximately 20 minutes for the lesson. The included assessment will
require 20 — 25 minutes to complete depending on student skill level.

Assessment: See included Graphing Complex Numbers worksheet #3
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Activity 3 SMART Board Slides — Complex Numbers and the Complex Plane

Slide 1
Graphing Complex Numbers on the Complex Plane
What you should learn:
How to plot complex numbers on the complex plane
How to find the absolute value of a complex number
Slide 2
Remember:
Complex Numbers take the form a + b/ where
a is the real part and b is the imaginary part.
Also i =+/—1.
Slide 3
The Complex Plane
a+ bi (a, b)
Imaginary Axis
Real
Axis
(2 +30) (-4 - 2i) 9 -1
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Slide 4

The Absolute Value of a Complex Number

The absolute value of the complex number z = a + bi is
a + bi| =Va’ +b’

The absolute value of a complex number a + bi is

defined as the distance between the origin (0, 0) and the
point (a, b).

Find the absolute value of the complex number.

(2 + 30 (-4 - 2i) 9-1)
Slide 5
EX: Plot the complex number (6 + 8/).
Find the absolute value of the complex number.
Imaginary Axis
Real
Axis
Slide 6

D¢

Homework: Complex Graphing Worksheet
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Activity 3 — Complex Numbers and the Complex Plane

Express each complex number as an ordered pair and then graph each number on the
complex plane.

1)  —3-4i 2)  —4+i

3)  3-3i 4) 4




Calculate the absolute value of each number and then graph each number on the complex
plane.

7) -l 8)  —l+i

9) —2+2i
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11)

V3 -i\3

13.)

12))

5 +i3

14.)

V2 -2i\2
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15)  —5+5i5

Find each sum graphically. Check algebraically.
16.)  (4+i)+(—4+50)

17.)

(B+2i)+(-2+4i)
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Activity 3 — Complex Numbers on the Complex Plane (Teacher’s Version)

Express each complex number as an ordered pair and then graph each number on
the complex plane.

1) -3-4i 9y A
il il
1 (4,0) 1
. N ' -+
ISEN
(3:-4) 1-
', -
3.) 3-3i 4.) 4i
. 1 (0,4)
. T | | 1 R [ | H
Z:_ ‘ 2
4 (3;3) d
5) =2 6.)  4+2i

—~
T
X

(..,2 0) 2 _ ()
! 1 1
4 A L 4 L 4 ' L 4 ' 3 ' L L 4 L 4 i

——+—+0 |
' T T T | Fo | ) R ! T T T T ¥ T
5 $ 5 $
L
o 24
!
dode -4




Calculate the absolute value of each number and then graph each number on the

complex plane.
7.) -1-i

J-1-i ]+

111111

Jcor e =Tz
GT

-t

AAAAAA

vvvvvv

vvvvvv

9) 242

[-2rec] =S =12 =21z

nnnnnn

nnnnnn

vvvvvv

vvvvvv

8.) -1+i

|-vee | = Ve)er =12

nnnnnn

AAAAAA

vvvvvv

10) 2-2i

vvvvvv

|2- 2 [= T2 ey = V8 =207

|||||||

11111

vvvvvvv

vvv
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11) 3-i3 12)  -5+i5

63731 Gy em-Ie -5 ifs |- VsFe(e)= 110
t—t— f?t —t+—tttt
J e (ﬁ“@)
13)  -3i 14) 2 -2i2
s MO e it e *("")1'7'5*7
R e e e *—',—*‘—‘—'—’—\_{_'_’—‘_f_*
2073) 1 (ar)
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15) -5+575  |-9 f5L{”' k¥5)%-(f7

AAAAA

cssf? o
\ gl
Wi
i
e T i
-q_[
-g!
Ll

Find each sum graphically. Check algebraically.
16.) (4+i)+(-4+5i) =

_ L0, @)

N

R RN
\

-5

AAAAAA

>- o))

vvvvvv

\
AN

5

\t

O+ 6L

= {25+ 25

«n?o“
51e

17)  (3e2i)+(244i) = | +6C

(2,-3)
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Activity 3 — Complex Numbers on the Complex Plane (Student Work)

Express each complex number as an ordered pair and then graph each number on the complex plane.

1) B4 (g ) 2) A+ (g () 3) 33 (3.3;)
.

§ I o
g » . - At - ——f—- -~ ~4t- 41—
| | |
VW iy W R ) ) E (ua)
1 6 0 0 T Ui HEE M NEEED
i . - Ll . B N - —_—
é 5 [ 5 » 5

w

| 8 |

Calculate the absolute value of each number and then graph each number on the complex plane.

7) 1=} A 8)  Hi+i 9) f2+2i
Mol L

f |
! 1
’
5 ‘ 5 5
— : - -~ — —-r--f - - — 1+ 11 .

fL_.T— H Tt A—vl.ﬁ. _;— ”’»__f._._.‘... e = ——1—1—
F ‘ | | | ol : ‘ s

atbi . Jaie AT Coaor N6

o }M\.v f (. ,)\v e Q’ \ < N Ny \r'

) Y ) =12 Ny =2 a Ao NS

A
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/\Xar‘L T
AT N (R N6

10.) \2-2i\ NF— 11) 3-if3 ANHr3 o 12) JBapls N 5+5
A7 =3 Vs @

N2 }:\

|

i
i 0] 11 [ il ..

| I

| ] ]

.

e

13) -3 ANOU@NG 14) 2-242 “((-';)}-a«m" 15) -SasnB | COHE%)

0-3L B:l N2 +8 = NZ5 +i25" "\!’@D
ol | " ; %) 2
= ‘. e
s 5Ve
| 5 -5 5 4
AR ANE D 7 I T L A
L 4
]
" -
. [ 1]

Find each sum graphically. Check algebraically.
16)  (4+i)+(-4+5i) 17)  (3+2i)+(-2+4i) 18) (6-i)+(3-2i)

= OF b, = | #bb . Q-2

SRS caNum 1
: L
\\ &1 05 \‘ I |
N

N " X \
N N y |
\

=T | |

5 . 5 W o - M o 3 §c
- l\’\ 4'

o] Y - oA T e 12 x\ -
*_.. G ' _—_. - - S — - — - — r‘.#.%L__.J
<< LR 88
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Reflection on Activity 3

Students found this lesson very easy and were expecting more difficult work. They
adapted quickly to graphing on the complex plane. Several students commented on the
similarities between finding the absolute value of a complex number and finding the magnitude
of a vector. The only portion of this activity that gave students trouble was with calculations
when a or b was a radical. Here 1 think it was how to graph a radical, and the look of a radical
squared and underneath a radical when finding the absolute value.

Students needed prompting with the process for the last three questions. Once | suggested
using a process similar to adding vectors they all were able to complete these exercises.

When | teach this unit again | will change the directions for problems 1 — 6 to be more specific. |
was looking for an ordered pair to identify the location. Notice that the student work | have

included shows these ordered pairs with a value for the vertical coordinate that includes an i.
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Activity 4 Lesson Plan — Polar Coordinates

Instructor: Cynthia Schneider

Subject: Mathematics

Grade Level: 12" grade

Title: Polar Coordinates

Unit Title: Topics in Analytic Geometry

Content/Topic: This lesson provides students an additional mathematical perspective of
graphing. Students will learn how to plot points in polar form. Students will convert points from
rectangular to polar form, and polar to rectangular. Students will be introduced to the conversion
of equations from rectangular to polar form and vice versa.

Content Objectives: Students will be able to plot and find multiple representations of points in
the polar coordinate system. Students will be able to convert points from rectangular to polar
form and vice versa.

Language Objectives: Students will understand and be able to use the following terminology:
polar coordinate system, polar axis, pole,

Required materials:
e SMART Board lesson including definitions and examples from PRECALCULUS WITH
LIMITS: A GRAPHING APPROACH, Third Edition

e Polar Coordinates worksheet #4
e Polar Graph paper for students to take notes on

Instruction and Practice: See included SMART Board Lesson

Time Allotment: Allow 30 — 35 minutes for the lesson, and 40 — 45 minutes for students to
complete the Polar Coordinates worksheet #4.

Assessment: See included Polar Coordinates worksheet #4
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Activity 4 SMART Board Slides — Polar Coordinates
Slide 1

Polar Coordinates

What you should learn:
How to plot points and find multiple representations of
points in the polar coordinate system

How to convert points from rectangular to polar form
and vice versa

How to convert equations from rectangular to polar
form and vice versa

Slide 2

Each point on the plane can be assigned the ordered pair
coordinate (r, §) where
ris the directed distance from O to P
0 is the directed angle measured counterclockwise from
the polar axis to segment PO.

(r.9)

\6

O Polar Axis

point O, is called the pole or origin

Slide 3

Polar Plane Rectangular Plane

Each rectangular coordinate has a unique representation.
For polar coordinates this is not true.
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Slide 4

Plot the point 1.75] in polar coordinates and find three
additional polar representations of the point with
—2m =6 =2,

Plot the point [zﬂj in polar coordinates and find three
additional polar representations of the point with
2 =0 =2m.

Slide 5

Coordinate Conversions:
The polar coordinates (r,0) are related to the rectangular
coordinates (x, y) as follows.

x,y)

(r.8)
x =rcostl y=rsinf 3 = rsind
y 2 2, .2
tan@ = B ro=x"+y )
W
0= tan_l(y) r= '\/xz + y2 X =rcos0o
X

EX: Convert the point to rectangular coordinates.

) b
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Slide 6

EX: Plot the point given in polar coordinates and find the
corresponding rectangular coordinates for the point.

2

)

Slide 7

EX: Given the rectangular coordinates (-3, -3) find two sets
of polar coordinates for the pointfor 0 = 6 = 2.

EX: Given the rectangular coordinates (3, -1) find two sets
of polar coordinates for the point for 0 = 8 = 2.

EX: Given the rectangular coordinates (5, 12) find two
sets of polar coordinates for the point forO = 6 = 2

Slide 8

We can convert rectangular equations to polar equations by
using the coordinate definitions.

x=rcos@ y=rsinb

¥

tang = > rP=xt+y’
X
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Slide 9

EX: Convert the rectangular equation to polar form.

x=rcosf) y=rsinf

H

2.2, .2
tanf = — ro=x"+y

X

xZ+y2—6x=0

Slide 10

1A

Assignment: Polar Coordinates worksheet
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Activity 4 — Polar Coordinates

Find the corresponding rectangular coordinates for the given polar points.

T Sn
b (s o [
) ; ) ;
[ R [ —
AT T AT T~
< /\ Nl __/ENH < /\ il ___//-\-H- /
~ 44— ~ A
/S ™ /S
/ \ol / SN \ol / S
e e
| | ol | | \ | A Nl | |
E L,fif I J( 7 ?h"“rHHJ E h L,xif ‘i“ﬁ ?h"“rxnj |
S\ L]\ < T~ A\ Sans < T~
Y o / .I’;I Y I / 'l
T _\ / .-\-/_ 1 _\-". /
[ e
|\~ |
~ ] ~ ]

Plot the point given in polar coordinates and fin three additional polar representations of
the point using 27 <0 < 2.

271 51
3) (4’ ?J 4) ( : ‘?J

L ] L
AT T — AT —
/ ‘—}\__ 1 /-H-h HH\ | / (}\ il __/_//-H-h HH\
/ A / A
T \/ T
: Je+ L NS \ / AR N
T~ AT T AT
| | 1 AT \ | | | N AT \ |
Il - rﬁ —r”T II - II Il — II \ —r”T II - II
BRESY SeNlAREERS N Seull
A 1 /) T+ + T 1 ) T~
2 / \ 2
\ / f & / /
/____\ / ; 1 | /____\ /
s et —t
- \_ . \_
L L




(CSTTRRS KSR,
{' "I | Q\A‘g" L \" IHI'I l. "I Q\A‘g" L \" 'I
-.%\ ',517/% .fé -.%\ ',’/7/%~ 'f |

Plot the point given in polar coordinates and find the corresponding rectangular
coordinates for the point.

T 3n
7) (4, —EJ 8. (1 8, —7]
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Plot the given rectangular coordinates and find two sets of polar coordinates for the point
for 0<0<2m.

9) (-7 0] 10.) (—3, 4)

Convert the rectangular equation to polar form. Assume a >0.

11)  x?+y*=49 12)  x*+y*=d*
13)  x*+y*—2ax=0 14)  x*+y*—2ay=0
15) x=12 16) x=a

Convert the polar equation to rectangular form.
17)  r=4sind 18) 6 :g 19)  r* =cosH
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Activity 4 — Polar Coordinates (Teacher Version)

Find the corresponding rectangular coordinates for the given polar points.

¥ TS D
x=‘—£c051r
%=
= 4(o)
U:‘*S‘m\g‘
:4(|) T 1# —t—t—t 1
= ¢ l
(o) 1

Plot the point given in polar coordinates and fin three additional polar

representations of the point using -2x <6 < 2.
3.) (4 27") (:-4,)* '.%I 4.) 5 = (5 ‘IC}
S
! A *ZJT YT
( 3 '3 > ( 2, §>

aT
e,

\ 6
Yo =
ST

\zd.

e
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Plot the point given in polar coordinates and find the corresponding rectangular

coordinates for the point. _ 1:
=|fowe
o (4’ ‘E) x= lms‘%r ) (18, _3—") > z
T () 2} =15(0)
5T o lr mune| =9 * 'Zrcommmh{ =0
Wb "X Yo '—GSMW vk L ‘)=!$6fﬂ\%
Reet, Cowolu\pi "T‘ q([i)
( 2, "2 rg) "+ T-2T%
N / i
o RV 5
i \
’ \
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Plot the given rectangular coordinates and find two sets of polar coordinates for the

point for 0 <0 <2, Y= »Y 2 2
=N en + (0
9) (-7, 0) (7 3T 10) (-3, 4) €3+ (4
) 5 Y 25 WEAR
=5 p=tan (3t
+ 4
= J (‘7)1,—01 6 2 'u qé
IREX ) (’?’/'D. |
4 °
1 =7 (5,1267°)
5 s 5 il s
] 9"‘_"\’5': ) (6 ‘Z- Z)
codoirm mal m redwans
of wl;;r«
o (-7,0) I
X'y = € T =
(j Convert the rectangular equation to polar form. Assume a =0.
,(_-rcase 11) x*+y*=49 12) x*+y’=a?
‘)=f€m9 r*svy9 r: =a*
chc;e o; radins 7 tircle of vedtus @
13) x*+y*-2ax=0 14) x*+y’-2ay=0
r*-24rcos®=© r*~2avysmnd=0
v(r- 2acose7 =9 - Y‘(rr— 2;51'1 )—.—:oo
» = - A -, -
15) x=I12 16) x=a
rcos® =17z Fcos6 = G
r=lz
s O r=0_
- s
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Activity 4 — Polar Coordinates (Student Work)

Find the corresponding rectangular coordinates for the given polar points.
1) (4,

S5m
2) (-1, —I)

ME
——
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Plot the point given in polar coordinates and find the corresponding rectangular coordinates for the

point. = Al ( © Xz (cosd
no (45 e 9/ & (18, -3 '2 N
. 0 RIS I A () = O
*9“‘: ’y - /\l(:) ' ‘/ vand Tr/
. s ‘s:n 73, '_‘%Qf(\\q = %
(0 = I3 -
CSATIN
(SRR
LSS TR
"""0‘3‘ AKX \\“
NRNRRmasY 7 zsqmnil
T TS TTTT"
X
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Plot the gwgg rectangular coordmates and
9) (-7.0) €= W 7 W
X \/ 6 E } on ¢ ) O } [T
| B A / O

Convert tlle rectangular equation to polar form.

11.) x +}- —49 r‘l . Ll!{:f
-1
\f :
13)  x*+y*-2ax=0
Fz. ‘;{q(f‘ff}i(’:)’_: E C)
Jﬂr(of) O
g-&f"CO‘U
r j_ —
15) x=12 - ")“““’5 {

ccosD= 1

}r..__ 2

C O _)@
Convert the polar equaﬁo; to rectangular form.
17.) (Jr 2 4sin0(r ) 18)
% Ysnfr
2y

b1

J

o sets of polar coordinates for the point for 0 < 6 <2,

10) (-3,4) =Nt = 5
.{”Cl\l' '/' £ 2|
“‘)'1%{,('\
. S S By
T Tl (5 1269
=\
iff'(/‘/
Y e pn’
Assume a=z=0, hf ) -
12) ,.':-'x2+ 2= 2 ’ O, 1 .
| y=al | ! v = o
7 ()‘J o
(i \__r"._ | V (JL\-
9 2 !(”, l: ) | )
14.) x%{z-zﬂy-o
QCU =
J(l({ ,nG)
= Aorsing
f”
L_- 91&\)15'19
16) =x=a I
o5 0= a
“ co :}
g== 19.) r -cose
1.7 - ! "l?_ = ‘IJ:
Lg’__{.__'fﬁ 3 s
mye + fo 'U_; |
s
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Reflection on Activity 4

Students had only minor problems plotting any given polar coordinate. However, most
struggled with finding additional polar coordinates describing the same point. Note problem #4
in the student version of the activity. This student, like most, had trouble visualizing a rotation
from the positive pole in the counterclockwise direction to a co-terminal angle. Every student
had trouble finding the angle = units away with a negative r-value. | found the best way to help
students think through this process was with a physical example. I would stand “on the pole”

with my arm extended and say “I am pointing at the pole, or the positive x-axis”. Then I would
rotate my body 6 = _—; units clockwise. | would describe that | was now facing this direction 0
and then take 4 steps out to the location. | would then repeat this process rotating in the
counterclockwise direction 0 = 2775 | would describe how | was facing opposite the location

desired and so would take 4 steps backwards, represented by a negative value. For some reason
this practice of physically moving to demonstrate the process seemed to help more students grasp
the process of finding additional representations. Maybe it was just funny to watch their teacher
spin around in circles?

Converting polar coordinates to rectangular was an easy process for students. Converting
rectangular coordinates to polar coordinates was more difficult. Students had trouble with
inverse tangent function value when the rectangular coordinates were in the 2™ and 3" quadrant.
| asked students to make a quick sketch of the point in rectangular coordinates. Then we
discussed the inverse tangent function and its range. We would discuss the value of the inverse
tangent function and how it related to the actual point. It took working through both problems
before students began to see that they needed to add or subtract r to find the correct angle. I will

include several more of these types of problems in the future.
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Converting equations was extremely challenging. This was not major objective for this
lesson but rather an introduction to the concept. With practice about half of my students could

convert a basic equation from rectangular to polar. The reverse was much more difficult.
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Activity 5 — Trigonometric Form of a Complex Number

Instructor: Cynthia Schneider

Subject: Mathematics

Grade Level: 12" grade

Title: Trigonometric Form of a Complex Number
Unit Title: Additional Topics in Trigonometry

Content/Topic: This lesson is designed to instruct students on how to re-write complex numbers
in polar form. Students will then learn to multiply and divide complex numbers in polar form.
Students will use De Moivre’s Theorem to find powers of complex numbers. Finally, students
find nth roots of real and complex numbers.

Content Objectives: Students will be able to write complex numbers in polar or trigonometric
form. Students will be able to multiply and divide complex numbers in polar or trigonometric
form. Students will be able to use De Moivre’s Theorem to find powers complex numbers and
nth roots of real and complex numbers.

Language Objectives: Students will understand and be able to use the following terminology:
trigonometric form of complex number, modulus, argument, De Moivre’s Theorem, nth roots,
and roots of unity.

Required materials:
e SMART Board lesson including definitions and examples from PRECALCULUS WITH
LIMITS: A GRAPHING APPROACH, Third Edition
e Products and Quotients of Complex Numbers in Trig Form worksheet #5a
e De Moivre’s Theorem and Nth Roots worksheet #5b

Instruction and Practice: See included SMART Board Lesson

Time Allotment: Allow two class periods to complete this lesson. On the first day allow 25 — 35
minutes for the lesson and 40 — 45 minutes to complete the worksheet #5a. On the second day
allow 30 — 35 minutes for the lesson, and 40 — 45 minutes to complete worksheet #5b.

Assessment: See included worksheets #5a, and #5b.
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Activity 5a SMART Board Slides — Products and Quotients of Complex
Numbers in Trigonometric Form

Slide 1
Trigonometric Form of a Complex Number
PART ONE
What you should learn:
How to find the absolute value of a complex number
How to write trigonometric forms of complex number
How to multiply and divide complex numbers in trig form
Slide 2
Absolute Value = magnitude or length
For 6 + 8i, [(6+8i) =6 +8% =/36+64 =~/100 =10
Imaginary Axis
{ Tt }
X
A &4
/1
N
/ b
,C-'
= Real Axis
Slide 3

The trigonometric form of a complex number is also the polar
form of a complex number.

Then for any complex number z = a + bi with complex
coordinates (a, b) we use the directed line segment from the
origin to (a, b) and the angle @ from the polar axis to the
directed line segment to describe a + bi.

a=rcosf b =rsin@
b
r=va’+b° tanf) = —
a

Then z = a+bi =(rcos@)+(rsind)i
or

z =r(cos8 +isin@)

where r is the modulus of z, and 8 is called an argument of z.
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Slide 4

Remember that polar coordinates are not unique.
Normally, @ is restricted to the interval Q < @ = 27,
but is may be convenientto use 0 < 6 .

Slide 5
Write the complex number in trigonometric form.
z=3-4
z=1+3i
z=2~2 —i
Slide 6
Write the complex number in standard form.
T .. 2
Z =4(cos—+zsm— 7 =72 cosz—x+isin—x
6 6 3 3
Slide 7
Multiplication of Complex Numbers in Trig Form
Given
7, = r](cos(:?] + isinBl) L= "2(00392 + 531392)
Z14n =
Slide 8

Division of Complex Numbers in Trig Form

Given

7 = r](cosﬁ?] + isin91) Zp = 1‘2(C0892 + isinﬂz)
|
<2
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Slide 9

Find the product and the quotient, and leave the result in
trigonometric form.

4 4o
z; =40 u::m;—'?r+isinTﬂr 7, = 5| cos
5 5

+i8in

37 Bn)

Slide 10

Find the product and the quotient, and leave the result in
trigonometric form.

z,=24i z, =43 —4i

Slide 11

W

Product and Quotient of Complex Numbers worksheet
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Activity 5a - Products and Quotients of Complex Numbers in Trig Form

Write the complex number in trigonometric form.

1)

ImaginaryTAxis

4__

-+

2__

Z=3i

Real Axis
! ! ! !

]
I I I I I
5

2)

71

Imaginary

| Rea:l’ Axr’f

Represent the complex number graphically, and find the trigonometric form of the

number.

3)  5-5i 4)

10
Imaginary| Axis

51
[
PN
24

\/§+i

10
Imaginary| Axis

51

[

PN

24
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5.)

—2(1+i\/§]

0+
Imaginary| Axis

| Real Axjs
———

7.)

—7+4i

0+
Imaginary| Axis

a1

10

| Real Axjs
———

. 10+
Imaginary|

| Real Axjs
———

10

10
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Represent the complex number graphically, and find the standard form of the number.

. 3 .
8)  2(cos120°+isin120°) 9) 5(005330°+lsm3300)
Imagm;:g}z}ixrs Imagm;:g}z}ixrs
81 84
al g
I I
nl nl
Ce P Real A Ce P Real A
T T
o oI
i o]
ol ol

3 3 3 3
10.) 3.75(cosjn+isinfj 11.) 4(cos§+isin7nj

Ll P LT
Imaginary| Axis Imaginary| Axis
8- 8-
61 61
44 44
21 21
L e by ey Real AN L e by ey Real AN
1+ttt T+ 1+ttt T+
10 -5 1 5 10 10 -5 1 5 10
24 24
Lad ad
61 61
. ES a4
10+ 10+




Perform the operation and leave the result in trigonometric form.

12)) [3(0082 + isinEJJP(cosE + isinﬁjJ
3 3 6 6

13.) F(eosE +i sinEjJ{G(cosE +i sinEJJ
2076 6 4 4

14)) E (cos140°+ isinl40°)JE (cos60°+i sin60°)J

15.)  (cos5°+isin5°)cos20°+isin20°)

c0s50°+isin50° 2(cos120°+isin120°)

16.) - 17.) —
€0s20° +isin20° 4(cos 40° +isin40°)




(77:} . .“(7nj
cos| — |+isin| —
4 4

18) _ 19) 18(cos 54 +isinS4 )
COST+iISINT 3(COSIO2O+1511’1]02°)
20) 9(c0s20°+isin20°)
7 5(cos75°+isin75°)

You have in your notes the proof for multiplying complex numbers in trigonometric form.
Use a similar process to prove the following.
21.)

Given two complex numbers z, = ;(cos®, +isin6,) and z, = r2(00562 +isin62) , 2y # 0,

Prove that j—; = :—; [005(91 - 92)+ I Sin(el - 92)]-
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Activity 5a - Products and Quotients of Complex Numbers in Trig Form
(Teacher Version)

Write the complex number in trigonometric form.

1.)
lmaginal)fois o e
(z|=)’a‘+3‘ of Z --3(6052'4':-9"”2)
* gf- 4+ z=23i
— 2-”- T
3 4_&‘\/ 2
l 1 1 1 L A 1 1 Reall Ax'.f
.'5 L) | F Ll L Ll L} A T ;
e

2.
HEONR imagnay s
=77

1 1 1 i ! 1 lRea!AXi§
.‘5 1 T T "/ L} L} 1 Al ;
- 2[2 z2=-2-2i .,’ -2+ .Z.: zﬁ(@s%’-r{-l‘fﬁm ?7
-\ f=2
6= tad'(3)¢ T 1
2 N
g = =T
.‘r

Represent the complex number graphically, and find the trigonometric form of the
number. V= ]’Q‘—;)\‘_ (?

3)Zs 5-5i ) 223 +i o Wi 0
r= m‘_‘;')'z 2= 6&(@{%”4—&%«75 : f b= ban (FD

Imaginary| Axis ‘m.plnl'?)z);/im - ‘Tr/ [
= 50 ot 't

=51 1 TN

= R 4 '
9:&»1(’%)%% 1 s s
=X 1

W:‘WJ Wi ’ (5(57
7:;1“ %

iZ=2 wslﬁ*“"‘z’)
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5)2= 2(1+i3)= -2 - 2013

r= YC (25"

=Vd+i2
= ﬁ!'-“t :} -2 4(cos M L$n ,7
=it 1
(-2 -25 E
= 47
P Z-= 3(@6%%9/"%{)

7) =T+4i _
Y= [(-7)‘4- ¢

e = 0B
PR
7,9 ,3
T e (Y)
4 502U

7~ 6T yadcans

2 = Vo5 es 261 4% g6

91



Represent the complex number graphically, and find the standard form of the
number.

8)  2(cosl20°+isin120°) 9.) %(cos 330°+isin330°)

=2 +ia(%) = HDH )

= —'l MEA.P hnmmy:Am = L{é_, 2:-
v 1 T
\ 3
¥ ;a§\
A I TA~
2 .
330
10.) 3.75(cos—3:1£+isin:%n) 11.) 4(cos37+tsm37u)
= 375(-2)) - 3.75/ = ~_)
(_2_)+—L3 5(& ’+(0)+qt(l
X MF‘:‘: = "5"2-.- ¥ ‘9(-,{2\ Imaginaty| A - 0 1-6‘*\.4

: :: =-ti




Perform the operation and leave the result in trigonometric form.
12.) 3(cos£+isin£) 4(cos£+isin£)
3 3 6 6

- T, T, and I
3(47((105 sry HronZ I

= 12(ces §_+is?n\1—§_7

13.) [2 cos£+isin£ ][6(cos£+ism )

Z(D[(_os >t fF FLon Ty \:l;]
= (4] 7
‘I((os Y %7

14.) [3{c0€l40°+ssml40 )][ (c0s60° +isin60 ]]

= %(%>[(05f40+60 FisIn (40 ”“*ﬂ

= Lg—((:as 200°+ L 1N 200))
15)  (cos5°+isin5°)(cos20°+isin20°)
(05520 1L S G20
= 0595 +1 $1n 25 ‘

16) c0s50° + isinS0° 17) 2(cos120° +isin120°)
7 c0s20°+isin20° ' 4(cos40° +isin40°)
= (95 50-20+L 51N 5020 = Fcos 2040 tigm o -—L@]

= (165%0+ (5N 30 I
= -’i@ee%°+-u Ql”?f))
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= +isin L]
18) N )My 19) 18(cos54° + isin54°)
' COST +isin 7 3(cos102°+isin102°)

=eos Y 7r+,,<_;m--'ﬂ" I?@osw-m“?m 54-IOL>
= ?Tl‘ Qnﬂr
= o5 Z +1 S >

= G(os-HW t LGN~ l“g)

20) 9(c0s20° +isin20°) o ‘
5(00575°+£sin75] ) - G(ﬁﬁg?f2°+bglﬂ?fz >
- ‘L(Cag 20-15 +1 &1 20 <15
= 4(¢os 55 o sin -55) )
2 5% colorvmusd wof/hzog = 3 Ccos 25 4 (S1n305

You have in your notes the proof for multiplying comp]ex numhers in trigonometric
form. Use a similar process to prove the following.
21.)

Given two complex numbers z, = J'-,{cmslil1 + isinG,) and z, = rz{cosﬁlz +£sin82] s 2= 0
L]

prove that ? = m[cos (6, —8,)+isin(8, BE]].

(056, ti 5no)
—e e L
2 1, (co56,+i5in8,)

f”. (ceose e s«n67 (Cosa-;emeV
(aose +i s:na,L) (cosO,- i sme,D
60050, ~ LGB INE,

t

- gqr\ 6
Vz 0%, — ¢

' — 1 €0%6,5INE
r cos6,c056, 1 51n6,9NB,t L5 (B, (058, L €056, 51NO,
Y, 0050,6028 T 1
L 4

2

\

1
\

I

‘(9106.60591 - coee,S(nQ)

cose,@sa,+ 6,56, t L w/
('/09(“’V> §in(v—\/>

S (1 006@.*93“— 5‘."‘(9-’9)

2

\

r .
2

_yg" colexmonal Wit 212
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Activity 5a - Products and Quotients of Complex Numbers in Trig Form

(Student Version)

Werite the complex number in trigonometric form.

1.)

ImaginaryAxis
44 2 (C « /! ( /
+2z2=3

2.....
Real Axis
L l 1 l 1 l 1 1 1
L Ll T T L ' L\l | | Ll 1
-5 5

2) l / b W 87
2+
Imaginary| Axis
Real Axis
1 =t
-5 5
z=-2-2 o"" -2
f'\‘:- ") _' ', » “4 - / f.)l ‘
‘ N << {

Represent the complex number graphically, and find the trigonometric form of the number.

4)  AB+i

3.) 5-5i
Imagindfy| Axis
;{ 1 "\ ) ( 2|8
T Rpal s A .
o1 AN
3 o } o ( i
/ gy b \ /
5)  =21+i3)
o \| ()4 (
lmagm”i:uls 8] \Z
o 1o
.;.:. |'l ((A
2 {
° . ] 0 n’
X Har

30

o
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7))  -T+4i ’\i‘;) 0% Naari
QBS

A5 fan” (’@

.o; PPN 7 /ﬂ?((os 1;.7»(;;*@5"\,6-?(;»)

M’G% gcoe 150 o 50 150,26

Represent the complex number graphically, and find the standard form of the number.

Imagindfy{Axis

3
8.) 2(c05120°+1s l20°) 9.) (cos330°+tsm330°)
27 /A3
1O Cx e
-] + WY .
imaginafy] Axis 31{—3—% I 3
i 3% 1.4 i
& ; 5/' S 19
—o—o—o—.—o—o—o—f—o—:——H—o—o—z—-b—'-'ﬂo‘-"‘E ~ Bpel Lo
10.) 3 75(cos——+zsm— 11.) 4(c0537n+isin37n) 9

o -
J/ \/ O+ Y40

”L’( \ 3%(& i

o

. | L, Real Agis

1% 5 ' B 5 S 1'0
2 T
13 -6
[ -8
" 1
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Perform the operatlon and leave the result in trigonometric form.

12.) [3(cos—73£+zsm ][ cos%nsm:)]

&/ [Cos(‘ﬁyﬂ UG “(%*“751

W Vo397,
\2 cosTVLHﬁ\V‘TV) 2.
P osBrian®h)]

14.) 3[ (cos140° +isin140°) ][ =(cos60° +isin60° )]

17(\‘10 Ho()b) +L9\V\Qq01 boﬂ
) Lwl,o\oo t 1o 200

F‘% (c0sR00°HLSIN 7\00"1

¢0s50° +isin50°
¢0820° +isin20°

[(05 (5% 20°) + Lém(% zo)]
| Cog AP+ ismn 20° !

16.)

cos(7u)+isin(7n)
18) 4 4
COST+isinT

Bl%(r’“” r\')\ L‘:\V\(r}"’ /J

20.)

5(cos75° +isin75°)

S

]jg <c0§36$ H5m505

13.) “LZ cos—+zsm ][6(cos—+tsm ]
QE ‘( 1[')4%'»/\(17@*17\{[

15.)  (cos5°+isin5°)(cos20° +isin20°)
[(o 5°20°)+ (sn (5 fZO)]
(os 25° F L5 QSD

2(c0s120° +isin120°)
4(cos40° +isin40°)

’choi/ 120 ‘10")» LS'Y\(‘ZO HOO]
‘ ‘/1@5 ° + Lo B0°)

17.)

18(cos54° +isin54°)
3(cos102° +isin102°)

19.)

C [( os(54° '02°>4 (51N (ﬂ" wzﬂ

(o[(o’;.( ‘13 ){, LS\H<‘46 ]

+ 50

L(cos ’5I’). FL5M Zlij]

9(c0s20° +isin20°) - q <05 (20°- %)ns\v\,('z() 75 )J

i (03 55 %LSH'] é@)

-5543L,0=50%"
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You have in your notes the proof for multiplying complex numbers in trigonometric form. Use a similar

process to prove the following,.
21.)  Given two complex numbers z, = r,(cose, +isin9,) and z, = rz(cosf)2 +isin92) yZ» 0,

prove that —:f = :_'—:[cos(()l - 62) + isin(e, - 92)].
(050 tiand))
o (€95 6,1 {,smé’ﬂ

=3 _Q_Q(Oséf:“_’_aif\eu) ((0392)—“1'51an>
(2 (cohrtiondy) Ceshy-isnbz) ()
E 2
= O osBicos7 -icosth Sz 1 19NOV D2 506, 51002

.Z_L_'__
Z)

(. A o J“{ Dt
73 (,059/)_ .-,ksm@ﬂos@W L “s\F2
= 1

S 1

Ca C0592 + 5\Y\811

= £ (csdsbar gudsnda) t isnb by -icosby#10
Y \

)
.0 ,(0(/9, $Mvz
-0 w5 (01-00)r L (SinBoshz

?L— < §|v(Q\-G’L§

=L cor(0)-ba) 161 - o)

et (B, -B2) rism G}\’ 02) ! \
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Activity 5b SMART Board Slides — De Moivre’s Theorem and Nth Roots

Slide 1
Trigonometric Form of a Complex Number
PART TWO
What you should learn:
How to use De Moivre's Theorem
How to find the nth roots of complex numbers
Slide 2

Powers of Complex Numbers

Given z= r(cns O+ isin())

and applying the rules of multiplication we have
22 = r{cos@ +isinB)r(cos O +isin ) = r*(cos20 +isin20)
2% =r*(cos26 +isin26)r(cos O + isin ) = r>(cos 36 + isin 36)
2t = r?(cos36 +isin 30)r(cosO +isinf) = r* (cos 46 +isin48)

27 =r*(cos48 +isin48)r(cosd +isinB) = r*(cos 58 +isin56)

Which leads to

De Moivre's Theorem
If z=r(cos0+isin0) is a complex number and n is a positive
integer, then

7" = [r(cos@ + isin@)]n

= r"(cosn@ +isinn6)
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Slide 3

Use De Moivre's Theorem to find the indicated power of the
complex number. Express your result in standard form.

5

NG

2 (:os_E + isin_E (2+2i)
10 10

Slide 4

The Fundamental Theorem of Algebra

The following is called the Fundamental Theorem of Algebra:

A polynonsial of degree n has at least one root, real or complex.

This apparently simple statement allows us to conclude:

A polynoniial P(x) of degree n has exactly n roots, real or complex.

If the leading coefficient of P(x)is 1, then the Factor Theorem allows

us to conclude;

Px) = (x=r)(x=ry-1). .. (x=n)(x—n)

This means for any polynomial we should be able to find n
solutions or roots.

Pl = 53164

x3=64 ;:_ln:::

] oticte ¢here (S only
sl || ope real soledion
We rely on De Moivre's | ot
Theorem to help us find
these roots. |
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Slide 5

The Complex Root Theorem
For a positive integer n, the complex number z = 7(cos € +isino)
has exactly n distinct roots given by

0+ 2k 0 + 27k
%(0087+isin7)
n n
wherek=0,1,2,...,n-1.

Imaginary
Axis

e

B

Slide 6

Find the third roots of 64.

Imaginary
Axis

o

| Real
| Axis

e
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Slide 7

ISITY

V_( G+2xk . O+2nk
Fl COs +
1 Al

Find the square roots of 5(cos120° +isin120°) .

Find the fourth roots of -4.

Slide 8

2+ 27k 0+ 2k
"\/;(cos Fo +{sin +ﬂ)

P n

Find all of the solutions to the equation x* + 81 =0.

Imaginary
Axis
e
.
/ N
N
/ \
| '1 Real
1 | Axis
\\ //
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Slide 9

The nth Roots of Unity
Find the fourth roots of 1.

ul ( 8+ 25k . 9+2m?()
4l cos +isin
n

P

Imaginary
Axis
/.«-' - T ,.\\
S
/ N
N\
/ \
| Il Real
1 | Axis
\\ //
N e

Slide 10

¢

Assignment: De Moivre's Theorem worksheet
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Activity 5b — De Moivre’s Theorem and Nth Roots

Use De Moivre’s Theorem to find the indicated power of the complex number. Express the
result in standard form.

1) a+iy 2)) (~1+40)"°
3)  2(3+i) 4)  (3-2i
. 3 51 51 10
5)  [5(cos20°+isin20°)] 6.) (COST +i SmTJ
7)  [B(cos150°+isin150°)] 8)  [4(cos28+isin2.8)]

Use the Complex Root Theorem to find the indicated roots of the complex number and
then represent each of the roots graphically. Express the roots in standard form.

4w . 4m
9) Fourth roots of 16 cos?+zsm7

Imaginary| Axis
N

24+

14

T Reﬁi Aqrs

T T T T T bl T
-z H
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: Sm .. Sm
10.)  Fifth roots of 32 cos?+zs1n?

Imaginar}:_x-‘lxr's
ol
.1
L
II}IIII77:¢;==R81A.15
B t teql Axs
a4
o4
a4
11.)  Fourth roots of i
Imagmary“.qxrs
i
L
—t—t—t—t—+ ! e Real Axis
5 j teal Axs
a4
a4
54
12.)  Fifth roots of 1
Imagfnar);_dxr's
il
.1
i
—t—t—t—t+—1— ! T S R IReiArs
2 t e
o
s
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Use the Complex Roots Theorem to find all the solutions of the equation and represent the
solutions graphically.

4 .
13) x —-i=0
.rmagirrary“Axr's
s
a1
4
4 ; Regi Aﬁis
2 2
4
2
5
14) x> -243=0
Imaginar}:_x-‘lxr's
71
2
4
+ ; Regi A)_(‘rs
4
N
3 -
15) x +64i=0
Imaginar}:_x-‘lxr's
71
2
4
+ ; Regi A)_(‘rs
4
24
34
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Activity 5b — De Moivre’s Theorem and Nth Roots (Teacher Version)

Use De Moivre’s Theorem to find the indicated power of the complex number.

Express the result in standard form. r
L)+ r=Tree 6=hm(1) 2)  (-1+i)"
Zs Yi{("%}ﬂglﬂ“ﬁ =l = -32L
- 217((09?1};;(.43'—) -2t
3)  2(V3+i) 4) (3-2) _
=-3203 t32 =~ A0 =Rk
5.) [5(cos20° + isin20°)]3 6.) (cossjJt +i smsjn)
=525 1’5251,{3- = L
7)) [3(cos 150°+i si|1150°)]4 8. [4(c032.8 +i sin2.8)]5
. t
= -40.5-40.50V% = [40.02 +1014. 38L

Use the Complex Root Theorem to find the indicated roots of the complex number
and then represent each of the roots graphically. Express the roots in standard

form.
Use
4n . 4m L 4i) ‘nr N |
9.)  Fourth roots of I6(c0s : +isin 3) 1@05 3t L LGN ﬂk
' ¢ N
s s )
1 k=0 -
ST ] / 2cos Ll sm:':;)
kK=o 1 _ . i}
I.|_|_|)-§ 4—4—4—0}—¢—1% + Loy k=1 2{({05%\?’+’L51ﬂ%>
o] nr
= 1 « A
T /J*:: k=2 2@”5*%”"-‘5‘“*'@
Lo ! | :

. ur ) e t 7
ST A R RIC
="
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Use the Complex Roots Theorem to find all the solutions of the equation and
represent the solutions graphically.
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Activity 5b - De Moivre’s Theorem and Nth Roots (Student Work)

Use De Moivre’s Theorem to find the indicated power of the complex number. Express the result in
standard form A S——-——— A7~
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Use the Complex Root Theorem to find the indicated roots of the complex number and then represent
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Use the Complex Roots Theorem to find all the solutions of the equation and represent the soluti

graphically.
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Reflection on Activities 5a and 5b

Students had some difficulty with the process of re-writing complex numbers in trig
form, particularly with values in quadrants 2 — 4. Students were not confident with their
knowledge of the range of the inverse tangent function. They were reluctant to plot an imaginary
number and then use the location of that point to visualize an approximate angle of rotation from
the positive x-axis. When faced with an angle from the tangent inverse that seemed incorrect
students were confused and unsure whether to add 27 or 7 in order to obtain the angle, which
terminates in the 2™ or 3" quadrant. With repeated instructions to consider which quadrant the
rectangular coordinates would lie in, and reminders of the restrictions to the range of the inverse
tangent function, students got better at conversions.

Students had little trouble with the process of multiplying and dividing once a complex
number was converted to trig form. Students had little trouble with the process of De Moivre’s
Theorem. They enjoyed having a series of clearly defined steps to work through, rather than the
ambiguity of proving trigonometric identities. There was very little interest in the proof of this
theorem. Students found it tedious and were reluctant to follow along.

The process of finding roots was almost as easy for students as powers. | expected

students to have more difficulty with finding nth roots of equations such as x*—i=0. Most
students were quick to find the first root with the formula for roots and then found multiples of
the angle for this value based on the exponent for x. Several students struggled with writing the

complex number in trig form if there was no imaginary part. For example if the equation to solve

was X~ —243 =0 they had trouble visualizing the point on the complex plane.
Student learning would have improved greatly with an additional class period of lecture and

practice.
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Final Reflection

While it was with some trepidation the curriculum for this class was re-ordered and
supplemented, it was satisfying to observe students identify similarities between plotting
complex numbers and vectors. It was surprising to find that with practice, students were quite
capable of writing complex numbers in trigonometric form. Students continued to grumble
regarding the need for another number system throughout the lessons, until they began to find
nth roots of equations. Here not every student came to see the purpose for complex numbers but
many did, and a handful even seemed to grasp the elegance of our number system where rules
stay true and values hold despite the addition of an imaginary unit.

In changing individual lessons it seems better to combine operations of complex humbers
along with graphing on the complex plane. However, it would be necessary to review these
concepts along with instruction on the absolute value of complex numbers prior to writing
complex numbers in polar or trig form. The textbook gives very little precedent for writing
complex numbers in polar form and the section on polar numbers comes four chapters later.
Students are likely to question what they are being taught. It was helpful to provide students with
a more thorough understanding of polar coordinates before turning to complex numbers in their
polar or trigonometric form.

Finally, if there were one over-arching element to change for these lessons on complex
numbers, De Moivre’s Theorem, and nth roots, it would be to have more time for each lesson
and more time for student practice. Students felt pushed to perform without feeling confident in

their understanding. There was not time to introduce any of the history of complex numbers,

Abraham De Moivre, or Euler’s formula ¢" = cos x + isinx. Certainly these are important to
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student learning. Student disbelief at the need for an additional number system was an ongoing
topic of conversation throughout these lessons. Perhaps insight would be gained through learning
even some of the history of the complex number system and the great mathematicians that

contributed to its discovery.
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