Green Dyadic for the Proca Fields

Paul Dragulin and P. T. Leung ( 3235 4#)*

Department of Physics, Portland State University,
P. O. Box 751, Portland, OR 97207-0751

Abstract
The dyadic Green functions for the Proca fields in free space are derived to
include the singular terms. Both the electric type and the magnetic type will be obtained
with the results reduced back to those for the Maxwell fields in the limit of zero photon
mass. Moreover, the singular terms are identical in both massless and massive
electrodynamics. As an illustration, the results are applied to obtain the exact dynamical
fields for an oscillating dipole which reduce back to the well-known expressions for static

fields derived previously in the literature for massive electrodynamics.
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Introduction

Although the two fundamental forces — electromagnetic and gravitational — which
govern most of the physical phenomena at a macroscopic scale are believed to be “truly
long-range” in nature, a non-vanishing value for either the photon mass or the graviton
mass will have many significant implications from the dispersion of light in vacuum to
certain fundamental issues in cosmology [1]. In particular, the possibility of having a
finite photon mass has been studied intensively for almost a century, with both serious
theoretical and experimental investigations devoted to it [2].

Theoretically, the simplest Lorentz invariant generalization of Maxwell’s theory
to include a finite photon mass was first worked out by Proca [3]; and the quantization of
the Proca field is also possible despite the loss of gauge invariance in “massive
electrodynamics” [2]. At the classical level, the Proca equations lead to modifications to
only the two Maxwell equations with source, and the consequences of these have been
studied by many researchers in the literature to include problems such as effects on
special relativity, multipole radiations from localized sources, ...etc. Experimentally, the
two main approaches to set an upper limit for the photon mass have been based on
examination of the accuracy of Coulomb’s law (static approach) and the dispersion of
light in vacuum (dynamic approach). While the static approach can usually set more
stringent limits on the upper bound of the photon mass, the dynamic approach can enable
one to go beyond terrestrial experiments so that possible dispersion can be studied with
light propagating over a large scale of distances. To date, one of the best upper limits

established is believed to be in the order of 10* g for the mass of the photon. [2].



Our interest here in the present work is to derive the most general expressions for
the Green dyadic functions of the classical Proca field equations to include the singular
terms in the dyadic. As is well-known in conventional Maxwellian electrodynamics, the
knowledge of such dyadic functions will allow one to calculate the general time-
dependent fields for any arbitrary localized current sources [4]. New results for the
dyadic Green functions are always significant whenever a new vector field theory is
introduced [5]. As for the Proca field, previous work in the literature had derived the
scalar Green function for the Proca wave equation. The results obtained had then been
applied to the analysis of the radiations from binary pulsar, leading to new limits on the
electric charge of various astrophysical bodies as well as on the strength of possible new
forces of weak interaction [6]. However, neither the dyadic nor the singular term for the
Proca field has been established in the previous studies. As for the latter, it has been
recognized from time to time the importance of treating the singular behaviors of various
fields and sources to the extent that a complete text has been written for the treatment of
this problem [7]. For example, for the Maxwell field, both electrostatic [8] and
electrodynamic dipole fields have been obtained with the correct singular terms included
[9, 10]. More generally, the Green dyadic (electric type) with the correct singularity has
also been previously derived in the literature [9, 11]. Here we shall derive in the
following both the electric and magnetic dyadic functions for the Proca fields to include
all the appropriate singular terms. We shall then apply these general results to derive the
dynamical electric and magnetic fields from dipole sources according to the Proca theory,
and recover some well-known results established in the literature under certain limiting

conditions.



General Dyadic Formulation
Let us begin by recapitulating the following well-known Maxwell-Proca

equations in vacuum (in Gaussian units):

VE=d4mp—u’p, (1)
V.B=0, (2)
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where (= Y is the inverse Compton wavelength of the photon with m the photon mass;

and the fields are given via the usual expressions in terms of the potentials as revealed
from (2) and (3) as follows:
B=VxA, (5)

1 0A
E:—V¢—ZE. (6)

As is well-known [2], Egs. (1) and (4) imply that the Lorentz gauge condition must be
implemented so that the conservation of charge remains valid. In addition, it has been
thoroughly studied in the literature [6] for the electromagnetic waves and radiations via

the derivation of the following wave equations for the potentials:
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For harmonic sources and fields (i.e. ~ e ), these reduce to the Helmholtz equations

with the well-known retarded Green’s function given by:

iBr—r
Gy(r,r') =
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where we have introduced an “effective wave number”

p= @J —u* =k = (10)
and G, satisfies
(V?+8°)Gy(r.r) ==8(r—r"). (11)

Based on the introduction of this effective wave number together with the appropriate
modifications of the various quantities like the energy-momentum and Poynting vector
for the Proca field, many results calculated in Maxwell (massless) electrodynamics for
the radiation problem can be translated over to the case of “massive” electrodynamics [6].
However, in spite of having many of these previous results established in the literature, it
seems that the problem of the Green dyadic and its singular behavior for the Proca field
have not been studied in most of the previous works. While the same problem has been
studied extensively in the case of conventional (massless) electrodynamics [4, 9], it has
been known from these studies that the result for the singularity of the fields is significant
which not only provides consistency with the field equations, but also leads to interesting
applications [8, 10]. Furthermore, the knowledge of the Green dyadics enables one to
calculate the electromagnetic fields directly from a given source without having to resort

to the potentials. Hence we feel justified to present an explicit derivation for them and



illustrate their applications to obtain new results for dipole fields which recover some
well-known results for the Proca fields available in the literature.

To derive the Green dyadics, we have first to obtain the vector wave equations for
the electric and magnetic fields just like the case with the ordinary Maxwellian
electrodynamics [4]. These can be obtained in a straightforward way from (1) to (4) in
the following form:

Arik

VXVXE—-k’E+iki’A = J, (12)

and

VxVxB—ﬁ2B=4—”VxJ. (13)
c

Hence we see that while the equation for the magnetic field (with the use of the “effective
wave number”) has the same form as that in Maxwell’s electrodynamics, the one for the
electric field is different and has the vector potential appeared explicitly. However, we
shall see below that this will not affect at all the usual way for the determination of the

dyadics in terms of the scalar Green’s function in (9). To show explicitly this is the case,

let us introduce the electric (G,) and magnetic (G, ) dyadic Green function for the Proca
field by making the following ansatz:
VXVXG, —k*G, + 1’ 1G, =15(r—r'), (14)
and
VxVXG, -G, =Vx[I5(r-r)], (15)
where I is the unit (identity) dyadic and G, is as given in Eq. (9). Note that while (15)

is completely analogous to that for the Maxwell field, the result in (14) is unique for the



Proca field which mixes the electric dyadic Green function with the scalar Green function

(introduced for solving the vector potential) through the mass term (~ ,uz) . Although

the form of Eq. (14) is strongly suggested from that of Eq. (12) together with the results

in Egs. (8) — (11) --- by noting that each G,and G,are simply related to the corresponding

electric field and vector potential for a point source --- it is indeed possible to show
explicitly the consistency of this new scheme of introducing the electric Green dyadic
with the conventional approach in Maxwell electrodynamics [4], in the determination of
these dyadics in terms of the scalar Green function as done in the following.

To begin, we first note that since Egs. (2), (3), (5) and (6) are identical to those in
Maxwell electrodynamics, we have therefore the well-known relations between the

dyadics and the scalar Green function G, as follows [4]:
1
G, = I+FVV G,, (16)

G, =Vx(IG,). (17)

Next we show that the result in (16) is indeed a solution to (14) with the help of the wave

equation in (11). Thus we have from (16):

VXVXG,-k’G,=VxVxIG,-k’G,
=V(V-IG,)-V’IG,-k’IG,-VVG,, (18)
=—1(V*+k*)G,

since the second term in (16) is curless, and the first and last terms cancel in the second
row in (18). On the other hand, we have from (11):

(V2 +K2)Gy(r.x) =(V? + B + 17 ) Gy (r,x")

. (19)
=—0(r—r")+ 1’G,(r,r")



Substitution of (19) into (18) leads immediately to the result in (14). Hence the result in
(14), which mixes the scalar and dyadic Green functions, indeed provides a consistent

scheme for the introduction of G, in the case of massive electrodynamics, and is

determined the usual way via Eq.(16). Once this is established, the dyadics introduced in
(14) and (15) will be the correct dyadics for the Proca fields through the uniqueness
theorem for Green functions.

With the dyadics given in (16) and (17), the fields can then be obtained directly in
terms of the source current in the following forms:

drik
C

E(r) = j G.(r,r)J(r"d’x', (20)

and
B(r) :4—7[J.Gm (r,r"J(x"d’x'. (21)
c

Calculation of Green Dyadic
In this section, we show how the dyadics in (16) and (17) can be calculated with
the singular terms explicitly included. For the case of the Maxwell fields, the singularity

of the electric dyadic G, has been obtained previously in the literature [4, 9, 11]. Here
we shall follow a different approach by deriving both G, and G, via a direct calculation,

with the application of the various differentiation identities for the (1/r) potential function
involving the & -function which are well-established in the literature [12].
For simplicity, let us set r' =0 and consider a component of the dyadic tensor.

Thus from (9) and (16), we have:
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where we have used the identity d,0,(1/7)=—(47/3)d, 6(r)+(3x,x, — rzé‘pq)/r5

established in Ref. [12]. We also note that the singular term will be the same as that for

the case of static field (£ — 0) and/or massless photon (£ — 0), for the term

e §(r) is actually equivalent to &(r) since ¢”” =1at » =0. Thus the general form of
the electric dyadic for the Proca field including the singularity term can be finally
obtained in the following form:

eiﬁ‘rfr"

G,(r,r")= —#5(r—r')l+ [|r—r'|2 (—1+i,b’|r—r'|+k2 |r—r'|2)l

Arck’|r —r'|5

+(3—3iﬂ|r—r'|—,32 |r—l"|2)(l‘—l")(l’—1")}

(23)
Note that Eq. (23) can be applied to calculate the dynamical electric field from an
arbitrary localized source in massive electrodynamics. In the limit of massless Maxwell
electrodynamics,  — k and the result in (23) reproduces the previous result obtained in

the literature [9].

Next we derive the corresponding magnetic dyadic for the Proca field. The

possible singularity in this case has not been clarified previously even for the massless



Maxwell case [9], but it is rather straightforward and we shall see that there is no explicit
singular terms associated with it. However, singular terms can still emerge during the
calculation of the magnetic fields using this dyadic (see below). Again, we set r'=0 and

apply (9) to a component of (17) as follows:

(G,.),, = &9, (4,Gy)
o (2) >
so that the dyadic can finally be expressed in the following form:
G, (r,r") :(l—iﬁ|r—r'|)eiﬂrrleH. (25)

Application to the Calculation of Dipole Fields

As an illustration of the usefulness of the results in (22) - (25), we shall apply
them to (20) and (21) to derive the fully dynamical dipole fields for massive
electrodynamics according to the Proca equations.

(i) Electric dipole fields

For a harmonic oscillating electric dipolep at the origin, we have the current density
given by J(r')=—iawpd(r') [8]. Thus from (20), we obtain the following expression
for the electric field:

E(r) =47k’G,(r,0)p, (26)

which, on using the result in (23) yields the following result for the electric dipole
Proca field:

eiﬂr

E(r)= —%p5(r)+ |7 (<1+ipr+ ke )p+(3-3ipr = Br)(rep)r . (27)

5
r
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Let us examine the various limiting cases derived from (27). For the case of “massive
electrostatics”, we have k£ — 0 and > — —u*, (27) yields the following electrostatic
Yukawa field:

eﬂ

ar E
E(r)= —Tpd(r) t— [rz (=1—ur)p+ (3 +3ur+u°r’ ) (r-p)r] , (28)
which was obtained previously in the literature [13] (except for the singular term and

a small error). It is clear that in the case of zero photon mass, # =0 and (28) reduces

back to the well-known electric dipole field with the singular term as can be found in

standard electrodynamics text [8]. On the other hand, if we set ¢ =01n (27), we will

recover the following well-known dynamical electric dipole field [8] together with
the same singular term as for the static field [9, 10]:

ik
et r

E(r) = —4T”p5(r)+ |72 (<1 ik + 2 )p+ (3=3ikr =k ) (rop)x | (29)

5
r

(ii) Magnetic dipole field

For a magnetic dipole m at the origin, we have the current density given by

Jr)=cV'xM = cV'X[m5(r')] . To calculate the magnetic field due to this current,

it is safer if we go back to calculate one of its component using the result in (24) so
that we will not miss any possible singular terms from differentiating twice the

potential function (1/r) [12]. Thus we have

4z P , . ,
B,(r)= 7I€psqas (m}cgqaba [m, o] d’x". (30)

By converting d, to —d,' and integrating by parts, (30) can be evaluated to obtain:

11
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The evaluation of the double derivative in the integrand has already been calculated

before in deriving Eq. (22), using the result obtained there and integrating over the

delta function in (31), we finally obtain

pa~sb

B,r)=(5,06 —5pb5m)mbe’ﬁ”(——l L Y, E
r r
_ 2
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p 3 7'2 r
(32)
which leads to the following expression for the dynamical Proca field due to a

harmonically oscillating magnetic dipole at the origin:

B(r)= 8?7[mé'(r)+iir[r2 (—1+iﬁr+,82r2)m+(3—3iﬁr—ﬁ2r2)(r-m)rJ . (33)
r

Note that (33) is a generalization of a result first obtained by Schrodinger [14] for the
static case to the dynamical case with the explicit inclusion of the singular term.

Again, one can check all the required limits as follows. For example, by setting

k — 0 and B> — —u*, one recovers the magnetostatic result first obtained by

Schrodinger [14]:
_,,,
B(r):g?ﬂm5(r)+es [—rz(1+ﬂr+ﬂ2r2)m+(3+3ﬂr+ﬂ2r2)(r-m)r], (34)
r

with the singular term included. In the limit of zero photon mass, (34) reduces back

to the well-known expression obtained by Jackson [8]. On the other hand, by setting

12



the mass to zero in (33),  — k and one recovers the dynamic magnetic dipole field

in Maxwell’s theory with the singular term explicitly included [10].

Discussion and Conclusion

In this work, we have derived the dyadic Green functions for “massive
electrodynamics” by using Proca’s equations to include the singular term in the electric
dyadic, while none is needed for the magnetic dyadic [Egs. (22) — (25)]. Asin
conventional electrodynamics, the knowledge of these dyadics is very useful for they
enable one to calculate the electromagnetic fields directly from any given localized
source [4], especially when these sources are expressed in multipole forms [15]. As an
illustration, we have worked out in details both the electric and magnetic dipole fields,
which reduce to the appropriate results well-established in the literature in the case of
statics and/or Maxwell (massless) electrodynamics. We also note that the singularity of
the dyadic is unaffected by either the photon mass or the dynamic behavior of the fields.

The physics behind this is that while the singular behavior is dominated by the near fields;

the Yukawa factor (e“” ) becomes unity at the location of the source in the case of the

Proca fields. However, we notice that, unlike the Maxwell case where the dipole electric
and magnetic fields have exactly the same form away from the source, this symmetry is
destroyed in the presence of the photon mass as can be seen from Egs. (27) and (33).
Such asymmetry arises since in the Proca theory, the mass term affects only the source
pair of Maxwell’s equation (1) and (4), while the other pair remains homogeneous and is
not affected. This occurs due to the absence of magnetic monopoles and the associated
currents even in the Proca theory [16]. It is the same origin for the difference in the two

singular terms in Egs. (27) and (33) [8, 17]. These singular terms can be of high

13



significance in quantum physics since a charged particle in the form of a wave can have
nonzero presence at the origin of the source for the fields. A famous example of these is
the application of the delta function term in the magnetic dipole field to the calculation of
the hyperfine transition for ground state H-atom, leading to the famous 21 cm emission in
astronomy [8]. It will be of interest to find further applications of the general results
obtained for the Green dyadics in Eq.s (22)- (25) in our present work such as in the

calculation of higher order multipole fields.
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